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Rotational Attenuation of Second Sound in Helium II* 


C. H. Braxkewoop, R. H. WALMSLEY, AND C. T. LANE 
Yale University, New Haven, Connecticut 
(Received September 13, 1956) 


Second sound attenuation is measured, by a pulse technique, in the annulus between two concentric 
cylinders, the outer one of which is in motion and the inner one at rest. The results are compared with (a) 
previous measurements in which the inner cylinder moves and the outer one is at rest, and (b) an experi- 
ment due to Hall and Vinen in which helium is rotated in a bucket at constant velocity. 





ECENTLY Wheeler, Blakewood, and Lane! have 
investigated the attenuation of a short (10 usec) 
pulse of second sound in an annulus formed by two 
concentric cylinders the inner being in steady rotation 
and the outer one at rest. If o be the ratio of the received 
thermal pulse heights (fluid in motion versus fluid at 
rest), they show that 


ome a, (1) 


where w is the absolute angular velocity of the central 
cylinder, / the least distance between transmitter and 
receiver, and 8 a temperature-dependent constant 
having a value of about 8X10-* cm™ rev~ sec at 
1.39°K. 

In these experiments the angular speeds varied from 
a lower value of about 5 rev/sec up to around 20 rev/sec 
and at such comparatively high velocities there is 
growing evidence? that both normal and superfluid 
components of the helium are moving as one. Neverthe- 
less it is still meaningful to speak of a superfluid 
component, since the second sound velocity remains 
quite unaffected by this motion}!, 

The hydrodynamic stability Of a classical viscous 
fluid contained between concerttic cylinders has been 
extensively investigated, both theoretically and experi- 
mently, by Taylor and others** using liquids whose 


* Assisted by a grant from the National Science Foundation. 

1 Wheeler, Blakewood, and Lane, Phys. Rev. 99, 1667 (1955). 

2 Donnelly, Chester, Walmsley, and Lane, Phys. Rev. 102, 3 
(1956). 

3G. I. Taylor, Trans. Roy. Soc. (London) A223, 289 (1923). 

4 J. W. Lewis, Proc. Roy. Soc. (London) A117, 388 (1928). 


kinematic viscosities fell in the range 10-* to 10-% 
cm*/sec. The results of this work may be summarized 
as follows. In the case where the central cylinder 
rotates, and the concentric outer one is at rest, the 
motion of the liquid in the annulus is two-dimensional 
(each particle of liquid rotating in a circle concentric 
with the cylinders) until a certain critical velocity of 
the central cylinder is reached. At this critical speed, 
the laminar motion is succeeded by a complex three- 
dimensional flow such that the circulation of the liquid 
is confined to a series of annular “compartments” one 
above the other. Within these compartments are 
vortices of smoke-ring type. In the case of helium II, 
whose kinematic viscosity” is around 10~4 cm?/sec, this 
turbulence would set in at woS¥0.1 rev/sec, a velocity 
much lower than any used in the work in reference 1. 
Hence, in this experiment, the second sound was 
propagated through a region of high turbulence. 
When, however, the outer cylinder rotates and the 
inner one is held stationary the situation is quite 
different; the motion now is purely two-dimensional. 
Taylor® found this to be so, for water, for speeds as 
high as 5 rev/sec and there is no indication in the theory 
that the same would not be true at even higher speeds. 
Accordingly we have repeated the experiment of 
Wheeler ef al.,! with apparatus of precisely the same 
form and dimensions, but with the outer cylinder in 
motion and the inner one at rest. The result is shown 
in Fig. 1, Curve A where, for comparison, a curve 
(curve B) from reference 1 is also given. It is seen that, 
in the new experiment, the elimination of turbulence 
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Fic. 1. The relative pulse height (¢) versus cylinder speed. 
Curve A is the present experiment, with the inner cylinder at rest 
and the outer cylinder in motion. Curve B is computed from the 
relation o=e~“ol (reference 1) for 8=8X10-% cm=! rev— sec. In 
both cases, /=7 cm and T=1.39°K. 


has greatly reduced the rotational attenuation but 
it has not vanished. 

In order to compute a meaningful value for the 
rotational attenuation constant (8), it must be re- 
membered that the actual velocity field through which 
the second sound is propagated is smaller than the 
velocity of the outer cylinder (wo). In view of the fact 


that the motion is laminar and both fluids are moving 
together, we can compute the velocity profile in the 
annular gap by treating the helium as a classical 
viscous fluid. In our apparatus (for exact dimensions 
see reference 1), the actual computed velocity is about 
0.6w». Since now we are dealing with small values of 8, 
Eq. (1) can be approximated to give 


B&(1—c)/0.6wol. 


From Fig. 1 (/=7 cm), this yields B=210X10-> cm™ 
rev sec. 


WALMSLEY, AND LANE 


Recently Hall and Vinen‘ have reported the attenua- 
tion of second sound in a uniformly rotating resonator. 
In these experiments the attenuation coefficient is 
measured both parallel and perpendicular to the axis 
of rotation. They find that the attenuation is the same 
for all directions of propagation lying in a plane normal 
to the axis of rotation (radial modes), but it is much 
less (by a factor at least 5) for propagation parallel to 
the axis of rotation (axial mode). Their attenuation 
coefficients are expressed in terms of a dimensionless 
number (B) which in turn appears in their mutual 
friction formula. The relation between what we have 
called 8 (in the units cm rev~ sec) and their B is 


B="B/U2, (2) 


where U> is the second sound velocity. At about 1.4°K, 
they find B&1.4 (radial modes) and B&O.2 (axial 
mode). 

It is interesting to compare their measurements and 
ours for the axial mode. Formula (2) yields a value of 
about 31X10~-* cm™ rev sec which is nearly an order 
of magnitude less than the one found by us. The two 
experiments, of course, differ greatly in the techniques 
employed, perhaps the most fundamental difference 
being in the angular speeds which are used. Hall and 
Vinen used speeds of 1.22, 0.65, and 0.46 rev/sec, all 
far less than those used by us. However, our value of 
B=210X10-> cm rev sec for the axial mode leads 
to a value of B~1.4 which is the same as the value they 
find for the radial modes. 
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Gyromagnetic Ratio of Cobalt 


G. G. Scott 
Research Staff, General Motors Corporation, Detroit, Michigan 


(Received June 8, 1956) 


Magnetomechanical measurements were made on two cobalt rods in an attempt to find changes in the g’ 
factor at low magnetic intensities. No such effect was found, g’ being independent of the induced magnetic 
intensity down to the lowest values which could be measured. 

The results also indicate that cobalt samples of high purity would be required in order to obtain an ac- 


curate value of g’ for this metal. 


INTRODUCTION 


T has recently been shown that the gyromagnetic 

ratios for Fe, Ni, and the FeNi alloy series, are 
field-dependent for weakly magnetized specimens.! A 
similar investigation for cobalt showed no such effect 
down to the lowest values of magnetic intensity at 
which it was possible to make measurements with the 
present equipment. Two different cobalt rods were 
used and approximately 12 000 individual observations 
of amplitude change were made over a period of three 
months. 


RESULTS 


The cobalt rods used in this investigation were the 
same as those used in previous work.? The experimental 
apparatus and techniques have also been described. 
The condensed data for the two cobalt rods are pre- 
sented in chronological order in Tables I and II. Values 
of pe/m and g’, averaged for each of the magnetic in- 
tensities used, are given in Table III, and plotted in 
Fig. 1. Also, in Fig. 1, both the g’ and g values for the 
two rods have been averaged for each value of the mag- 
netizing current used. It can be seen from this plot 


TABLE I. Values for the gyromagnetic ratio of cobalt arranged 
in chronological order. Each value obtained from a set of 240 
amplitude observations. [International Nickel Company (IN) 
specimen. ] 7,=magnetizing current, milliamperes; M,=total 
magnetic moment, amp cm*; p=gyromagnetic ratio, gram cou- 
lomb~; e/m=specific electronic charge, coulomb gram=. 
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that g’ does not change its value for weakly magnetized 
specimens as was the case for Fe, Ni, and the FeNi 
alloys. 


DISCUSSION 


The average of all of the individual values for g’ 
for the International Nickel Company cobalt specimen 
is 1.837+0.002. For the General Motors Research 


TABLE II. Values for the gyromagnetic ratio of cobalt arranged 
in chronological order. Each value obtained from a set of 240 
amplitude observations. [General Motors (GM) specimen.] 7, 
=magnetizing current, milliamperes; M,=total magnetic mo- 
ment, amp cm?; p=gyromagnetic ratio, gram coulomb; e/m 
= specific electronic charge, coulomb gram. 














TABLE III. Summary. Values of pe/m and g’ averaged for each 
value of the magnetic intensity used in these experiments on 
cobalt. J =average induced magnetic intensity of rod amp cm; 
J=(M,.—i.2A,)/v where v=volume of rod; v=38.57 cm? for rod 
A; v=36.83 cm* for rod B; i.LA,=magnetic moment of wind- 
ing, amp cm? 





19 488 1.088 
19 487 1.079 
8552 1.088 
8552 1.097 
3830 1.089 
3830 1.098 
13 817 1.088 
13 815 1.088 
8553 1.093 
25 290 1.091 
25 284 1.092 
8552 1.097 
34 230 1.087 
34 227 1.087 


19 487 
19 486 

3830 
25 288 
25 283 

3830 
13 817 
34 229 
34 226 
43 187 
43 183 
43 186 
43 184 
13 818 
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A. International Nickel Company cobalt specimen 


2.00 95.7 1.090 1.835 

4.00 214.1 1.094 1.828 

6.00 346.7 1.089 1.837 

8.00 489.9 1.086 1.842 

10.00 636.3 1.091 1.833 
13.00 862.4 1.086 1.842 
1088.9 1.084 1.845 


R, General Motors cobalt specimen 


101.7 1.072 
231.8 1.071 
387.9 1.074 
536.4 1.081 
694.1 1.074 
932.0 1.076 


1.866 
1.868 
1.863 
1.851 
1.864 
1.859 
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Fic. 1. Plot of g’ vs intensity of magnetization for cobalt. Open 
circles are values obtained for General Motors rod. Crosses are 
values obtained for International Nickel Company rod. Solid 
circles obtained by averaging, for each value of the magnetizing 
current used, the g’ and 9 values for the two rods. 


cobalt specimen, the average value for g’ is 1.8620.005. 
The magnetomechanical measurement of the gyro- 
magnetic ratio of cobalt has always been more difficult 
than similar measurements for other metals. However, 
the precision of this work is such that the 1.4% differ- 
ence between the g’ values for these two rods cannot be 
accounted for on the basis of accidental error. 

It will be noted by referring to reference 2 that each 
of these rods had impurity contents of over 1%. It is 
considered probable that difference in this impurity 
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content is the cause of the 1.4% difference in the g’ 
values. If this is correct, g’ values for slightly impure 
samples of cobalt could be considerably different from 
the true value for the pure metal. In this case the true 
g’ value for cobalt could only be obtained with samples 
of a much higher degree of purity than those used in 
these experiments. 


CONCLUSIONS 


The results of this series of experiments on cobalt 
show that the .gyromagnetic ratio of this metal is 
independent of the intensity of magnetization, within 
the range of intensity values used. The results also 
indicate that the true value of g’ for cobalt could only 
be found by using specimens of high purity. It is hoped 
that in the future opportunity may present itself to 
investigate further the effect of small amounts of im- 
purity on the gyromagnetic ratio of this metal. 

The author wishes to thank the management of the 
General Motors Research Staff for having had the 
opportunity of making the series of measurements on 
gyromagnetic ratios which have been reported in this 
and in other recent papers. 
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High-Frequency-Induced Electroluminescence in ZnS 


G. G. HARMAN AND R. L. RAYBOLD 
Electron Tube Laboratory, National Bureau of Standards, Washington, D.C. 
(Received August 29, 1956) 


A brief presentation of data is given for electroluminescent measurements made on several ZnS crystals 
over a frequency range of 1 cps to 370 Mc/sec. Electroluminescent relaxation becomes apparent in the 
order of 10°—10* cps. A simple exponential equation, J= A(V—Vo)®, was found to fit the time-average 
electroluminescent intensity vs voltage over four decades of intensity. 


LECTROLUMINESCENCE in ZnS has been 
measured with excitation frequencies ranging from 

1.0 cps to 370 Mc/sec. Thin, flat, conductive crystals, 
about 2 mm on a side, were used. The experimental 
apparatus is described elsewhere.! Measurements of 
the voltage threshold of time-average light output as a 
function of frequency are shown in Fig. 1. It should be 
pointed out that threshold data are a reciprocal function 
of the usual frequency-dependent data obtained at 
constant voltage. The former may be regarded as more 
fundamental for wide frequency excitation, since high 
excitation, particularly at high frequencies, produces 
considerable heating. This in turn may produce incon- 
sistent or misleading results.** At no time during the 


1G. G. Harman (to be published). 

2G. F. Alfrey and J. B. Taylor, Brit. J. Appl. Phys., Suppl. 
No. 4, $44 (1955). 

3C. H. Haake, Phys. Rev. 101, 490 (1955). 


threshold measurements did the temperature rise exceed 
2°C above the constant ambient, as measured by a 
thermocouple attached to the crystal body. The data 
for single crystals are approximated by a series of 
straight lines on log-log paper. This method of presen- 
tation, however, was not used since it resulted in 
confusion due to vertical compression. At very low 
frequencies the single-crystal curves approach the dc 
threshold values and there is some correlation between 
the low-intensity luminescent decay time and low- 
frequency flattening of the curves. This decay time 
was not significantly different following dc or high- 
frequency excitation. It is apparent that electrolumi- 
nescent relaxation processes become significant at 
about 10°— 10° cps. 

In addition, the time-average light output vs voltage 
has been measured at dc and at high frequencies over a 
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Fic. 1. Voltage necessary to produce threshold electroluminescence (Vo) vs logarithm of frequency for four ZnS samples. 


range of four decades of light intensity (Fig. 2). The 
various experimental curves fit the simple equation 


I=A(V—V)8, (1) 


where J is photomultiplier current, A is a constant for 
a given curve and is dependent on the frequency, V is 
the applied voltage and Vo is the voltage necessary to 
produce the threshold of luminescence. The exponent, 
B, for various crystals at different frequencies ranged 
from 2.5 to 3.7, with the lower figure being associated 
with dc and low frequencies. Often a slight downward 
adjustment of the measured Vo is necessary to improve 
the curve fit. This is readily explained by the fact that 
the photomultiplier is not sensitive enough to measure 
the true threshold. The adjustment seldom exceeds 
15% of the measured threshold values. The data fit the 
equation to within the over-all accuracy of measure- 
ment, which is about 7%. It is interesting that this 
relationship is the same as was found for BaTiOs, 
SrTiO3, TiO2,‘ and more recently for KNbO;. Light 
emission and other characteristics of these materials 
will be reported in detail at a later date. 

Frevious tests on BaTiO; and SiC (unpublished) have 
indicated that it is possible to bias the crystals to the 
threshold of luminescence with dc or rf and then to 
produce relatively large values of luminescence by 
superposing a very small voltage of widely separated 
frequency. Three out of four single-crystal ZnS samples 
required that each different frequency reach its own 
independent threshold before any change in luminescent 
intensity was noted. However, at considerably higher 
than threshold intensities, there was some superlinear 
interaction. The fourth single-crystal ZnS sample 
showed some interaction around the threshold but this 
was far less than observed in the other types of crystals. 

In the future it is planned to study more samples at 
high frequencies to determine the effects of various 
activators and of superposed absorption edge irradi- 


4G. G. Harman, Bull. Am. Phys. Soc. Ser. II, 1, 112 (1956). 
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Fic. 2. Time-average electroluminescent intensity (J) vs voltage 
above the threshold (V— Vo) for one ZnS single crystal measured 
at two frequencies. 


ation. The measurements may be extended into the 
microwave region. 
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Spin-Spin Relaxation at Very Low Temperatures in Chromic Methylammonium Alum 


E. AMBLER AND R. P. Hupson 
Cryogenic Physics Section, National Bureau of Standards, Washington, D. C. 


(Received July 26, 1956) 


We have measured the absorption due to spin-spin relaxation in chromic methylammonium alum at fre- 
quencies from 0.1 to 10 Mc/sec and at temperatures from 0.06° to 1°K. At 1°K the spin-spin relaxation 
time, 7,, is found to be 4.2 10~ sec and to be decreasing slowly with increasing temperature. Below 1°K., 
7, increases rapidly. The absorption of energy is found to be proportional to the square of the frequency, », 
at the higher temperatures, but varies less rapidly at lower temperatures, being proportional to »'-* at 
0.06°K. The results are analyzed in terms of Broer’s theory of spin-spin relaxation, and, not sur- 
prisingly, the theory is found to need refinement in order to be applicable at temperatures where Curie’s 
law is not obeyed. It is concluded that measurements of this type, which give essentially the same kind of 
information as is obtained from resonance line shapes, should be able to throw light upon the behavior of 
substances near their antiferromagnetic transition points. 


I. INTRODUCTION 


ELAXATION effects in paramagnetic salts have 
been investigated fairly extensively, primarily by 
Dutch workers, and Gorter’s! monograph on the subject 
contains an account of both experimental and theo- 
retical work. Two effects can be distinguished, one 
associated with the time required for transfer of energy 
between the spin system and the lattice,? and the other 
with the time required for establishment of thermal 
equilibrium within the spin system. It is found that 
while the spin-lattice relaxation time depends strongly 
upon temperature, the spin-spin relaxation time is 
temperature-independent and has a value ~10-™ sec. 
Although interest has centered mainly on spin-lattice 
relaxation,’ a significant amount of work has been done 
on spin-spin relaxation, and the theory of Waller,‘ as 
developed by Broer® has generally been confirmed. 
When one is interested only in spin-spin relaxation, 
experiments are conducted with external magnetic 
fields which are chosen to be small compared with the 
internal magnetic fields arising from the mutual inter- 
action between the magnetic ions. In this case the 
process cf magnetization does not take place by a change 
in energy and a change in population of various Zeeman 
levels (spin-flips), but by polarization. If we consider 
the paramagnetic crystal as a whole, it possesses a very 
large number of energy states, which, in the absence of 
an external field are states of zero magnetic moment. 
The magnetization produced by a small external field 
then can only be described in terms of the off-diagonal 
elements of the magnetic moment matrix, i.e., by a 
polarization of the energy levels of the crystal. The 
adiabatic and isothermal susceptibilities are equal, 
Curie’s law is obeyed, and magnetization in an alter- 
nating field is reversible provided the frequency is not 
1C, J. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Amsterdam, 1947). 
?H. B. G. Casimir and F. K. du Pré, Physica 5, 507 (1938). 
8A, H. Cooke, Repts. Progr. in Phys. 13, 276 (1950). 
41. Waller, Z. Physik. 79, (1932). 
5L. J. F. Broer, Physica 10, 801 (1943). 


6 J. H. Van Vleck, The Theory of Electric and Magnetic Suscepti- 
bilities (Oxford University Press, Oxford, 1931), Chap. VII. 


too high. At higher frequencies, when the period of the 
field becomes comparable to the time taken for polari- 
zation to occur, i.e., to the time for equilibrium to be 
set up within the spin system, magnetization becomes 
irreversible and the spin-spin relaxation phenomenon 
occurs. 

Experiments on spin-spin relaxation heretofore have 
been confined mainly to relatively high temperatures 
(usually in the liquid air region) and only a few meas- 
uring frequencies have been employed. No experiments 
seem to have been carried out to link up these measure- 
ments with those made at extremely low temperatures 
near the Néel (or Curie) point of the salt, where con- 
considerable absorption is found at low audio-fre- 
quencies.’ It is usually supposed that the two phe- 
nomena are more or less distinct, the latter being 
associated with cooperative effects, like magnetic 
hysteresis, which are observed below the transition 
point. There is some disagreement, however, as to 
whether the absorption can be described by hystere- 
sis*" or not.® 

In any event, both types of relaxation have their 
origin entirely within the spin system, one taking place 
in a region of temperature where the salt behaves 
ideally, and the other in a region of temperature where 
departures from ideality are considerable. We may 
consider them both from the purely phenomenological 
point of view by writing the susceptibility x= x’— ix”. 
In the present experiments we have tried to link up 
these two effects. The choice of salt was governed by 
the fact that it should have rather well-known thermal 
properties. The measurements were actually occasioned 


7D. P. MacDougall and W. F. Giauque, J. Am. Chem. Soc. 58, 
me >! (1936). 
A. H. Cooke and R. A. Hull, Proc. Roy. Soc. (London) A162, 
404 (1937). 
® FE. S. Shire and H. M. Barkla, Proc. Cambridge Phil. Soc. 35, 
327 (1939). 
10 Casimir, de Klerk, and Polder, Physica 1, 737 (1940); 
also review by E. Ambler and R. P. Hudson, Repts. Progr. > 
7 18, 251 (1955). 
N. V. Temperley, Proc. Cambridge Phil. Soc. 35, 256 
(1938), 
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by an earlier experiment on nuclear alignment,” fol- 
lowing a suggestion of Bloembergen and Temmer." 
The idea of this experiment, briefly, was to determine 
a resonance due to magnetic hfs in a paramagnetic salt 
at temperatures below 1°K. It was observed, however, 
that at frequencies around the one required for reso- 
nance (~200 Mc/sec), there was a prohibitively large 
nonresonant absorption. The absorption increased 
rapidly with decreasing temperature, but was ap- 
preciable even at 1°K. 


II. EXPERIMENTAL PROCEDURE 


Measurements were made in the frequency range 
0.1-10 Mc/sec at temperatures from 0.06-1°K. The 
principle of the method was the same as that used by 
Gorter’ and coworkers, viz., the salt was subjected to 
an rf magnetic field of known amplitude, /4o, and angular 
frequency, w, for a given time. From the measured 
temperature rise and the known specific heat of the 
salt the energy absorption rate was determined, and 
since this is equal to }wy’’/?, x’ could be calculated. 

In previous work the main difficulties were (a) to 
measure /t) accurately, and (b) to make allowance for 
absorption due to causes other than the one being 
investigated, in particular for dielectric absorption. In 
a separate series of experiments" it was shown that for 
our purposes dielectric absorption could be neglected. 
The main source of error, therefore comes, in the meas- 
urement of fo, details of which are given below. 

The apparatus is shown in Fig. 1. Not shown in the 
figure are the surrounding liquid helium and liquid 
nitrogen baths. Much of the apparatus follows con- 
ventional design of adiabatic demagnetization cryostats 
and only the specimen support and coil system will be 
described. 

The specimen, S, is a 1-cm-diam compressed powder 
sphere. It is supported by a 1-mm-diam glass tube, 7, 
on to which is cemented a heat trap, G, a cylindrical 
compress of ammonium hexafluorochromite.!® G is 
cooled by adiabatic demagnetization at the same time 
time as S and then serves to intercept most of the heat 
conducted along T. With this arrangement, the heat 
influx to S was not greater than 10 ergs/min immedi- 
ately after demagnetization, and then gradually fell to 
a considerably lower value. 

The outer coil C is an astatically wound secondary 
coil of a mutual inductance, the primary of which is 
wound on the outside of the helium Dewar (not shown). 
These are connected to a Hartshorn bridge operating 


12 Ambler, Hudson, and Temmer (unpublished). 

18.N. Bloembergen and G. M. Temmer, Phys. Rev. 89, 883 
(1953). 

4 EF. Ambler and R. P, Hudson (to be published). While a very 
large peak in both the real and imaginary parts of the dielectric 
constant was observed at 170°K [this is now known to be due to 
a ferroelectric transition, R. Pepinsky et al., Phys. Rev. 102, 1181 
(1956)], the absorption decreased strongly with decreasing 
temperature. 

18 E. Ambler and R. P. Hudson, Phys. Rev. 102, 916 (1956). 


Fic. 1. Apparatus for 
measuring rf absorption 
at temperatures below 
ee 

















at 270 cps which served to monitor the temperature of 
S. By suitably winding C and the primary coil, the 
influence of G on the circuit was reduced to a negligible 
amount. 

The coil K provides the rf magnetic field, Ao, at S. 
It produces roughly 2 gauss/amp, and is fed through 
the coaxial line X, from a power oscillator. The current 
flowing into X2, which is measured by calibrated uhf 
thermal elements, can be adjusted over a wide range 
by means of an attenuator. The rf field is calibrated in 
terms of this current by means of a small pick up coil, 
P, the emf induced in P being measured on a calibrated 
vacuum tube voltmeter connected through the coaxial 
line X;. In order to eliminate electrostatic coupling 
between R and P a slotted copper screen, K, connected 
to the ground side of P, is interposed. Since the presence 
of P and K will have an effect on the rf magnetic field 
at S, they are left permanently in place after calibration 
of R. The accurate measurement of rf magnetic fields, 
especially at the highest frequencies we used, is known 
to be very difficult, mainly because of a lack of knowl- 
edge of the equivalent circuit elements. In our arrange- 
ment the presence of the coaxial lines XY; and Xz (100 
cm long) are unavoidably bad features, since it is 
possible for them to resonate with the inductances P 
and R. In fact R and X»2 were found to be resonant at 
about 20 Mc/sec and this did result at the highest 
frequencies in an increase in the field at S for a given 
current. By making various measurements with X, 
and X¢ in place and then with shorter lines, however, 
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Fic. 2. Complex part of the magnetic susceptibility, x’, (emu/g ion) plotted against “magnetic temperature,” 
*,1; a, 2; v, 4; Mf, 6; and @ 10 Mc/sec. 


various frequencies. @, 0.1; 0, 0.5; X, 
it was shown that the results were not affected by 
resonance between P and X;,. It was estimated, more- 
over, that the relative accuracy of measurement of ho 
over the frequency range used was about 5%, which 
would give a possible error of 10% in x’’. This figure 
seems to be supported by a close analysis of the final 
results. 

The actual values of 4p used in the experiments 
varied over a wide range and were preadjusted for the 
different frequencies and temperatures so that with a 
heating period of 10 to 60 seconds a convenient tem- 
perature rise was obtained. In practically all cases 
corrections for the background heating were entirely 
negligible. 


Ill. RESULTS 


Measurements were made at 0.1, 0.5, 1, 2, 4, 6, 8, 
and 10 Mc/sec over the entire temperature range, and 
the derived values of x’ (emu per g ion) are plotted 
against the “magnetic temperature,” 7*,'* in Fig. 2. 
[To avoid overcrowding, the results for 8 Mc/sec have 
been omitted. ] It is interesting to note that from a 
“practical” point of view the losses are extremely high. 
For example, at T*=0.1 degree, x2 at 10 Mc/sec, 
while x’ would be ~ 20, so tan 6=x"’/x’=0.1. 

In Fig. 3, the values of x’’ are shown on a semi- 
logarithmic plot as a function of frequency for the four 
temperatures 0.1, 0.15, 0.2, and 0.4 degree T*. The 


16 The correlation between 7* and T has been given by W. 
Gardner and N. Kurti, Proc. Roy. Soc. (London) A223, 542 (1954) 
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most striking feature is the rapid increase in absorption 
with falling temperature, in contrast to the temperature- 
independent behavior found in earlier measurements in 
the region of 80°K.!3 Qualitatively the same behavior 
has been observed in experiments made at low audio- 
frequencies below 1°K.*—” In fact, the absorption is so 
large over a wide temperature region that the possi- 
bility occurs of using the effect in calorimetry and 
thermometry below 1°K (an extension of the “Leiden 
x’’ method’). The rapid variation with temperature, 
however, undoubtedly presents a severe difficulty. 
When absorption can be described by a relaxation 
time, 7,, and the frequency is small compared with 
1/7,, we can write x’’/w=7,x, where x is the suscepti- 
bility of the spin system. In Fig. 4 we have plotted 
x’’/w against T* for the four frequencies 0.1, 0.5, 6, and 
10 Mc/sec; values for the other frequencies have been 
omitted to avoid overcrowding. The rapid rise at low 
temperatures shows that a considerable increase in 7, 
takes place. At high temperatures, i.e.. above about 
0.8°K, values of x’’/w for different frequencies coincide 
within experimental error but this quantity is still 
decreasing as the temperature increases. At 1°K, for 
example, we find 7,=4.2X10-" sec; this may be com- 
pared to the value 2.5X10-" sec obtained at liquid air 
temperatures by Volger'’ for chromic potassium alum. 
At the lowest temperatures x’’ increases more slowly 
than w, as can be seen from Fig. 4, but the deviation is 


17 Volger, de Vrijer, and Gorter, Physica 13, 635 (1947). 
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not large. For example, at 7*=0.1 (T=0.06°K), x’ is 
roughly proportional to w’*, which may be compared 
to the results of de Klerk'* («w®-’) obtained at low 
audio-frequencies, again for chromic potassium alum. 
The situation appears, however, to be far too compli- 
cated to be described by a simple power-law relation. 


IV. DISCUSSION 


A description of the phenomenon in terms of hystere- 
sis does not seem to be appropriate since this predicts 
x’’ to be independent of w. It should be mentioned, 
however, that very small hysteresis effects have been 
observed in this salt" [as in most salts used in magnetic 
cooling ], although at a temperature lower by a factor 
three than the lowest temperature of the present 
measurements, and by a factor fifty lower than the 
highest temperature. No definite explanation seems to 
have been put forward explicitly to account for the 
hysteresis, but it seems likely that one could be found 
along the lines proposed by Néel” in which the anti- 
ferromagnetic domain walls, which possess a net mo- 
ment, are responsible. It would not be valid to use such 
a model to explain the present results, although a small 
amount of short-range order will exist and this, ap- 
parently, does affect relaxation times. Since our value 
of 7, at 1°K is not flagrantly different from that pre- 
dicted by Broer’s theory, however, it seems preferable 
to discuss our results in terms of his theory, bearing in 
mind that it will probably need considerable refinement 
before it can be strictly applicable at such low tempera- 
tures. The p’oblem, which has also been considered by 
Wright," is in many ways similar to that connected 
with resonance line shapes.” 

The absorption of energy is determined by the off- 
diagonal elements of the magnetic moment operator 
M= 68>" S:i, where the z axis is the direction of ho, 
g the gyromagnetic ratio, and S the spin of a single ion, 
and the sum extends over all ions in the crystal. A 
quantity f(v) is defined: 


v+Av/2 


f@)Av= YL | Mil’, (1) 


v—Ap/2 


where the sum contains the squares of all matrix 
elements for which the energy difference for the states 
k and / lies in the range h(v—4Av) to h(v+ Av). The 
power absorbed at frequency v, A(v), obtained using 
the standard formula for a first-order time-dependent 
perturbation, is then given by 


A (v)=ho (x?/2)(v*/kT) f(), (2) 


18 De Klerk, Steenland, and Gorter, Physica 15, 649 (1948). 

1 R. P. Hudson and C. K. McLane, Phys. Rev. 95, 932 (1954). 

21. Néel (unpublished); see Yin-Yuan Li, Phys. Rev. 101, 
1450 (1956). 

21 A. Wright, Phys. Rev. 76, 1826 (1949). 

2 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

%M. H. L. Pryce and K. W. H. Stevens, Proc. Phys. Soc. 
(London) A63, 36 (1950). 
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provided hy<kT (an assumption valid for our results). 


Thus we find 
x’ = (w/4kT) f(r). (3) 


Unfortunately it is not possible to compute f(y) directly 
on account of the enormous number of energy levels 
involved, and what information is known has been 
obtained by the method of moments. The zeroth and 
second moments of f(y) are found to be kC and kCy¢? 
respectively, where C is the Curie constant and hyo 
= p8H;, H; being the rms value of the “internal” 
magnetic field. The value of H; follows from Van 
Vleck’s work™* and has been quoted explicitly by 
Wright.” For a bcc lattice it is equal to 


{28S (S+1)14.4N?}}, 


and for chromic methylamine alum one finds H;= 275 
gauss and hence »»=770 Mc/sec. Since the calculation 
of higher moments is prohibitively lengthy, the pro- 
cedure next followed is to choose a suitable analytical 
curve which fits the first two moments. It is not per- 
missible to choose a Debye-type expression since this 
does not give a finite value for the second moment. 
Broer chooses a Gaussian expression, and we may write 


the final result: 
CtitAs ea 
-(—) — exp(—v?/2v,). (4) 
8 


T\8r/ v9 























Fic. 3. Complex part of the magnetic susceptibility, x’’ (emu/g 
ion) plotted as a function of frequency, », for different “magnetic 
temperatures,” 7*, @, 0.1°; *, 0.15°; mg, 0.2°; and a, 0.4° T*. 


4 J. H. Van Vleck, J. Chem. Phys. 5, 320 (1937). 
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Fic. 4. Complex part of the magnetic susceptibility divided by the angular frequency of measurement, x’’/w, plotted as a 
function of “magnetic temperature,” 7*, for various measuring frequencies. @, 0.1; 0, 0.5; ™, 6; and @, 10 Mc/sec. 


Since v<vo, we may replace the exponential by unity 
and hence obtain with x” in emu/g ion, 


x"T 1\!1 
~—-c(—) —=Cr,=4.9X 10, (5) 


w 8r/ v9 


and r,=2.6X10-" sec. 

The experimental values of x’’7'/w are plotted against 
frequency in Fig. 5 for various temperatures; the dotted 
line shows the value given by Eq. (5). At the highest 
temperatures the values of x’’T/w are about twice as 
large as the theory predicts, and decrease by a small 
amount at the higher frequencies. At the lower tem- 
peratures, however, not only are the values much 
higher but the decrease of x’7T/w with increasing 
frequency is much more pronounced. 

Up to now the effect of the crystalline electric field 
upon the ions has not been introduced. When it is, the 
agreement with theory becomes slightly worse, as is 
the case for the results of Volger at higher temperatures. 
Broer points out that if the energy levels of the indi- 
vidual ions are split by an amount 4, say, then an ab- 
sorption peak will occur at frequency ».=6/h, and 
since for zero external field, the area under the curve of 


f(v) vs » is constant, being equal to spur M?, the 
absorption near the frequency », appears at the expense 
of absorption near the frequency vo. For the chromic 
ion the reduction is by a factor 3, by which Eq. (5) 
should be multiplied. 

In summary we may say that our value of 4.2 10-” 














Fic. 5. Complex part of the magnetic susceptibility x’’, times 
the absolute temperature, T, divided by the angular frequency of 
measurement, w, plotted as a function of frequency for various 
magnetic temperatures, 7*. @, 0.1°; x, 0.15°; mg, 0.2°; a, 0.4°; 
and yw, 0.8° 7*. 
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sec for r, at 1°K, together with the observation that 
this quantity is still falling with increasing temperature, 
compares quite well with the measurements at higher 
temperatures which undoubtedly confirm the essential 
correctness of Broer’s theory. Our results at very low 
temperatures show that in this temperature range the 
theory cannot be applied in its present form. This is 
not surprising for, besides the valid assumption that 
hv&kT, the further assumptions that hyx«<kT and 
5<kT, which would be invalid, seem to us to be implicit 
in the treatment. The limitations of the use of a 
Gaussian function for f(v) were realized by Broer 
himself, and this kind of assumption has been discussed 
in a somewhat different connection by Van Vleck.™ The 
experimental results give x’’ and hence f(v) quite ac- 
curately in a range of temperature where deviations 
from Curie’s Law are important. Such information 
should be of interest through the light it can throw on 
the behavior of substances just above their transition 
points, although this would only become really apparent 
if the behavior of f(v) coul¢ be predicted theoretically. 
The quantity f(v) is closely connected with the shape 
of resonance lines (compare references 21 and 22). 

A different approach to the problem is suggested by 
the work of Bloembergen, Purcell, and Pound,” 
Anderson and Weiss,?® Kubo and Tomita,”’ and others 
on the shapes of resonance lines from the point of view 
of stochastic processes. In the paramagnetic region the 
magnitude and direction of the local magnetic field 
acting upon an ion will be a random function with a 
“correlation time,” 7. 7,; at lower temperatures, when 


25 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

26 P, W. Anderson and P. R. Weiss, Revs. Modern Phys. 73, 
260 (1953); P. W. Anderson, J. Phys. Soc. Japan 9, 316 (1954). 

87 R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
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short-range order begins to be appreciable, we may 
expect an increase in 7, and it might be possible to 
relate this to the observed increase in 7,. 

For example, a direct connection with Broer’s theory 
can be established by comparing Eq. (2) above with 
the expression for the power absorption obtained using 
the formulas given in reference 27. The latter give for 
an isotropic substance 


her a) 
A(v)=—— | G(r) e-“'dr, (6) 
2kT Jo 


where G(r) is calied the “autocorrelation function” of 
the fluctuating magnetic moment in the direction of ho, 
ie., the z-axis. Thus 


G(r) = (M,(r+1)M, (t)) av over t+ 


Broer’s assumption that f(v) has a Gaussian distri- 
bution is equivalent to assuming that G(r) is given by 


G(r) = 32°FS(S+ 1) exp(— Qrvo?r?). 


We hope to extend these measurements to higher 
frequencies and lower temperatures** to obtain more 
complete information about f(v). The behavior of f(v) 
as the temperature passes through the Néel point” 
should be of theoretical interest. It would be more 
profitable, perhaps, to investigate substances which are 
magnetically anisotropic, in particular single crystals 
which have a preferred axis of very high susceptibility 
and which should provide results which would be 
simpler to analyze theoretically. 


*8 Preliminary measurements at lower temperatures show 
evidence of a maximum, with x”’/w>20X 107%. 

2? Measurements on MnCl2-4H2O have been made; E. Ambler 
and R. P. Hudson, Phys. Rev. 104, 1506 (1956), following paper. 





PHYSICAL REVIEW VOLUME 


104, 


NUMBER 6 DECEMBER 15, 


Spin-Spin Absorption in Manganous Chloride Tetrahydrate 


E. AMBLER AND R. P. Hupson 
Cryogenics Physics Section, National Bureau of Standards, Washington, D. C. 


(Received July 26, 1956) 


Measurements on spin-spin absorption have been made on the antiferromagnetic substance, MnCl,-4H:0, 
at temperatures from 1.3 to 4.2°K and at frequencies 1, 2, and 4 Mc/sec. The absorption shows a sharp peak 
at about 2.3°K and is proportional to the square of the frequency. At the highest temperatures an attempt 
has been made to compare the results with theory. The agreement is reasonable considering the extremely 
complicated situation where Stark splitting and dipolar, exchange and hyperfine coupling all are important. 
It is pointed out that an extension of this type of measurement to more simply behaved salts would be of 


considerable interest. 





1. INTRODUCTION 


N a previous publication! it was pointed out that 
measurements on spin-spin absorption in anti- 
ferromagnetic substances at temperatures close to the 
Néel point would be of interest. We have carried out 
such measurements on MnCl_-4H;0 in the temperature 
range, 1.3° to 4.2°K. Other measurements which have 
been made already on the substance include: specific 
heat,?, magnetic moment isotherms,’ paramagnetic 
resonance,*® and spin-lattice relaxation time.*:7 The 
specific heat curve shows a characteristic anomaly at 
about 1.62°K which is almost certainly the result of an 
antiferromagnetic transition. 

This particular salt was chosen for our first measure- 
ments for two reasons. It is possible to measure con- 
veniently both above and below the transition tempera- 
ture, T., and the specific heat of the salt is well known. 
The latter must be known in order to be able to compute 
the energy absorption from our measurements. 

The method and apparatus used were the same as 
described previously,' with the exception that the 
measurements were taken in the liquid helium range of 
temperature rather than below 1°K. With the relatively 
simple calorimetric method employed, the thermal 
isolation of the specimen was not as complete as in 
previous experiments (mainly due to the difficulty of 
pumping out all exchange gas from the space around 
the specimen) and corrections for background heating 
had to be applied. Measurements were made on a 
powdered specimen at three rf frequencies: 1, 2, and 
4 Mc/sec. 


2. RESULTS 


The relevant quantity first derived from the experi- 
mental data is the value of the complex component of 
the magnetic susceptibility, x’ (emu/g ion). This is 


1E. Ambler and R. P. Hudson, Phys. Rev. 104, 1500 (1956), 
preceding paper. 

2S. A. Friedberg and J. D. Wasscher, cee 19, 1072 (1953). 

3 W. E. Henry, Phys. Rev. 94, 1146 (19 54). 

4F. W. Lancaster and W. J. Gordy, J. Chem. Phys. 19, 1181 
(1951). 

5 Kumagai, Ono, and a Phys. Rev. 85, 925 (1952). 

6 P, Teunissen and C. J. Gorter, Physica 7, 33 (1940). 

7C. Starr, Phys. Rev. 60, 241 (1941). 


plotted in Fig. 1 as a function of the absolute tempera- 
ture, T. No points were taken in the immediate vicinity 
of T,. The reason for this was that the specific heat of 
the salt is so large near 7, that with the limited rf 
magnetic fields at our disposal only a very small rate of 
temperature rise could be obtained. The measurements 
in this region were not very accurate, therefore, but 
it was shown that there was no detectable irregularity 
in the absorption. 

The most striking feature of Fig. 1 is that x’’ shows 
a sharp maximum at about 2.3°K, i.e., appreciably 
above T,. The maximum occurs at a somewhat higher 
temperature the higher the frequency. Such maxima 
are observed also at low audio frequencies in many 
salts used in magnetic cooling.® 

We have plotted x”’/w as a function of T in Fig. 2, 
from which it can be seen that within the accuracy of 
measurement x’’ «w throughout the whole temperature 


301074 — 








Fic. 1. Complex component of the magnetic susceptibility, 
x’’(emu/g ion) plotted as a function of the absolute temperature, 
T, for three measuring frequencies: @, 1 Mc/sec; 0, 2 Mc/sec; 
and A, 4 Mc/sec. 


8 See review by E. Ambler and R. P. Hudson, Repts. Progr. in 
Phys. 18, 251 (1955). 
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range. The dotted curve in Fig. 2 shows very roughly 
the behavior of the real part of the susceptibility, x 
This was obtained from ac bridge measurements at 270 
cps which contain two unknown constants. For x’, 
therefore, in Fig. 2 both the scale and zero on the 
ordinate are arbitrary. We have included the results, 
however, in order to contrast the temperature of the 
maxima in x’ and x”. 


3. DISCUSSION 


A lengthy and critical discussion of the results does 
not seem to be appropriate at the present time, for not 
only is a certain amount of data lacking (e.g., the 
crystal structure is not known) but also the theory®”” 
can be strictly applied only when T>>T,. We feel that 
it would be of considerable interest to extend the theory, 
partly for its own sake and partly because it is 
intimately connected with the theory of lines hapes."-" 

In this salt three effects will have an influence on the 
spin-spin relaxation time, 7,, and hence upon x”: the 
dipolar coupling, Stark splitting, exchange coupling, and 
perhaps also the hfs. Considering first only dipolar 
coupling, using the theory of Broer® and taking 
H;=1500 gauss (compare H; for MnSO,-4H,0),!> we 
obtain vo=4200 Mc/sec, and 1,=[0(8r)!}!=4.7 
X10-" sec. This gives at 4°K, for example, 5.110" 
for the value of x’’/w. This may be compared to experi- 
ment in Fig. 2 where we have marked this point, D. 

According to Broer the Stark splitting may be taken 
into account approximately by multiplying the above 
value of 7, by a factor depending upon the splitting 
pattern for a simple ion. Assuming the sixfold degenerate 
level of the free ion to be split into three doublets, we 
find a value /..505 for this factor. The effect of this is 
again shown in Fig. 2 (point S$). 

The effect of isotropic exchange upon r,, which has 
been discussed in some detail by Wright," is similar to 
its effect upon the shapes of Larmor lines in that the 
ratio of the root mean fourth moment to the root mean 
second moment is increased, i.e., the absorption at low 
frequencies (vv; our case) is increased at the expense 
of absorption at somewhat higher frequencies. Accord- 
ingly the value of 7, obtained above has to be multiplied 
by a factor (1+/), where f is a constant proportional 
to the square of the exchange energy between adjacent 


*L, J. F. Broer, Physica 10, 801 (1943). 

10 A. Wright, Phys. Rev. 76, 1826 (1949). 

1 J. H. Van Vleck, Phys. Rev, + 1168 (1948). 

2M. H. L. Pryce and K. H. Stevens, Proc. Phys. Soc. 
(London) A63, 36 (1950). 

Pp, W. Anderson, J. Phys. Soc. Japan 9, 316 (1954). 

4 P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 
269 (1953). 

16 C, J. Gorter, Paramagnetic — (Elsevier Publishing 
Company, Amsterdam, 1947), p. 
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Fic. 2. Complex component of the magnetic susceptibility 
divided by the angular frequency of measurement, x’’/w, plotted 
as a function of the absolute temperature, T: @, 1 Mc/sec; 
©, 2Mc/sec and A, 4 Mc/sec. Point D shows the calculated 
value considering only magnetic dipole forces, point S shows the 
value when crystalline electric field effects are included. The dotted 
curve shows roughly, and with an arbitrary ordinate scale, the 
course of the real part of the susceptibility. 


spins. Unfortunately values of f are Aceves explicitly 
only for a simple cubic lattice with S=4 so that it is not 
straightforward to obtain f, for enumagle, from measure- 
ments of specific heat.?:*.7 A reasonable value for f would 
probably move the point above our experimental 
curve. On the other hand, hyperfine splitting would 
tend to bring it down again. 

In view of the very complicated situation which 
obtains in the case of Mn+, there does not seem to be 
any point in pursuing the analysis further. In any case 
we could not hope to find an explanation along these 
lines for the maximum in x”, which must be connected 
with the disappearance of the Larmor line observed 
in other antiferromagnetic substances near the transi- 
tion point. Since short-range order is known to persist? 
above T., we may loosely interpret the fall in x’ below 
the maximum to indicate that there occurs an appreci- 
able reduction in amplitude of the Fourier components 
of the local field with frequencies higher than the 
measuring frequency. Some evidence is provided for 
this by the fact that the maxima for the higher fre- 
quencies occur at very slightly higher temperatures. 
In order to eliminate the effect of the crystalline electric 
field, we propose to confine our future measurements to 
single crystals with effective spin }. Crystals possessing 
a single axis of very high susceptibility should be 
especially interesting and should be more amenable 
to theoretical treatment. 
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Theory of Photoconductivity in Semiconductor Films 
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Photoconductive films of the lead salt family are composed of a system of crystallites separated by 
intercrystalline barriers. The crystallites are lead salts while the intercrystalline barriers are an oxide of 
lead or of the lead salt. Space charge regions are present at the surface of the crystallites. The lifetime of 
hole-electron pairs is determined in part by surface states while the resistivity is strongly affected by inter- 
crystalline barriers. 

We analyze a model which incorporates the above characteristics of a photoconductive film, except for 
the space charge effects. It is assumed that the primary photoeffect is absorption of light and production 
of hole-electron pairs in the crystallites. The change in conductivity results from a change in majority 
carrier density in the crystallites, and from reduction of intercrystalline barrier potentials. 

Equations are developed for the response to radiation, for the noise, and for the limit of sensitivity of 
the detector. These expressions contain familiar semiconductor parameters, and a new parameter which 
characterizes the relative importance of the change in carrier density as compared to the change in barrier 
potential. No attempt is made to calculate the parameters, but measurements necessary for their evaluation 
are briefly discussed. This permits a prediction of numerical values for responsivity, noise, and sensitivity 


which can be compared with experiment. 





I. INTRODUCTION 


HOTOCONDUCTIVE films of the lead salt family 
(PbS, PbSe, PbTe) are composed of a system of 
crystallites separated by intercrystalline barriers. The 
crystallites are lead salts while the intercrystalline 
barriers are oxides of lead or lead salts. The crystallites 
are about 0.1 to 1 micron on a side [/,, Fig. 1(a) ] and 
the width of the intercrystalline barrier is about 5 to 20 
angstroms [/,, Fig. 1(a)].! Space charge regions are 
present at the surface of the crystallites.** The lifetime 
of hole-electron pairs is determined in part by surface 
states, while the resistivity is strongly affected by 
intercrystalline barriers. 
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Fic. 1. (a) Pictorial representation of a polycrystalline film. 
(b) Circuit for measuring the specific responsivity as given by 
Eq. (27) and the specific noise as given by Eq. (61). 


1H. Pick, Z. Physik 126, 12 (1949); Doughty, Lark-Horovitz, 
Roth, and Shapiro, Phys. Rev. 79, 203(A) (1950); H. T. Minden, 
J. Chem. Phys. 23, 1948 (1955) ; R. H. Harada, J. Chem. Phys. (to 
be published). 

2 Sosnowski, Starkiewicz, and Simpson, Nature 159, 818 (1947) ; 
H. M. James, Science 110, 254 (1949); E. S. Rittner, Science 111, 
685 (1950); Mahlman, Nottingham, and Slater in Photoconduc- 
tivity Conference, edited by Breckenridge, Russell and Hahn (John 
Wiley and Sons, New York, 1956), p. 489; G. W. Mahlman, 
Phys. Rev. 103, 1619 (1956); J. C. Slater, Phys. Rev. 103, 1631 
(1956). Also see reference 4 for additional references. 

3. S. Rittner in Photoconductivity Conference, p. 215; H. T. 
Minden, J. Chem. Phys. 25, 241 (1956); Petritz, Lummis, Sor- 
rows, and Woods in Semiconductor Surface Physics, edited by 
R. H. Kingston (University of Pennsylvania Press, Philadelphia, 
to be published). 





Previous theories‘ of photoconductivity in films of 
PbS and related semiconductors can be grouped into 
three classes, differing in the aspect of the film con- 
sidered most important. The simplest model focuses 
attention on the crystallites and assumes the change in 
conductivity to arise from a change in the density of 
carriers in the crystallites.* The role of intercrystalline 
barriers and space charge regions is neglected. 

In a second class, emphasis is placed on the space 
charge regions in the crystallites?; the oxide inter- 
crystalline barriers are neglected. Evaporated lead 
salt films are initially n-type and exposure to oxygen 
converts them to p-type. It is postulated that this 
produces a series of p-n junctions, to which properties 
of the film are ascribed. The most complete analyses of 
this model are that recently reported by Slater? and 
that of Rittner.? The latter also considers the limit- 
ing case of heavy oxidation. This results in a large 
quasi-intrinsic region in the crystallites and the photo- 
conductive behavior is then characteristic of an in- 
trinsic semiconductor.’ In both of the above classes 
the fundamental absorption process is assumed to be an 
intrinsic electron transition in the crystallites. 

A third model focuses attention on the oxide-inter- 
crystalline barriers, where the absorption is assumed 
to take place.® The change in resistance is related to the 
change in barrier potential, which depends on the charge 
density at the barriers. However, agreement now 
exists between the long wavelength photoconductive 


4 For a review of photoconductivity and extensive bibliographies 
see: T. S. Moss, Proc. Inst. Radio Engrs. 43, 1869 (1955); R. A. 
Smith, Advances in Physics 2, 321 (1953); and T. S. Moss, 
Photoconductivity (Butterworths Scientific Publications, London, 
1952). 

5A. von Hippel and E. S. Rittner, J. Chem. Phys. 14, 370 
(1946) ; O. Simpson and G. B. B. M. Sutherland, Trans. Roy. Soc. 
(London) A243, 547 (1950-1951). Also see reference 4 for addi- 
tional references. 

6 A. F. Gibson, Proc. Phys. Soc. (London) B64, 603 (1951). 
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edge in PbS films and the intrinsic energy gap of PbS 
crystals as shown by Scanlon’s Hall data’ and Smith’s 
reinterpretation of optical absorption data.* This indi- 
cates that the absorption takes place in the crystallites, 
rather than in the barriers; thus ruling out this model. 

In this paper we develop a model which combines 
features of the first and third classes. We assume that 
the primary photoeffect is absorption of light and 
production of hole-electron pairs in the lead salt 
crystallites. Amplification effects due to possible changes 
in the oxide-intercrystalline barrier potentials are in- 
cluded in the formulation, but space charge regions 
within the crystallites are neglected. 

The current is assumed to be carried by majority 
carriers. This does not mean that the minority carrier 
is unimportant in the basic mechanism of photoconduc- 
tivity; on the contrary, recent experimental and 
theoretical work indicates that it is a trapping of 
minority carriers that increases the lifetime of the 
majority carriers.? But the direct contribution of the 
minority carrier to the current is assumed negligible. 

We develop equations for the response to low level 
radiation and for the noise. These results are combined 
into an expression for the limit of sensitivity of the 
detector. Our resulting expressions contain familiar 
semiconductor parameters, and a new parameter which 
characterizes the relative importance of the change in 
carrier density as compared to changes in barrier 
potential. No attempt is made to calculate the param- 
eters, but measurements necessary for their evaluation 
are briefly discussed. 

The model was developed with the lead salt family of 
photoconductors in mind, but may well be applicable 
to a wider class of semiconducting films. PbS has 
received more attention than arv other photoconductive 
film and therefore is referred to for data and examples 
throughout. 


II. DEFINITION OF THE MACROSCOPIC 
CONDUCTIVITY AND HALL COEFFI- 
CIENT OF A FILM 


The observable properties of a photoconductive film 
are a result of the average properties of many crystal- 
lites; there being some 10° crystallites per square 
centimeter of film area. It would be cumbersome to 
indicate by symbols an average over the many crystal- 
lites because we later need to denote time averages as 
well. Thus we shall not specifically denote averages 
over the crystallites but wish to emphasize that all 


7W. W. Scanlon, Phys. Rev. 92, 1573 (1953). 

®R. A. Smith, Physica 20, 910 (1954); A. F. Gibson, Proc. 
Phys. Soc. (London) B65, 378 (1952); M. A. Clark and R. J. 
Cashman, Phys. Rev. 85, 1043 (1952); D. G. Avery, Proc. Phys. 
Soc. (London) B67, 2 (1954). 

9D. E. Bode and H. Levinstein, Phys. Rev. 96, 259 (1954); 
R. A. Smith, Physica 20, 910 (1954) ; J. N. Humphrey, Phys. Rev. 
99, 625(A) (1955); E. S. Rittner and S. Fine, Phys. Rev. 98, 545 
(1955); R. L. Petritz, Bull. Am. Phys. Soc. Ser. II, 1, 177 (1956); 
R. H. Harada and H. T. Minden, Phys. Rev. 102, 1258 (1956) ; 
J. N. Humphrey and R. L. Petritz (submitted to Phys. Rev.). 
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quantities are to be considered as the average of many 
crystallites. 
The total resistivity of a barrier in series with a 
crystallite is 
p=potpe, 


where the subscripts 6 and ¢c mean barrier and crystal- 
lite, respectively. A comparison of resistivity data in 
films‘: with that in crystals" of PbS shows that p»>pc. 
To develop an expression for the macroscopic conduc- 
tivity we neglect p, compared to p» and write the 
current-voltage relation of the barrier”: 


j=Mpe-aolkT (gadVoi/kT 1), (1) 


where 7 is the current density, g is the charge of an 
electron, p is the mean density of majority carriers 
(assumed to be holes) in the crystallites, ¢ is the poten- 
tial height of the barriers referred to the valence band 
edge, k is Boltzman’s constant, T is the absolute 
temperature, AV; is the voltage drop across the barrier, 
and M is a parameter which is independent of ¢ but 
depends on the specific nature of the barrier. For a 
barrier of thickness of 5 to 20 A the shot theory should 
apply, for which M = q?hermal, Where ?hermat is the mean 
thermal velocity of the holes. Because of the many 
barriers in the film the voltage drop across any one is 
small compared to kT/q; thus 


j=Mpe-%*TQAV 5/kT. (2) 


Considering that there are N; crystallites in series, 
AV; is related to the total voltage V across the film by 


AV»= V/M= V/mL, (3) 


where m; is the number of crystallites per cm of length 
of film and L is the length of the film in the direction 
of current flow [Fig. 1(a) ]. For crystallites 10‘ cm on 
a side, 2:10‘ cm since the space occupied by inter- 
crystalline barriers is negligible. Using Eqs. (2) and (3), 
we have for the total current: 


I=jwd=M pe-*!*™qVwd/Ln,kT, (4) 


where w and d are the width and thickness of the film, 
respectively [Fig. 1(a) ]. The macroscopic electric field, 
conductivity, and resistance are defined as: 


&=V/L, (S) 
a= 7/8, 
R=L/owd. (7) 


10 E. W. Lothrup, Jr., thesis, Northwestern University, Evans- 
ton, Illinois, 1949 (unpublished) ; J. L. Levy, Phys. Rev. 92, 215 
(1953); J. F. Woods in Photoconductivity Conference (John Wiley 
and Sons, New York, 1956), p. 636; Phys. Rev. 99, 658(A) (1955). 
Also see Petritz, et al., reference 3. 

1 R. F. Brebrick and W. W. Scanlon, Phys. Rev. 96, 598 (1954) ; 
R. P. Chasmar, in Photoconductivity Conference (John Wiley and 
Sons, New York, 1956), p. 463; R. L. Petritz and W. W. Scanlon, 
Phys. Rev. 97, 1620 (1955); E. H. Putley, Proc. Phys. Soc. 
(London) B68, 22 (1955). 

12H. C. Torrey and C. A. Whitmer, Crystal Rectifiers (McGraw- 
Hill Book Company, Inc., New York, 1948), pp. 77-82. 
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Substituting Eqs. (4) and (5) into Eq. (6), we find 


o=qupe-***T, (8) 
where 
a= M / mkT. 


The term ¢~%¢/*? in o provides the essential charac- 
terization of a barrier. One can write Eq. (8) either as 


o=qp*u, where p*=pe-se/*7, (10) 


In Eq. (9) one implies that all of the holes in the 
crystallite take part in the conduction process but with 
a reduced mobility u*. In Eq. (10) one implies that only 
p*/p of the crystallite carriers take part in the conduc- 
tion process, but with the mobility u. We use Eq. (9) 
since the macroscopic Hall coefficient, Ry, gives the 
total carrier density in the crystallites. This is because 
the crystallites are of much lower resistivity than the 
intercrystalline barriers.’* Thus 


Ru=§n/9. 
Defining the Hall mobility as 


(11) 


(12) 


Ha=Ruo, 


and substituting Eq. (9) for o and Eq. (11) for Rx, we 
have: 
(13) 


Therefore, the Hall mobility is a direct measure of y* 
and includes the effects of barriers. 

The macroscopic parameters are useful because they 
are directly measurable. However, they imply that the 
electric field is V/Z and that it is uniform over the 
entire film. Actually, the electric field is stronger in the 
regions of the barriers and is reduced in the crystallites. 
Conductivities and electric fields that apply locally to 
the barriers and crystallites are developed in the 
Appendix. 


Ba= ru". 


Ill. PHOTOCONDUCTIVE RESPONSE TO 
RADIATION 


A. Derivation 


The change in conductivity that occurs when radia- 
tion falls on a film can result from a change in the 
density of carriers and from a change in the effective 
mobility. From Eq. (9) we have for small changes, 


Ao=qu*Ap+ par", (14) 


where 
(15) 


Since light is absorbed by a main-band transition, the 
primary photoeffect in PbS is a change in the number 
of hole-electron pairs in the crystallites. Any increase 
in mobility resulting from barrier modulation is thus a 


~ 8G, R. Wait, Phys. Rev. 19, 615 (1922); J. Vogler, Phys. Rev. 
79, 1023 (1950). 


Au*= —pe~**/*7qAg/RT. 
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secondary process. However, the latter’s influence on the 
change in conductivity could overshadow that of the 
primary effect. A possible mechanism of barrier modu- 
lation is trapping of minority carriers in the region of 
the barrier. 

We define a parameter B to characterize the relative 
effect of barrier modulation on the conductivity as 
compared to the change in density of carriers: 


B= (Ay*/u*)/(Ap/p). 
Substituting Eq. (16) into Eq. (14), we have 
Ao=qu*(1+B)Ap. (17) 


B=0 means no barrier modulation, while B>>0 means 
that the change in conductivity is mainly a result of 
barrier modulation. In the small-signal range of photo- 
conductivity, B should be independent of the amplitude 
of the signal. 

In writing Eq. (14) we have implicitly assumed that 
the total change in majority carriers in each crystallite 
contributes to the change in conductivity. This is true 
if the diffusion length of minority carriers, L,, is large 
compared to the crystallite size. Using mobility data 
from PbS crystals one can show that L,>d for 
minority carrier lifetimes as short as 10sec and 
d=1 micron. 

The majority carrier lifetime is assumed to be equal 
to the photoconductive response time. Thus we write 
as the equation of the primary photoresponse, 


(16) 


dAp Ap 
——}+-—-=yg, 
dt T 


(18) 


where 

g=n.J/hvd, (19) 
Ap is the increase in majority carrier density over the 
mean value, 7 is the majority carrier lifetime, g is the 
rate of absorption of the incident photons, J is the 
incident signal flux (watts/cm*) and hy, is the energy 
per photon. 9, is the probability that an incident photon 
will be absorbed, producing a hole-electron pair. Moss 
has shown" that 


ne= (1—1)(1—e-*4)/(1—re~*4) £1, 


where a@ is the absorption coefficient at the wavelength 
of the signal, and r is the reflection coefficient of the 
film. We call 9, the quantum efficiency. 

Rittner® has shown that the carriers can be assumed 
to be produced uniformly throughout the crystallites 
as described by Eqs. (18) and (19) so long as the 
diffusion distance of minority carriers is large compared 
to the crystallite size. This condition was discussed 
above. Then effects of the surface on the lifetime are 
incorporated into 7 as 


1/r= (1/70) + (1/74), (21) 


“T, S. Moss in Photoconductivity Conference (John Wiley and 
Sons, Inc., New York, 1956), p. 427. 


(20) 
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where 7, and 7, are the bulk and surface lifetimes re- 
spectively. 7, can be expressed in terms of the surface 
recombination velocity s, by 


1,=d/2s. (22) 


Considering the radiation to be turned on at time 
t=0, we find the transient response from Eq. (18): 


Ap=gr(1—e*!"). (23) 


Substituting Eq. (23) into Eq. (17), we have 
Ao= (1+ B)qu*gr(1—e~*/"). (24) 


The corresponding response to a radiation signal 
chopped at an angular frequency w is 


Ao=(1+B)qu*gr/[1+ (wr)? }. (25) 


B. Normalization of Photoresponse 


In order to compare one film with another, it is 
useful to normalize the response. Mundie! has sug- 
gested the form Ao/4oJ and has called this the specific 
sensitivity. We shall use this definition but prefer to 
call it the specific responsivity, since the use of sensi- 
tivity has been largely restricted to signal-to-noise 
concepts. We therefore define 


(26) 


A convenient method of measuring R, is shown in 
Fig. 1(b). The signal voltage, V,, across the load re- 
sistance, Ry, is a measure of R, according to the 


equation 
V, (R+R1)? 
tia 
Vad 4RR_, 


where Va, is the battery voltage. 

This definition normalizes the response to unit 
biasing voltage and unit incident radiation flux. Equa- 
tion (27) shows that R, is a measure of the effectiveness 
by which a detector converts radiation flux to signal 
voltage. 

Substituting Eqs. (9), (19), and (25) into Eq. (26) 
we find a theoretical expression for R,, 

(1+B)n.7 
* apdhy [1+ (or)? 

We now call attention to another definition that has 
been used to characterize the signal response. This is 
the electrical signal current produced per current of 


incident photons,!® sometimes called an apparent 
quantum efficiency, n*. One finds for this model: 


R,=Aa/4cJ (specific responsivity). 


(27) 





(28) 


ATelectron current EAowd/g 


T 
= ” (1+B)n.—, (29) 
AT photon current JwL/hv, Tt 


T,4™ L/&p*. 


16, G. Mundie (private communication). 
16 A, Rose, RCA Review 12, 362 (1951); Phys. Rev. 97, 322 
(1955) ; and Proc. Inst. Radio Engrs. 43, 1850 (1955). 
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7, is the macroscopic transit time of a hole across the 
film. n* can be greater than one if large barrier ampli- 
fication is present or if r is greater than 7;. The latter is 
possible in a photoconductor where charge can flow 
in and out at the contacts, as is the case in infrared 
detectors. 

We prefer the specific responsivity [Eq. (28)] for 
characterizing the signal response rather than 7* 
[Eq. (29)] because the latter definition involves the 
applied electric field and therefore is not a specific 
function of the detector. We shall restrict the term 
quantum efficiency to the definition in Eq. (20). 

In summary, we have the specific responsivity given 
by Eq. (28) and see that to study this our measure- 
ments should include ways of finding B, »,, 7, and pd. 
In particular, it is necessary to separate (1+B) and 
me in order to determine if barrier modulation is 
occurring. 


IV. PHOTOCONDUCTOR NOISE 


Noise mechanisms in a semiconductor type photo- 
detector can be grouped into two general classes: 
electronic and modulation noise.!’!8 The electronic 
noise includes all fluctuations inherent in the electronic 
system of a semiconductor. Modulation noise includes 
fluctuations in quantities which exert a control over 
the average current. Most theories of 1/f noise are of 
the latter variety,’**° although some recent theories”! 
have attempted to explain it as an electronic noise. 


A. Electronic Noise 


The kinetic mechanism of the noise associated 
directly with the barriers depends on the specific model 
of barrier, but in general can be described as a fluctua- 
tion in the rate at which carriers cross the barrier. This 
leads to the Nyquist” and shot noise discussed below. 

A second source of noise results from fluctuations in 
the number of holes in the crystallites. This causes a 
fluctuation in the conductivity as can be seen from 
Eq. (17). Since radiation is detected by measuring a 
change in conductivity, this noise sets a fundamental 
limit to the sensitivity of the detector. 

The relation of fluctuations in the number of holes* 


17R, L. Petritz, Proc. Inst. Radio Engrs. 40, 1440 (1952). 

18K. M. Van Vliet and J. Blok, Physica 22, 231 (1956). 

1G. G. Macfarlane, Proc. Phys. Soc. (London) B63, 807 
(1950) ; J. M. Richardson, Bell System Tech. J. 29, 117 (1950); 
A. van der Ziel, Physica 16, 359 (1950); R. L. Petritz, Phys. Rev. 
87, 189(A) and 535 (1952); R. L. Petritz in Semiconductor Surface 
Physics, 1956 (University of Pennsylvania Press, Philadelphia, 
to be published). Also see references given in references 17 and 20. 

2” A. van der Ziel, Noise (Prentice-Hall Inc., New York, 1955). 

214. L. McWhorter, Phys. Rev. 98, 1191(A) (1955); also 
thesis, Massachusetts Institute of Technology, 1955 (unpublished) 
and Semiconductor Surface Physics, 1956 (University of Penn- 
sylvania Press, Philadelphia, to be published); S. R. Morrison, 
Phys. Rev. 99, 1655(A) and 1704 (1955). 

2H. Nyquist, Phys. Rev. 32, 110 (1928). 

3B. I. Davydov and G. Gurevich, J. Phys. (U.S.S.R.) 7, 138 
(1943). J. H. Gisolf, Physica 15, 825 (1949); R. L. Petritz, in 
Summary of Doctoral Theses (Northwestern University Press, 
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to fluctuations in the rate at which photons are in- 
cident on the detector™ was recently clarified for the 
intrinsic model of a semiconductor.* It was shown that 
the fluctuations in the number of holes and electrons 
are in part caused by fluctuations in the rate of ab- 
sorption and emission of background radiation, and 
in part by absorption and emission of lattice phonons. 
Following the terminology of Van Vliet and Blok,!* we 
call this generation-recombination noise. 


1. Nyquist and Shot Noise 


If the barriers are thin compared to a mean-free- 
path in the crystallites, the shot theory of barriers 
will apply.” Weisskopf has examined the noise of such 
a barrier and finds for the spectrum of the short- 
circuit noise current generator,”* 


G(I?)=2q(Is+21,)=4qI.4+2¢] 
= (4kT/Rs)+2qI., 
where, from Eq. (1), 
Ip=1,(et4¥*/*7—1), 
1,= AM pe-2?!*7, 
1/R,=91/dAV»| ave-o, 15 =0=1,9/kT, 


(30) 


and A, is the area of a single barrier. 
At zero bias this reduces to the usual Nyquist 


formula, 
G(I*)=4kT/Rp. 


When the voltage drop across individual barriers is 
finite but small compared to kT/g, Eq. (30) can be 
written to first order in gAV»/kT as 


G(I*)= (4kT/R»)(1+-3gAV 0/kT), 
y= gAV./kT. 


Therefore in the ohmic region, gAV,/kT<1, the 
Nyquist equation is a good approximation for each 
barrier. 

At large forward or reverse bias Eq. (30) reduces to 


This is the shot-noise formula, which is to be expected 
since the kinetic basis is the random passage of elec- 
trons across the barrier. 

The only other type of barrier whose noise charac- 
teristics have been studied in detail is the p-n junc- 


Evaston, Illinois, 1950); H. Muser, Z. Physik 129, 504 (1951). 
For additional references see references 17 and 20. 

*W. B. Lewis, Proc. Phys. Soc. (London) 59, 34 (1947); R. 
Clark Jones, J. Opt. Soc. Am. 37, 879 (1947); P. Fellgett, J. Opt. 
Soc. Am. 39, 970 (1949); T. S. Moss, J. Opt. Soc. Am. 40, 603 
(1950). For an extensive list of references on this subject see R. 
Clark Jones, in Advances in Electronics (Academic Press, New 
York, 1953), Vol. V, p. 2. 

2°R. L. Petritz in Photoconductivity Conference (John Wiley 
and Sons, Inc., New York, 1956), p. 49. 

2°V. F. Weisskopf, jNational Defense Research Committee 
Report NDRC 14-133, May 15, 1943 (unpublished). See Chap. 6 
of reference 12 for an outline of Weisskopf’s paper. 
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tion.” Its short-circuit noise current generator is 
described by an equation similar to Eq. (30); it is 
linear in the current and reduces to the Nyquist value 
when AV,<kT/@. 

To derive the expression for the total noise due to 
barriers, we first add the current generators in parallel, 
considering that there are approximately 


N2=wd/A b 


barriers in parallel all with the voltage, AV», across 
them. Then, from Eq. (30) and assuming gAV,/kT <1, 
we have 


G(I, parallel) = N.[ (4kT/Rs) (1+gAV ./2kT) ]. 


To add the noise of barriers which are in series in the 
direction of the length of the film, we convert this to a 
voltage generator, 


G(V?, parallel)=G(°, parallel) (R»/N 2)’, 


where R»/N2 is the resistance of NV barriers in parallel. 
Then, adding Ni=mL of these voltage generators in 
series, we have 


G(V2)=N,G(22)(Rp/N2)? 
= R4kT (1+ gAV 2/287), 


where R=N,R,/N2 is the macroscopic resistance de- 
fined in Eq. (7). The macroscopic short-circuit current 
generator then is, 


G(T?) = (4kT/R)(14+-gAV »/2kT), 
= (4kT/R)+ (2gTac/mL), (31) 


where we have used Eqs. (3) and (4). Equation (31) 
shows that the contribution of the barriers is in first 
approximation a Nyquist term; and in second approxi- 
mation includes a term of order gAV »/kT, linear in the 
bias current, Ja, and called a shot component; it 
neglects terms of order (gAV,/kT)*. 

In addition to these barrier contributions, the usual 
Nyquist noise occurs in each crystallite resistance. Its 
kinetic basis is fluctuations in the velocities of majority 
carriers. It remains independent of current throughout 
the ohmic range of current in the crystallites. The 
Nyquist noise of the crystallites is in effect incorporated 
into Eq. (31) if R is interpreted to include crystallite as 
well as barrier resistance. 


2. Generation-Recombination Noise 


(a) Derivation—Extension of the theory of genera- 
tion-recombination noise to a film with barriers will 
only be sketched here, since the procedure is quite 
similar to that of Appendix A of reference 25. 

We use Eq. (18) to describe the response of Ap to 
fluctuations in the generation-recombination rates and 
Eq. (17) to describe the corresponding fluctuations in 


27 R. L. Petritz, Phys. Rev. 91, 231(A) and 204 (1953); A. van 
der Ziel, Proc. Inst. Radio Engrs. 43, 1639 (1955). 
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conductivity. In the language of the theory of random 
processes, we are using the Langevin formulism, but we 
do not assume anything concerning the spectra of the 
random forces. Defining V = A pd as the instantaneous 
total number of holes in the detector, we have 


dAN /dt+AN/r=F,(t)—R,(t)+Fi(t)—Rilt), (32) 


where F,(t) is the instantaneous rate of generation of 
holes by absorption of radiation, R,(¢) is the instan- 
taneous rate of recombination with emission of radia- 
tion, F,(t) and R,(t) are the corresponding rates of 
generation and recombination by lattice processes. 
These are the random forces of the theory. 

The spectrum of NV is found following the procedure 
of Eqs. (A-17) to (A-22) in reference 25. One finds 


G(AN?)=27(F, +F,+R2,+R8))/[1+(r)?]. (33) 


In the derivation we will use bars to denote mean rates 
for the quantities which appear explicitly as both in- 
stantaneous and mean values. In the final expressions 
[Eq. (51) and beyond] it will be possible to drop the 
bars, reverting to the notation of Sec. II. From Eq. (17) 
the spectrum of the conductivity fluctuations is related 
to Eq. (33) by 


G(Ao*) =[qu*(1+B) PG(AN*)/(Ad). 


When a de current is flowing the conductivity fluctua- 
tions give rise to a noise current. With the aid of 
Eqs. (4)-(9), (33), and (34) the spectrum of the short- 
circuit noise current generator is: 


Ta2(1+B)227?(F,+F,.+R,+R,) 
A? (pd)*[1+ (wr)? ] ; 


(34) 





G(I*)= (35) 


It is » 3eful to express the noise in terms of back- 
ground radiation and lattice vibrations, and also 
directly in terms of characteristic semiconductor param- 
eters. A first step for doing this is to use the condition 
of dynamic equilibrium, 


PL+F,=R,+8,, (36) 


which allows us to express Eq. (35) entirely in terms of 
generation rates or recombination rates. 

(b) Expression of the generation-recombination noise in 
terms of background radiation and lattice vibrations —F, 
can be expressed in terms of the background radiation 
incident on the detector by 


(37) 


Pmt [ n(v)n,dy, 
0 


n,(v) =8x(v/c)*/(e'/*?*—1), (38) 
where n(v) is the quantum efficiency at a spectral 
frequency v, [Eq. (20) ], 2,(v) is the mean density of 
photons in the background radiation field per dv, and 
T, is the temperature of the background radiation 
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field. n(v) goes to zero for wavelengths longer than 
\i=hc/E;, where E; is the intrinsic energy gap of the 
semiconductor. Thus F’, can be expressed as 


P,=n,J,A, (39) 


where 


C «o 
r= f n,(v)dy photons/cm?-sec. (40) 
4 Ej/h 


J, is the mean background photon flux incident on the 
detector with energy 2 E;. n, is defined by Eqs. (37), 
(39), and (40). An approximation to 7, is the value of 
the quantum efficiency in the region of maximum 
photoconductive response. 

An approximate expression for J,, obtained from 
Eq. (40) by neglecting —1 in the denominator of 
n,(v), is 

J, =B,(T,)e-Es!#Tr, 


kT.\°— / Ex \? 2£E; 
B»(T,)=2re(—*) |(—) ++] 
he kT, kT, 
The mean lattice generation rate F; can also be 
expressed formally as an integral similar to Eq. (37), 
with n, replaced by m, the density of lattice phonons. 


Lacking detailed information on the lattice vibrational 
spectrum, we write 


where 


Ji=Bi(Tie-**!*" phonons/cm?-sec, 


m (42) 
Fi\=nJ iA, 


where 7; is the temperature of the lattice and 7 is a 
quantum efficiency for absorption of phonons. 

Substituting Eqs. (39) and (42) into Eq. (35) and 
using Eq. (36) we write the noise in terms of background 
radiation and lattice vibrations, 


: _ Tac! (1+B)?47*(n-J 0d) 
A(pd)[1+(wr)?] 


This equation can be used to discuss the effects of 
cooling the background radiation and/or the lattice, 
since J, and J; are functions of T, and 7), respectively, 
[Eqs. (41) and (42) ]. 

When the detector exchanges radiation with several 
objects at different temperatures, Eq. (37) will have 
one term for each object with the appropriate solid 
angles as weighting terms (Lewis). As a result Eq. (43) 
will have a flux component from each object. 

(c) Expression of generation-recombinalion noise in 
terms of parameters of the photoconductor—This can be 
done with the aid of detailed balance and time constant 
realtions. For this model the mean rate of hole-electron 
recombination by emission of a photon is related to the 
radiative lifetime, 7,, by 


Be = N/ Tr 


Similarly, for recombination through phonon emission 





(43) 


(44) 
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we have 


Ri=N/n, (4b) 


where 7; is the lattice lifetime. The total rate of recom- 
bination defines the majority carrier lifetime, 7, by 


R.+R,=N/r, 


(45) 
where 


1/r=(1/7r)+ (1/71). (46) 


Substituting Eq. (45) into Eq. (36), we have 
P.AF,=N/r. 


Using Eqs. (39) and (42), we can express this on a 
unit sensitive area basis, 


nd et+nJ i= pd/r. 
Substituting Eq. (48) into Eq. (43), we find 
Ta247r(1+B)? 
~ Apd{ + (or)*] 


This equation contains only parameters of the photo- 
conductor. 

Equations (49) and (43) together with Eq. (48) 
allow for a complete discussion of the limiting noise 
of the photoconductive detector under conditions of 
nonthermal equilibrium as well as thermal equilibrium. 
Equation (48) assumes only the condition of dynamic 
equilibrium, and does not assume thermal equilibrium. 
At thermal equilibrium we have in addition to Eq. (48), 


nr += pd/r, 
mJ i= pd/r1, 


which are the conditions of detailed balance for the 
radiative and lattice processes, respectively. 

(d) Normalization—As suggested by Mundie," it is 
useful to express the noise in a normalized manner to 
eliminate the dc bias current, the cell area, and the 
bandwidth. We define the specific generation-recom- 
bination noise as 


N.(G-R)=(G(P)A }}/4T ac, (51) 


which differs from that of Mundie in that a 1/f spec- 
trum is not assumed for the noise. Substituting Eqs. 
(49) and (43) into (51) and dropping the bars for 
denoting averages, we find, respectively, 


N,(G-R)=}(1+B)(r/pd)*/(1+ (or)? }i, 
N,(G-R)=3(1+B) (1/pd) (n-J-+J1)!/ 
X(1+ (r)*}!. (53) 

Equation (53) can be written as V,?(G-R)=N,,2°(G-R) 
+N,?(G-R), so we can identify the specific noise 


caused by fluctuations in the rate of radiative proc- 
cesses as 


N,,(G-R) = 3 (1+B)(r/pd) (nJ-)*/(1+ (wr)? }', 


(47) 


(48) 


(49) 


(50) 


(52) 


(54) 
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and the corresponding noise resulting from lattice 
processes as 


Ni(G-R) = 3 (1+-B)(1/pd) (mJ 1)¥/[1+ (wr)? }'. (55) 


N,(G-R) is the noise limit set by the fluctuations in the 
absorption and emission of background radiation and 
establishes the ultimate limit of sensitivity.” 


B. Modulation Noise 


Experiment shows that there is a component of 
noise characterized by a 1/f spectrum. Its physical 
origin is not completely understood but recent experi- 
ments” indicate that the surface is an important source 
of this noise. Theories of 1/f noise will be found in 
references 19, 20, and 21. Since the photodetector shows 
an exponential time response with a single time constant, 
the theory!’.** of irreversible processes indicates that 
1/f noise is not fundamental to the detection process. 
Thus one can hope to minimize it by improved manu- 
facturing techniques. 

The spectrum of the 1/f noise can be empirically 
characterized by the short-circuit noise current 
generator, 


G(?)=Clae/fAd, (56) 


where C is found by experiment. The specific 1/f noise 
is defined analogously to Eq. (51): 


N,(1/f)=(G(P)A }t/4Tae=3(C/fd)*. (57) 
C. Total Photoconductor Noise 


From Eqs. (31), (49), and (56) we have for the 
spectrum of the total short-circuit noise current 
generator of a photodetector 


G(I’)= (4kT/R)+G[I2(G-R, 1/f, shot) ], 
4rTa2(1+B)? 
Apd[1+ (wr)?] 
Clad 
fAd 


(58) 
GLI2(G-R, 1/f, shot) ]= 


2ql ac 


. (59) 
nL 

Under normal biasing conditions the first term in 
Eq. (58) is negligible compared to the second and the 
shot term is also negligible in Eq. (59). It is then useful 
to define the total specific noise of the detector ana- 
logously to Eq. (51): 


N2=GU2(G-R, 1/f)JA/161 a? 
=N2(G-R)+NA(1/f), (60) 
where V,(G-R) and N,(1/f) are given by Eqs. (52) 
[or (53) ] and (57), respectively. 


28H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945); S. R. 
de Groot, Thermodynamics of Irreversible Processes (Interscience 
Publishers, Inc., New York, 1951), pp. 17-18. 





PHOTOCONDUCTIVITY IN SEMICONDUCTOR FILMS 


We have defined the specific noise in terms of short- 
circuit noise current generators because the noise 
sources are in parallel. The definition of specific noise 
in terms of a noise voltage, V,,, appearing across a load 
resistor R, in the circuit shown in Fig. 1(b) is 


N.=Vn(A/Af)(R+Rz)?/4RRiVec. _—(61) 


Circuit analysis shows that Eq. (60) and Eq. (61) are 
equivalent. 


V. LIMIT OF SENSITIVITY 


The limit of sensitivity of a photoconductor is 
defined as the radiation signal power necessary to 
produce a signal-to-noise ratio equal to unity. The 
specific sensitivity, S,, removes the area and band- 
width dependence from the definition: 


S,=J(A/Af) V/V. (62) 


S, is the noise-equivalent-power of a cell of 1 cm? 
sensitive area when a band width of 1 cps is used. S, is 
closely related to Jones’ $ which is defined” as 


$=J(foA/Af)*Vn/Vs, (63) 


where fo is the center frequency at which the noise is 
measured. The fo factor was introduced by Jones to 
account for the 1/f noise spectrum commonly observed 
at that time. However, detectors are now available” 
in which 1/f noise is less important than generation- 
recombination noise and the insertion of fo into the 
equation has significance only for 1/f noise. We there- 
fore shall use Eq. (62) instead of Eq. (63) because it 
does not assume any particular spectrum for the noise. 

Substituting Eqs. (27) and (61) into Eq. (62) we find 


S,=N,/R,. (64) 


When the noise is generation-recombination noise, we 
have 


S,(G-R) = N,(G-ix)/R,. (65) 


Substituting Eqs. (28), (52), and (53) into this, we 
find as theoretical expressions : 


S,(G-R) ” 2hv.(pd/r)*/ns, 
S,(G-R) = 2hv.(nJ +n 1)*/ ns. 


As pointed out in reference 25, barrier amplification 
does not affect S,(G-R) because both signal and noise 
are amplified. 

The ultimate limit of sensitivity is set by fluctua- 
tions in radiative processes™:® and is obtained when 
nJ Kn,J, in Eq. (67): 


S.r(G-R) = 2hv, (nrJ r)4/Ms. 


2 R. Clark Jones, Rev. Sci. Instr. 24, 1035 (1953). 
*F, L. Lummis and R. L. Petritz, Phys. Rev. 86, 660(A) 
(1952) ; B. Wolfe, Rev. Sci. Instr. 27, 60 (1956). 


(66) 
(67) 


(68) 
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VI. CONCLUSION 


The above theory relates the specific responsivity, 
Eq. (28), the specific generation-recombination noise 
[ Eqs. (52) and (53) ], and the specific sensitivity [Eqs. 
(66), (67) ] to basic semiconductor parameters and to 
radiation and lattice fluxes. The semiconductor param- 
eters, pd, r, and B, can be measured directly: pd by 
the Hall-coefficient [Eq. (11)], + by the transient re- 
sponse to a square wave [ Eq. (24) ], and B by measuring 
the fractional change in resistance AR/R and Hall- 
coefficient, ARy/Ru, under illumination, 


(69) 


ARn/Ru 


The quantum efficiency, n,, can be estimated from Eq. 
(20) using known values of a andr. Therefore theoretical 
values of R,, N,, and S, can be predicted by using 
measured values of pd, r, B, and n, in Eqs. (28), (52), 
and (66). Thus the theory can be checked by comparing 
theoretical with experimental values of R,, V,(G-R), 
and S,(G-R). Such measurements have been made and 
will be reported in forthcoming papers. Theory and 
experiment are found to be in good agreement. 


APPENDIX. MICROSCOPIC CONDUCTIVITIES AND 
ELECTRIC FIELDS 


(a) Parameters of the Barriers 


A barrier conductivity o, can be defined from Eq. (2) 
by writing 


i= (M/kT) pe-9¢!*79 
j= (M/ )pe qb, (A-t) 
6,=AV2/lo= j/o, 


where &, is the electric field across the barrier and /, is 
the width of the barrier [Fig. 1(a)]. Then using Eqs. 
(3), (5), and (8): 


oy= (M/kT) pe-9?'*Tg],= nila, 
b= &/nily= &a/c>. 


(A-2) 
(A-3) 
To show that &» is normally higher than &, and a, 
lower than o, we put some representative numbers in 


Eqs. (A-2) and (A-3). For #:=10*/cm and /,= 10-7 cm, 
we obtain &,=10°& and o,=10~%s. 


(b) Parameters of the Crystallites 
The voltage drop across a crystallite is 
AV .= jl./ce, (A-4) 


where the conductivity of a crystallite is 


To= Phe, (A-5) 


and we assume the current density in the crystallites 
to be the same as in the barriers. u, is the mobility of 
carriers in the crystallites and should be somewhat 
less than that in single crystals because of surface 
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scattering. The electric field in the crystallites is 
6.=AV./l.=j/ce. (A-6) 


Substituting Eqs. (6), (9), and (A-5) in Eq. (A-6) we 
obtain 


6.= $0/o-= Eu*/pe. (A-7) 


&, will normally be less than & because y’* is less than 
Me, aS Shown by comparing the Hall mobility of films” 
with that of single crystals.“ At room temperature in 
PbS, u*5 while 41400 cm?/volt-sec. 

From the above and the results of Sec. II we see 
that a precise characterization of a film involves three 
conductivities, mobilities, and electric fields. The macro- 
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scopic definitions are most useful for this paper, but 
when microscopic properties are discussed care must 
be taken to insure that the correct electric field is used. 
It is also possible that the current density in the 
barriers is greater than in the crystallites, as when the 
effective cross-sectional area of a barrier, A», is small 
compared to that of the adjacent crystallites. We do 
not attempt to discuss this effect quantitatively here. 
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Electron ejection from metals by ions is shown in this work to be a surface-sensitive phenomenon which 
is profoundly affected by the adsorption of a monolayer of foreign gas on an atomically clean metal surface. 
Monolayer adsorption is shown to decrease the total electron yield, y;, primarily at the expense of the faster 
electrons ejected from the metal. Measurements of +; show it to decrease steadily as the monolayer forms 
and to level off at a value characteristic of the covered surface when the monolayer is completed. Measure- 
ments have been made for the adsorption of N2, Hz, and CO on tungsten. Electron ejection by all the 
singly-charged ions of the noble gases has been studied. It was possible to clean the tungsten surface in the 
presence of Nz and CO but not in He. In He the tungsten surface, as judged from y; measurement, was found 
to be covered with about 75% of a monolayer immediately upon cooling from 2000°K. It is shown that the 
effect of monolayer adsorption cannot possibly be simply the result of change in work function. There is also 
evidence that electrons are ejected in non-Auger processes at higher ion energies when the surface is covered. 


I. INTRCDUCTION 


S might be expected, the ejection of electrons from 
metals by slowly moving positive ions is a surface- 
sensitive phenomenon. For this reason one would like 
to study it not only with atomically clean surfaces!” but 
also with surfaces having known amounts of known 
gases adsorbed upon them. 

If foreign atoms adsorbed on a metal surface change 
the work function, the probability of escape of electrons 
excited inside the metal is also changed. For secondary 
emission by a beam of primary electrons this is the only 
effect of surface coverage since the surface film has 
negligible effect upon the production of internal second- 
ary electrons in the body of the metal.’ It seems clear 
that one is not justified in drawing any such conclusion 
a priori for the Auger ejection of electrons by slowly 
moving positive ions. Here the primary process of 
excitation of the internal secondary electron takes place 

1H. D. Hagstrum, Phys. Rev. 96, 325 (1954) ; 104, 317 (1956). 

2H. D. Hagstrum, Phys. Rev. 104, 672 (1956). 

3 On this basis P. A. Wolff, Phys. Rev. 95, 56 (1954), has success- 


fully accounted for the observed rate of change of secondary 
electron yield with work function. 


with the ion just outside the metal surface and proceeds 
with a probability which depends upon whether the 
excited electron may escape from the metal or not.‘ 
Thus it is certainly possible that the interposition of a 
layer of foreign atoms between the metal lattice and 
the incoming ion will affect not only the probability of 
electron escape but also other aspects of the phenome- 
non (Sec. VII). It is also possible that non-Auger 
processes of electron ejection become important for 
the gas-covered surface. 

The results reported in this paper concern the effect 
of adsorption of the common gases He, Nez, and CO on 
the electron ejection from tungsten by singly-charged 
ions of the noble gases. Experimental apparatus is 
discussed in Sec. II and experimental conditions pre- 
vailing when measurements were made are discussed in 
Sec. III. It is shown that experimental conditions can 
be established in which it is possible to produce a 
monolayer of adsorbed gas of a high degree of purity. 
The effects of the presence of this monolayer on the 
total yield of electrons for incident ion (Sec. IV) and on 


4H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 
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Fic. 1. Schematic diagram of one of the pieces of apparatus used in this work. It is the so-called Instrument V used for the 
later work with No». It differs from the other apparatus used (Instrument ITI) in that the ion source and target are in different 
chambers and constructional features have been improved. Compare Fig. 4 of reference 5. Critical apertures in this apparatus 
are the same as those of Instrument II specified in Table II of reference 5. The slit in electrode K separating source and target 
chambers is 0.1210 mm. A photograph of this apparatus appeared on the cover of the February, 1955 issue of the Journal 


of Applied Physics. 


the energy distribution of the ejected electrons (Sec. V) 
have been studied. The work is most extensive for the 
case of N2 on tungsten in which the effect is studied for 
all the singly-charged noble gas ions and as a function 
of ion kinetic energy. For Hz, and CO the work was 
limited to the ions Het and Net of 200-ev kinetic 
energy. 

As judged by the electron ejection results a tungsten 
surface is atomically clean after heating above 2000°K 
and cooling to room temperature in the presence of Ne 
and CO but not in the presence of He. The evidences of 
this anomalous behavior of tungsten in Hz and a 
possible reason for it are discussed in Sec. VI. It does 
not seem possible now to give a detailed theoretical 
account of the effect of monlayer adsorption on Auger 
ejection. The discussion in this paper is limited to an 
account of the effect of work function change based on 
the theory for clean metals already published,‘ and to 
a suggestion as to a further and perhaps more significant 
effect of monolayer adsorption upon the production of 
the internal secondary electrons (Sec. VII). Notation 
used in this paper is defined as introduced. 


II. EXPERIMENT AND APPARATUS 


The experimental work reported in this paper was 
carried out with two pieces of apparatus. The first is 
that already described as Instrument III in a published 
paper® on instrumentation and experimental procedure 
(see Fig. 4 of reference 5). With this apparatus work was 
done for No, He, and CO using Het and Net ions of 
200-ev energy. The second apparatus, which we shall 
call Instrument V, is much like the first but incorporates 
a number of improvements to be discussed presently. 
It is shown schematically in Fig. 1. Metal parts of 
Instrument III were made of tantalum, those of Instru- 
ment V of nichrome V. 

In both Instruments III and V, ions formed in a 
magnetically collimated electron beam are focused upon 
a target by two electrostatic lenses in tandem. In 
neither instrument is the ion beam magnetically 
analyzed with respect to the ratio of mass to charge 
(m/e). In Fig. 1 filament A supplies electrons for the 
ionizing beam which passes through slits in electrodes 


5H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 
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B and C to the collector F. Ions formed in the electron 
beam inside the chamber C are drawn out and focused 
by the G-H lens upon the narrow slit in K. The L-M 
lens serves to focus the ion beam upon the front surface 
of the ribbon target T which may be heated by passing 
current through it. Electrons ejected from T are col- 
lected by the collector S. The ions are accelerated in 
the G-H lens but may be accelerated or decelerated in 
the Z-M lens depending upon the final ion energy 
desired at the target surface. The use of two ion 
lenses in tandem has the advantages of permitting 
variation of the ion energy at the target surface (in the 
L-M lens) without disturbing conditions in the ion 
source and of separating the source and target by a 
distance sufficient to reduce to negligible proportions 
the strength at the target of field fringing from the 
electron beam collimating magnet. 

In both Instruments III and V the noble gas is 
admitted through the cold trap in the lead to pump 1 
(Fig. 1) into an enclosed ionization chamber. When gas 
is being admitted pump 1 is usually cut off by a mercury 
cutoff. Instrument V differs from Instrument III in 
that differential pumping is provided between the 
source and target chambers. These communicate in 
Instrument V through the slit in electrode K. This 
noticeably reduces the effect at the target of adsorbable 
impurities admitted with the noble gas. The adsorbable 
gases, No, He, or CO are admitted through a cold trap 
in the lead to pump 3 directly into the target chamber. 

The L-M lens of Instrument V (Fig. 1) is essentially 
that of Instrument ITI described in the instrumentation 
paper.® It differs somewhat from that of Instrument ITI 
(compare Fig. 1 of this paper with Fig. 4 of reference 5). 

Several constructional improvements over Instru- 
ment III were incorporated in Instrument V. All 
electrodes requiring careful alignment are mounted on 
quartz rods which are mounted, in turn, from the central 
copper detail (electrode K). Thus all alignment checks 
can be made conveniently before the glass envelope is 
attached. The glass envelope is used as a structural 
element as little as possible. The only concessions made 
in this regard are the mounting of the electron beam 
filament and target on glass stems. This permits re- 
moval for repair or replacement without disturbing the 
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main tube or glass envelope. Some of the constructional] 
details of Instrument V are suggested in Fig. 1. 

Since the ion beam is not magnetically analyzed, a 
homogeneous beam of singly-charged ions is attained by 
keeping the energy of the bombarding electron beam 
below the second ionization energy of the parent gas. 
However, to assure that metastably excited ions are not 
produced in A, Kr, or Xe one must operate with the 
electron energy below the excitation energy of the 
metastable states. The electron beam energies used in 
these experiments are the following: He, 100 ev; Ne, 
100 ev; A, 32 ev; Kr, 28 ev; and Xe, 22 ev. The noble 
gases admitted to the ionization chamber were of such 
high purity and the background gas pressure in the 
apparatus was so low that no detectable contamination 
of the beam by ions from other gases was possible. 

Liquid nitrogen was used on the traps for He and 
Ne, COs, and acetone for A, Kr, and Xe. Gases used 
were those commercially available as spectroscopically 
pure supplied in liter flasks except for CO which was 
obtained in a so-called “lecture” tank. The gases were 
transferred under good vacuum conditions (<10-° 
mm Hg) through cold traps into flasks at about 300 mm 
Hg pressure for convenient use with the porcelain leak 
gas inlet system.*:? Mass spectrometer analyses of the 
gases used are given in Table I. 

Electron yield, y;, and energy distributions functions, 
No(Ex), have been determined in this work by methods 
discussed in the earlier publications. See, for example, 
references 1 and 5. +; for ions of a given energy has been 
measured as a monolayer of a known gas forms. It has 
also been measured as a function of ion energy with 
a monolayer present on the target for comparison with 
similar measurements on the atomically clean target. 
N>(E;) functions have been measured with monolayers 
of the various gases on the target and compared with 
results for the atomically clean surface. 


Ill. EXPERIMENTAL CONDITIONS 


It is clear that one must attain a sufficiently low 
pressure of residual gases in the apparatus if a mono- 
layer of high purity of a known gas is to be adsorbed in a 
time long enough to permit measurements while it is 
forming. In this work the final test of the vacuum has 


TABLE I. Mass spectrometer analyses of gases used.* 








Ne Nz He 


% present 


co Oz CO: 





0.001 
99.9 
0.52 
Minimum % 
detectable 0.003 


0.002 0.0006 


99.7 
3.1 


0.001 


0.0008 


<0.0006 


96.0 0.24 


0.0006 0.0007 








*® Made with a Consolidated Engineering Corporation Instrument, Model 21-103. 


*H. D. Hagstrum, Phys. Rev. 104, 309 (1956). 


7H. D. Hagstrum and H. W. Weinhart, Rev. Sci. Instr. 21, 394 (1950). 
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Fic. 2. Adsorption rate measurements for residual gases in the 
apparatus. Plotted here is pressure rise on flash as a function of 
cold interval before flash. Curve 1 is typical of that which obtained 
during the course of the experiment. Curve 2 is one obtained after 
rigorous processing before any adsorbable gas was admitted to 
the instrument. 


been the measured rate of adsorption of gas on the 
target surface as evidenced by Ap vs Af, curves such as 
those of Fig. 2. The nature of these measurements and 
the vacuum processing employed have been discussed 
elsewhere.’ In Fig. 2, curve 1 indicates a monolayer 
adsorption time for residual gases of about 8 hours with 
liquid N2 on the traps. Residual pressure readings on the 
Bayard-Alpert gauge were of the order of 2X10- mm 
Hg. Curve 2 was taken after another baking of the ap- 
paratus and further heating of filaments and target 
but before any adsorbable gas was again admitted to the 
system. It indicates a considerably reduced adsorption 
rate and the suggestion of a reduced Ap value at 
saturation. However, during the course of the experi- 
ment, when adsorbable gases were being admitted and 
pumped out almost daily, the condition represented by 
curve 1 of Fig. 2 represents the best condition which 
could be maintained. The data plotted in Fig. 2 were 
taken with Instrument III but very similar conditions 
prevailed during the work with Instrument V. 

In this work the tungsten target was cleaned by 
heating. In the preliminary stages of the experiment 
the target was heated for several days at about 1700°K 
and for a total time of nearly one hour at temperatures 
above 2000°K. During the course of the experimenta- 
tion it was continually flashed to 2000°K in the experi- 
ment with Instrument III, to 2300°K with Instrument 
V. Evidence referred to elsewhere! indicates that this 
treatment removes oxygen and thus presumably any 
other of the common adsorbable gases. The work 
function determined from a Richardson plot agrees well 
with that accepted for clean tungsten. 

Another important element in specifying the experi- 
mental conditions is the determination of the amounts 
of adsorbable impurities present in the apparatus or 
admitted with the gases used in the experiment. This 
is accomplished by making measurements of adsorption 
rate on the target under various conditions. Data taken 
with liquid Ne on the traps for Instrument III are 
plotted in Fig. 3, for Instrument V in Fig. 4. Here the 
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curve labelled “background” was taken with no gases 
being admitted but with the source filament heated. 
These curves indicate an initial adsorption rate com- 
parable with that of curve 1 of Fig. 2. Thus very little 
adsorbable gas is being desorbed from the source 
filament or surrounding parts. 

Also shown in Figs. 3 and 4 are the adsorption rate 
measurements made with helium and neon admitted to 
the ionization chamber. These are the curves labelled 
He and Ne. Pressures in the target chamber are recorded 
in Table II. It is apparent that the helium contains a 
very small admixture of adsorbable impurity gases. 
The curve for neon admission indicates either the admis- 
sion of a larger amount of adsorbable impurity with the 
neon than was admitted with the helium or the adsorp- 
tion at low sticking probability of the neon itself. The 
latter is considered relatively improbable in view of the 
small polarizability of Ne and the consequent small 
Van der Waal’s attraction to a clean metal surface. 
There is some evidence in the mass spectrometric 
analyses of Table I of a greater amount of adsorbable 
impurity present in the Ne than in the He. There is 
also evidence in Figs. 3 and 4 that the differential 
pumping of Instrument V reduces the effect at the 
target of impurities admitted to the ionization chamber. 

When A, Kr, and Xe are used, it isnecessary to cool the 
traps with CO: and acetone. This admits Hg vapor to the 
instrument and reduces the monolayer adsorption time 
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Fic. 3. Adsorption rate measurements (pressure rise on flash vs 
cold interval) made with Instrument III (liquid Ne on traps). 
Curves labelled N2, Hz, and CO were taken with these adsorbable 
gases being admitted to the target chamber. Pressures of CO, No, 
and Hy: were those specified in Table II giving monolayer adsorp- 
tion times of about 10 minutes. The curve labelled “background” 
was taken with no gases admitted and with source filament hot. 
Curves marked He and Ne were taken with the noble gas only 
admitted. 
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Fic. 4. Adsorption rate measurements for Instrument V with 
ang Nz on the traps. Curves have same meaning as those in 

g. 3. 
measured for the residual gases as has already been 
reported.! Measurement of y; with and without admis- 
sion of the adsorbable gas as shown in Fig. 9 enables 
one to judge the effect of impurities present in the 
apparatus or admitted with the noble gas. This is 
discussed below in connection with monolayer purity. 

The curves labeled Hz, No, and CO in Fig. 3 and N2 
in Fig. 4 indicate the adsorption rates on the target for 
these gases when they only are admitted to the target 
chamber and no noble gas is admitted to the ionization 
chamber. The pressure was adjusted so that a con- 
venient monolayer adsorption time of the order of 10 
minutes was achieved. The time required for the Ap vs 
At, curve to reach the point at which it begins to depart 
from its initially almost linear rise is taken to define the 
monolayer adsorption time. It is the time required for 
the surface to cover to the point where its sticking 
probability (proportional to the slope of the Ap— Af, 
curve) reduces from a high to a relatively low value). 
Gas pressures in the target chambers under various 
conditions are listed in Table II. Note that the pressure 
varies by a factor of about two between conditions of 
target pumping and target covered when an adsorbable 
gas is admitted to the system but that no such pressure 
change with time is observed when a nonadsorbable 
(noble) gas is admitted. Pressures for the “target 
pumping” are read immediately after a flash when the 
target is adsorbing gas from its surroundings. Pressures 
for “target covered” are read after a monolayer has 


formed, that is, after one has reached the flatter portion 
of the Ap vs Af, curve at At,>20 min (see Fig. 3). 

We see in Fig. 3 that about the same number of Ne 
and CO molecules are released when a monolayer is 
flashed off the tungsten target. Considerably less gas 
is measured in the ionization manometer for He. This 
does not necessarily mean that there are fewer molecules 
per monolayer for Hz than for the other gases. The 
effect is most likely due either to absorption of a fraction 
of the monolayer into the body of the tungsten or to 
the dissociation of a fraction of the H2 to atomic hydro- 
gen as the target is flashed or both. (Sec. VI.) The 
pressure rise on flash is a function of several parameters 
including pumping speed of the pumps and the rate of 
temperature rise of the target. Some of the variation 
of Ap for flash-off of a monolayer to be seen in Figs. 3 
and 4 is most likely the result of variation of pumping 
speed depending upon the amount of mercury con- 
densed in the liquid air traps. 

When the effect of monolayer adsorption is being 
studied the source filament is heated, a noble gas is 
admitted to the source chamber, and an adsorbable gas 
(Ne, He, or CO) is admitted into the target chamber. 
The monolayer which then forms on the target surface 
will consist of the desired adsorbable gas as well as such 
adsorbable impurity gases as are admitted with either 
the noble gas or the desired adsorbable gas, or are 
present in the residual gases or released from the 
electrodes heated by the source filament. We should 
like to assess the purity of the monolayer, i.e., to deter- 
mine what fraction of it consists of the desired ad- 
sorbable gas admitted to the target chamber. The data 
of Figs. 3 and 4 enable one to determine what fraction 
of the final monolayer is adsorbed from gases admitted 
with the noble gas or present for other reasons in the 
instrument. One cannot determine, however, the 
amount of impurity gas admitted with the desired 


TABLE II. Gas pressures (mm Hg) in the target chamber.* 








Instrument V 


Target Target 
pumping» coverede 


Instrument III 


Target Target 
pumping> covered¢ 





Residual gases 2-6xX10- 2-6 x10°° <5 X10" <5 X1071' 
(liquid Nez on 
traps) 

Residual gases 
(CO2+acetone 
on traps) 

N: admitted to 
target chamber 

H: admitted to 
target chamber 

CO admitted to 
target chamber 

He admitted to 
ionization chamber 

Ne admitted to 
ionization chamber4 


3-5 X10-° 


0.6 X10-8 1.2X10-§ 2.8 X1078 7.8 X1078 
0.8 X10-8 
1.0 X10-8 
1.1 X10~¢ 


2.9 X10-6 


1,2 X10-8 
2.1 X10-8 
6.7 X10-8 
1.1 X1077 


6.7 X10-8 
1.1 X1077 


1.1 X10-° 
2.9 X10-¢ 








* Ionization gauge reading corrected for ionization efficiency of gas where 
it is known. For the residual gases the pressure specified is equivalent Nz 
pressure. 

> Data taken immediately after a target flash. 

e Data taken when the target was covered with a monolayer of residual 
gas or of adsorbable gas being admitted to the target chamber. 

4 Note that these pressures in the target chamber are considerably lower 
for Instrument V which has differential pumping between source and target 
chambers than for Instrument III which does not. 
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adsorbable gas. Table I indicates the purity of the No, 
Hz, and CO used. In Fig. 3, for example, we see that 
when Ne and He are being admitted the monolayer is 
very largely Neo. In the 10 minutes required for the 
monolayer to form the amount of impurity gas is about 
3% of a monolayer. This fraction is the value to which 
Ap has risen on the curve labeled He divided by the 
Ap value at 10 min on the N¢ curve. Since the N¢ itself 
is very pure we conclude the Nz monolayer is about 97% 
pure when He is used. A similar determination for CO, 
taking account of the fact that the CO is only 96% 
pure (Table I) indicates that the CO monolayer is 
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TABLE ITI. Purity of monolayers formed in this experiment. 





Purity of monolayer in 
percent of desired 
adsorbable gas 


Adsorbable Instrument Instrument 
III V 


gas admitted 


Noble gas 
admitted 





Ne He 97 >98 
Ne 87 >98 
A ous ~75 
Kr i ~75 
Xe oie ~65 

H,* ; He 93 
Ne 87 

CoO He 93 
Ne 83 
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Fic. 5. Plots of y; for He* and Ne* ions (top) and pressure rise 
on target flash (bottom) as functions of cold interval as a mono- 
layer of Ne forms on tungsten. Data taken with Instrument ITI 
for 200-ev ions. Curves in the lower graph are those of Fig. 3. 
Horizontal lines on y; axis indicate y; values for clean tungsten 
measured when N: was not admitted. 


about 93% pure in the presence of He. If the He 
monolayer contains about as many molecules per mono- 
layer as does that for Ne or CO and the low Ap on 
saturation in Fig. 3 has other causes (Sec. VI), we con- 
clude that the Hz monolayer is also about 97% pure in 
the presence of He. 

When Ne is admitted to the ion source we must 
conclude that the monolayers which form on the target 
from Ne, He, or CO are less pure than for He. Here we 
conclude from Fig. 3 that the No and Hz monolayers are 
about 87% pure and the CO monolayer about 83%. 
Purer monolayers of N2 with either He or Ne present 
and with liquid Nz on the traps are obtained with 
Instrument V, as Fig. 4 indicates, because of the dif- 
ferential pumping between the source and target 
chambers. Here the monolayer appears to be better 





® These purity figures are based on the assumption that an Ne and an 
H2 monolayer contain the same number of molecules. The low value of Ap 
on saturation in Fig. 3 is thus assumed to be the result of other causes 
discussed in Sec. VI. 


than 98% pure in any case. The purity of the Ne 
monolayer adsorbed in the presence of A, Kr, and Xe in 
Instrument V and with CO, and acetone on the traps 
may be judged from Fig. 9. Here +; is plotted in one case 
as a function of time after a target flash as the target 
surface covers in the presence of residual gases and 
adsorbable gases admitted with the noble gas, and in 
the other case in the presence of these gases and the 
desired adsorbable gas admitted to the target chamber. 
A rough estimate of the fraction of impurities in the 
monolayer should be the ratio of the change in ; in the 
first case divided by that in the second case during the 
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Fic. 6. Plots of y; for He* and Net ions (top) and pressure rise 
on target flash (bottom) as functions of cold interval as He is 
adsorbed on tungsten. Curves of lower graph are from Fig. 3. 
Horizontal lines on +; axis indicate y; values for clean W obtained 
before Hz experiment commenced. Note that immediately after 
a target flash the +; for clean W is not obtained in contradistinc- 
tion to the behavior in Nz and CO (Figs. 5 and 7). Data taken with 
Instrument III for 200-ev ions. 
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Fic. 7. Plots of 7; for He*+ and Ne* ions (top) and pressure rise 
on target flash (bottom) as functions of cold interval as a mono- 
layer of CO forms on tungsten. Curves of lower graph are from 
Fig. 3. Horizontal lines on 7; axis give ; values for clean tungsten 
as obtained immediately after a target flash when CO was not 
admitted to the system. Instrument III used and energy of ions 
was 200 ev. 


time necessary to form the monolayer. From Fig. 9 
it is estimated in this way that the N2 monolayer is 
about 75% pure when A and Kr are present and about 
65% pure in the presence of Xe. 

The estimates made above of monolayer purity are 
summarized in Table ITI. 


IV. EFFECT OF MONOLAYER ADSORPTION 
ON TOTAL ELECTRON YIELD 


Two types of measurements have been made which 
indicate the effect of monolayer adsorption on total 
electron yield, yi, from Auger ejection. These are: 
1. The variation of y; with time as a monolayer forms 
(Figs. 5-9), and 2. The variation of y; with ion kinetic 
energy with the target clean and with it covered with a 
monolayer of a known gas (Figs. 10 and 11). In Figs. 5, 
6, and 7 the variation of y; on adsorption of Ne, He, and 
CO, respectively, are shown for Het and Ne? ions of 
200-ev incident energy. These data were obtained in 
the earlier portion of the experiment using Instru- 
ment III. Similar data for Ne, using Het and Ne?* ions 
of 10-ev energy obtained with Instrument V, are shown 
in Fig. 8. In each of these graphs below the y; plot there 
is shown the variation of Ap on target flash plotted to 
the same time scale. These latter curves thus show the 
adsorption rate of gas on the target surface. The time 
at which the Ap—A?, curve departs from the more or 


less linear initial rise gives the monolayer adsorption 
time. 

We note in each case that the 7; value tends to level 
off in about the time required for the monolayer to 
form. In Figs. 5 and 6 this leveling off, especially with 
Ne gas present, is least pronounced. This may well be 
due to the fact that here the monolayer is least pure. 
one is tempted to speculate that the monolayer once 
formed is slowly altered in composition with time by 
replacement of Nz witk another component present in 
the impurity gases. Since y; with CO present saturates 
well (Fig. 7) whereas N2 does not (Fig. 5) it might ap- 
pear that CO can replace Nz adsorbed on a metal 
surface. 

In Fig. 9 are plotted the variations of y; for At, Kr*, 
and Xet ions of 10-ev incident energy. Here there are 
plots of two runs for each ion. One was made with only 
residual gases, the noble gas, and any impurity gases 
admitted with the noble gas present in the apparatus, 
the second with Ne also admitted to the target chamber. 
We note from the relatively rapid drop of y; with time 
in the first of these cases that either sizable amounts of 


0.32 





Nz /TUNGSTEN 
10 eV IONS 


2 
ty 
@ 








° 
iv 
b 





4 
tv 
° 








z 
Q 
e 
e 
” 
Zz 
5 
c 
5 
WwW 
ms 
WwW 
Z 
) 
A 





° 
o 
































Ne IMPURITY 
He IMPURITY ‘ 


LE 























10 20 30 40 
At, IN MINUTES 


Fic. 8. Plots of y; for Het and Ne* ions and pressure rise on 
target flash as functions of cold interval as a monolayer of Ne 
forms on tungsten. Data taken with Instrument V using ions of 
10-ev energy. Curves of lower graph from Fig. 4. Horizontal lines 
on 7 axis give y; values for clean W measured when N; was not 
admitted to the target chamber, 
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Fic. 9. Plots of variation of y; with cold interval for At, Kr*, 
and Xet ions of 10-ev energy measured with Instrument V. 
Upper curve in each case indicates change in y; due to adsorption 
from residual gases in the instrument, adsorbable gases admitted 
with the noble gas, or possible adsorption at low sticking proba- 
bility of the noble gas itself. The lower curves, taken when Ne 
was admitted, show in each case the additional effect of adsorption 
of the Ne. 


adsorbable impurities were present or the noble gas is 
itself adsorbed with low sticking probability. This is 
particularly true in the case of xenon, the most polariza- 
ble of the noble gases. From the time taken for the y; 
curve to level off we may determine the monolayer 
adsorption time. These appear to be about 80 minutes 
for argon and krypton, 25 minutes for xenon. 

The curves of Fig. 9 taken with N2 present indicate a 
much more rapid drop of y; with time. The pressure of 
Ne was increased here over that used for helium and 
neon with liquid N2 on the traps in an attempt to pro- 
duce purer monolayers by forming them faster. The use 
of data of Fig. 9 in the estimation of monolayer purity 
has already been discussed. 

We note that in all cases the electron yield, y;, de- 
creases as a monolayer forms on the target surface. In 
each case except with Hz present (Fig. 6) the y; vs Ad, 
curve extrapolates back to a y; value at Af-=0 which is 
very nearly that measured when no adsorbable gas is 
admitted. These latter values, indicated by the short 
horizontal lines on the +; axis, in turn agree well with 
those measured in the work on tungsten already pub- 
lished! (see data for clean W in Figs. 10 and 11). The 
anomalous behavior in the case of Hg is discussed in 
Sec. VI 

In Figs. 10 and 11, y; is plotted as a function of ion 
kinetic energy for the clean target and the target 
covered with No. The data with a monolayer present 
were measured at times after a target flash on the flat 
portion of the Ap vs Af, curve after the monolayer has 
formed. As Figs. 8 and 9 indicate, this is also the time 
during which ¥; is relatively constant. The data for the 
clean target in Figs. 10 and 11 were taken from the 
published work on tungsten.’ 
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We see in Figs. 10 and 11 that adsorption of a 
monolayer reduces 7; at all ion energies up to 1000 ev 
but more markedly at low ion energies for He*, Ne*, and 
A*. We note also the change in the case of He*+ from 
an initially decreasing characteristic to a monotonically 
increasing one. The variation of y; for He* ions at low 
ion energies has consistently shown itself to be a very 
sensitive test of the cleanliness of a metal surface. The 
significance of the changes in +; dependence on ion 
energy caused by monolayer formation are discussed 
in Sec. VII. 


V. EFFECT OF MONOLAYER ADSORPTION ON 
ELECTRON ENERGY DISTRIBUTION 


Data on electron energy distribution have also been 
obtained with a monolayer of gas adsorbed on the 
tungsten surface. These are shown for Ne» plotted in 
Figs. 12-14. For proper comparison of the distributions 
for the clean and covered metal one should shift the 
N:2/W curves on the energy scale by an amount —Ag, 
the negative of the increase in work function occurring 
on adsorption of the nitrogen monolayer. The effect 
of work function change should be observable in a dis- 
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Fic. 10. Variation of y; with ion energy for clean tungsten (W) 
and tungsten covered with a monolayer of Nz (N2/W). Upper 
graph for He* ions, lower for Ne*. Data for covered surface taken 
on flat portion of Ap vs Af, curve such as that in lower graph of 
Fig. 8 for At,>15 min. 
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Fic. 11. Plots of y; for A+, Kr*, and Xet* ions as functions of ion 


energy for clean tungsten (W) and tungsten covered with an N2 
monolayer (N2/W). 


placement of the low-energy limits of the Vo(Z;) curves 
provided the number of excited electrons inside the 
metal near E,=0 is not greatly different for the two 
surface conditions. This requirement is most closely 
met for A* ions from which curves a rough estimate of 
a 0.4-ev increase in g on N2 monolayer adsorption is 
obtained.® 

We see that the effect of monolayer adsorption is to 
change quite radically the form of the energy distribu- 
tion. This change consists largely in the removal of the 
faster electrons from the distribution. Electrons as 
fast as those produced with a clean surface appear when 
the surface is covered but in smaller amounts. We shall 
see in Sec. VII that these results cannot be explained 
as the result of a work function change only but require 
more fundamental changes in the ejection mechanism 
for the gas-covered surface. 


VI. ANOMALOUS BEHAVIOR OF TUNGSTEN IN 
THE PRESENCE OF HYDROGEN 


We have noted in the discussion of Figs. 5-8 that in 
Nz and CO it was possible to clean a tungsten surface 
by flashing to high temperature but that in hydrogen 
it was not. The basic evidence for this is that with Ne 
and CO present the y; value immediately after target 
flash was found to be very nearly that for the clean 


8 J. C. P. Mignolet, Rec. trav. chim. 74, 685 (1955), reports an 
increase of 0.5 ev in the work function of tungsten on exposure to 
nitrogen. 


HAGSTRUM 


metal as determined with no adsorbable gas admitted, 
whereas with Hz present a much lower value, nearer 
that for a covered surface, was obtained (Fig. 6). We 
note that the first reading of y; is made in a time after 
the target is cooled which is about 5 to 10% of the time 
for a monolayer to form on the surface. From Fig. 6 we 
should perhaps conclude that the coverage immediately 
upon cooling is of the order of 75% of a monolayer. 

The experimental facts concerning the anomalous 
behavior in hydrogen are these: 

1. y; immediately after flash in He is not that for 
clean W but about 80% of this value. 

2. The tungsten surface appears to be covered im- 
mediately upon cooling with about 75% of a monolayer. 

3. The low y; effect persisted after Hz, was removed 
from the apparatus for a period despite repeated target 
flashing in the best vacuum attainable and with CO 
present. 

4. The low +; effect showed no tendency to diminish 
in amount or to disappear with repeated flashing in the 
presence of Ho. 

5. The low ¥; effect did not appear to depend on 
length of target flash nor on whether the target was 
flashed once or several times before the y; measurement 
was made. 

6. Not all the gas thought to be contained in the H2 
monolayer appeared as gaseous H, after a target flash 
to 2300°K (low Ap on flash). 

One conclusion from the above experimental facts 
which seems inescapable is that the surface of the 
tungsten is covered with an appreciable fraction of a 
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Fic. 12. Distributions in energy of electrons ejected by 10-ev 
He* ions from atomically clean tungsten (W) and tungsten 
covered with a monolayer of Nz (N2/W). Curve for N2/W adjusted 
on Vgr (electron energy) scale according to 0.4-ev change in 
work function as N:%monolayer forms (see text). 
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monlayer essentially immediately upon cooling from the 
high temperature. The questions we should like to 
answer are: what is the gas which covers the surface and 
where does it come from? 

It is possible to say that the gas cannot have been 
adsorbed out of the gas phase in the short time between 
cooling and y; measurement. We expect neither H2 nor 
any product gas such as HO formed from dissociated 
H; and oxides on nearby surfaces to have an arrival rate 
at the target any greater than the gaseous H2 present 
in the apparatus. In fact, to cover the target to 0.75 
monolayer in the 30 seconds from cooling to first y; 
measurement would require an arrival rate twenty times 
that of the gaseous He at the pressure used. 

We also can perhaps rule out surface migration from 


the cool ends of the filament on the grounds that the; 


temperature of the target as it cools remains for such a 
short time at temperatures below the lowest for an 
appreciable evaporation rate and above the lowest for 
an appreciable migration rate. This picture would 
require the steady migration of large quantities of gas 
on repeated flashes from the cool ends which have 
considerably smaller surface area than the target itself. 

A possible explanation of this anomaly in Hg is 
suggested by the behavior of tantalum with respect to 
residual gases.° It involves the absorption of about 75% 
of the hydrogen monolayer into the body of the metal 
when the temperature is suddenly raised. This would 
presumably occur as the temperature rises when the 
solubility has increased but before the evaporation rate 
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Fic. 13. Distributions in energy of electrons ejected by 10-ev 
Ne* ions from atomically clean tungsten (W) and tungsten 
covered with an Ne monolayer (N2/W). Energy scales adjusted 
for work function change caused by nitrogen monolayer. 


9H. D. Hagstrum, Phys. Rev. 91, 543 (1953). 
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Fic. 14. Distributions in energy of electrons ejected by 10-ev 
At, Kr*, and Xet* ions from clean tungsten (W) and tungsten 
covered with an N2 monolayer (N2/W). Energy scales adjusted 
for work function change caused by nitrogen monolayer. 


from the surface has increased appreciably. After 
repeated flashing and cooling, the lattice could become 
saturated with hydrogen at room temperature. Thus on 
cooling the target, the gas absorbed from the monolayer 
on heating would have to reappear at the surface. This 
would account for the observed surface coverage on 
cooling. 

Not sufficient experimentation was done at the time 
to warrant further discussion of the anomaly observed 
in Hy. Suffice it to say that the behavior was quite 
different from that in Nz and CO, and is suggestive of a 
further use of the phenomenon of Auger ejection in the 
study of the reactions of gases with metal surfaces. 


VII. DISCUSSION OF THE EFFECTS OF MONOLAYER 
ADSORPTION ON ELECTRON EJECTION BY IONS 


We turn now to a discussion of the possible reasons for 
the changes in the characteristics of electron ejection 
from a metal by ions as the metal surface covers with a 
monolayer of foreign atoms. There are three results of 
monolayer adsorption which could have an effect on the 
electron ejection process. These are: (1) change in work 
function, ¢; (2) changes in the variation of atomic 
energy levels near the metal surface ; and (3) the greater 
probability of electron ejection by non-Auger processes. 

It is perhaps fair to say that the change in work 
function of tungsten when a layer of N2 adsorbs upon 
it has not been definitely established. However, in this 
discussion we shall investigate the effect of a change of 
0.5 ev in ¢.° The effects on the Auger ejection process 
of a simple increase of work function of 0.5 ev are the 
following. It is clear from Fig. 15 that the forms of the 
distributions in kinetic energy, N;, of internally excited 
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Fic. 15. Distributions in energy inside the metal of electrons 
excited in the Auger neutralization of He+, A+, and Xe* ions at 
a clean tungsten surface. The energy e; is measured above the 
bottom of the conduction band. The top of the conduction band 
is at er and the vacuum level at €9. The probability of escape of 
these electrons from the metal is the curve P,. All the curves of 
this figure are obtained from the theory discussed in reference 4 
and are shown here as an aid in assessing the effect on Auger 
ejection of a change in work function ¢. 


electrons do not change if ¢ changes. They move in 
position by —Ag¢g relative to the conduction band since 
their maximum energy on the ¢; scale lies approximately 
at E;—¢+er. However, the vacuum level moves up 
in energy by +Ag¢ relative to the conduction band and 
thus the P, curve by +2A¢ relative to the NV; function. 
All of this conspires to reduce the total yields, the 
areas under the No curves in Fig. 16. It does not 
change appreciably the form of the No distribution for 
an ion like He*+ where the N; distribution lies almost 
entirely at energies above the vacuum level. 

Values of y; computed for the clean and covered 
surface from Fig. 16 are compared with the measured 
values in Table IV. Here it is seen that a simple change 
in ¢ of 0.5 ev should result in y; changes which are 
considerably smaller than are observed. Furthermore 
it cannot account for the observed changes in form of 
the No(E;) function. 

A change in the way atomic energy levels vary near 
the metal surface is a possible result of monolayer 


TABLE IV. Comparison of measured and computed +; 
values for clean and covered tungsten. 





Xe 


0.013 
0.002 
0.012 
0.004 


Kr 


0.050 
0.017 


Ne A 


0.210 
0.130 


He 


clean 0.290 
covered 0.180 
clean 0.279 
covered 0.250 





0.095 
0.045 
0.050 
0.030 


Measured* 


Computed 








* These are values measured for 10-ev ions; the covered values are for a 
monlayer of N». Data are taken from Figs. 8 and 9. 

> The clean values are the same as those computed in reference 4 in which 
see Table XII and Fig. 28. The covered values correspond to a supposed 
increase in work function of 0.5 ev. These computed 7; values are the areas 
under the theoretical No(Zx) distributions of Fig. 16. Thus in this calcula- 
tion the only effect of surface coverage is taken to be an increase in work 
function of 0.5 ev. 


adsorption which will certainly affect the nature of the 
Auger ejection process. In the previously published 
theory,‘ account was taken of atomic energy level shifts 
near the metal surface. These are the results of image 
force attraction for the ion, Van der Waal’s attraction, 
and repulsion by virtue of the exclusion principle at 
close approach. The effect of these variations is best 
seen perhaps on a potential energy diagram of the 
type developed in the theory.‘ In Fig. 17 such a plot is 
shown for the process of Auger neutralization of At. 
The potential curve 1 gives the variation of the initial 
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Fic. 16. Distributions in energy of electrons which leave the 
metal after having been excited in the Auger neutralization 
process. The full curves are for clean tungsten (g=4.5 ev, e9=10.9 
ev) and are obtained from the N; curves of Fig. 15. The dashed 
curves are for the metal with a 0.5-ev increase in work function 
(g=5.0 ev, e9=11.4 ev). Ey is the kinetic energy of the electrons 
outside the metal. y; values computed as the areas under these 
curves are listed in Table IV. 


state of the process: At++new~, the argon ion with n 
electrons in the tungsten. The final states of the process 
lie in the band between curves 2 and 3 depending on 
from where in the conduction band the two electrons 
involved in the process are removed. The final state is 
A+e~-+(n—2)ew-, the neutralized argon atom, a free 
electron, and (m—2) electrons remaining in the tung- 
sten. The Auger neutralization process corresponds in 
Fig. 17 to a vertical transition from curve 1 to one of the 
curves lying between curves 1 and 3. The length of the 
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vertical transition from curve 1 to the final curve 
between it and curve 3 gives the kinetic energy of the 
ejected electron. Let us assume that the transitions 
occur when the distance of the atomic particle from the 
metal surface lies in the stippled region of Fig. 17. All 
vertical transitions then must lie in this region. 

We now ask what effect on a diagram like Fig. 17 we 
should expect the adsorption of a monolayer to have. 
In the first place, a small change in work function would 
shift curves 2 and 3 slightly with respect to curve 1, but 
this effect has already been discussed and will not be 
carried along further here. A possible change in form 
of the potential curves is arrived at as follows. We 
assume that the image force and Van der Waal’s 
attractions as well as the region of high transition 
probability for the Auger process are unaffected by the 
interposition of a monolayer of a gas like nitrogen 
between the metal lattice and the incoming atomic 
particle. But we assume that the presence of this 
monolayer causes the repulsive forces arising from the 
exclusion principle to become effective at distances 
about one atom diameter farther from the metal surface 
than in the absence of the layer. This is indicated by the 
dashed lines in Fig. 17. It is now clear that for transitions 
which occur inside the stippled region of Fig. 17 there 
will result fewer faster electrons. Thus in a very qualita- 
tive fashion one can account for the reduction in y; and 
the change in form observed for the energy distribution 
functions. 

The picture just presented most likely has some merit 
for very slow ions of all the noble gases and for the 
heavier ions at all energies used in the experiment. It 
cannot be the whole story, however, because it does not 
account for the observed variation with ion energy of 
the yield from a covered surface by the lighter noble gas 
ions. The theory of Auger neutralization by Het ions 
using potential curves like the dashed lines in Fig. 17 
would still predict a reduction of yy; with increase in ion 
energy. As seen in Fig. 10 the exact opposite is observed. 
To this author’s mind, this can only mean that the 
process operative is not purely the Auger process but 
that there must also be electron ejection in a non-Auger 
process. We recall that even for the atomically clean 
surface there is strong evidence of such non-Auger 
processes setting in at energies above 400 ev with Het.) 
It is not unreasonable then to suppose that such 
processes may begin at lower energies when a monolayer 











At+new 





LAt e-+ (n-2)ey 




















co 


Fic. 17. Curves indicating the possible variations of atomic 
energy levels near a metal surface when the surface is clean and 
covered with a monolayer of gas. The full curves are for the clean 
surface, the dashed curves for the covered surface indicating 
repulsion of the incident particle at greater distances from the 
metal. Curve 1 gives the energy of the initial state as a function of 
distance of the atomic particle from the metal for the process of 
Auger neutralization of A+ at a W surface. The final states lie 
between curves 2 and 3 and those energetically attainable lie 
below curve 1. This diagram is an extension of Fig. 20 of reference 
4. The stippled region is that in which the Auger process most 
probably occurs. , 


is present on the surface. Such processes are needed to 
explain the situation for the lighter ions which are those 
of highest velocity at a given energy. The nature of the 
non-Auger or kinetic ejection process is obscure but is 
most probably a release of bound electrons from surface 
atoms by impact of the ion. We note that the observed 
variation of y; with ion energy and the form of the 
No(£;)distribution for the electrons ejected by non- 
Auger processes for Het of energy greater than 400 ev 
are like those observed here for the lighter ions incident 
on a surface covered with a monolayer. 

The author wishes to acknowledge with thanks the 
help of several people. F. J. Koch and C. D’Amico 
recorded all the data presented here. The apparatus 
used was constructed by V. J. DeLucca, E. Deery, and 
A. A. Machalett. Several helpful discussions were had 
with J. A. Becker. D. J. Rose read the manuscript 
critically. 
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Quantum Theory of Dielectric Relaxation* 
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The statistical behavior of a system coupled to a reservoir at temperature T is discussed, with the 
assumption that the interactions are impulsive. Kinetic equations are written for the classical distribution 
function and quantum density operator. The class of operators admitted leads to a proper description 
of the irreversible behavior of the system, but the construction of the collision operator for a given Hamil- 
tonian of system and reservoir is not treated. Application is made to the quantum theory of dielectric 
relaxation, with the further assumption that the position coordinates of the system are unchanged by col- 
lisions. An explicit solution is found for the behavior in an external alternating field, of a two-dimensional 
dipole of moment of inertia 7, subject to strong collisions with the reservoir. For low collision frequency 
1/r, discrete rotational lines of width 1/7 are found, while at high collision frequencies there is a continuous 
Debye spectrum with relaxation time r*=(1/r)/(I/kT). At intermediate collision times, the absorption 


and dispersion are governed by an interplay of quantum and inertial effects. 





1, INTRODUCTION 


N this note, we examine some aspects of the quantum 
theory of a system interacting impulsively with a 
reservoir. The meaning of “impulsive” is as follows: the 
system evolves under the influence of its own Hamil- 
tonian, except for infinitesimal time intervals when the 
state is abruptly changed by interactions with the 
reservoir. For the classical theory, general properties 
of this model, such as the approach to equilibrium, the 
free-energy production, etc., have been studied.' Here 
we will be concerned with the corresponding quantum 
theory and its particular application to the theory of 
dielectric relaxation. The approach will be to postulate 
quantum equations corresponding to given classical 
models. 

The problem of the quantum theory of dielectric 
relaxation is to describe mathematically the transition 
from the low-pressure rotational line spectrum of a 
polar gas to the continuous Debye spectrum at high 
pressures, or in the liquid state. The nature of this 
transition will depend on the detailed interactions 
between the absorbing molecule and its neighbors. 
However, for the case of a dilute solution of polar 
molecules in a nonpolar solvent the situation is particu- 
larly simple. A classical theory of dielectric relaxation 
appropriate to this case was developed.” It was argued 
that the short-range character of the intermolecular 
forces implies that collisions are of small duration com- 
pared to resonant period, applied-field period, and time 
between collisions. Since there is a limited amount of 
energy available (~kT), we may use models in which 
the dipolar coordinates are unchanged at collisions, 


* Work supported by Office of Scientific Research, U. S. Air 
ooh see J. L. Lebowitz and E. P. Gross, Phys. Rev. 99, 623(A) 

t Present address: Physics Department, Brandeis University, 
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1P.G. Bergmann and J. L. Lebowitz, Phys. Rev. 99, 578 (1955). 
wes Phys. Rev. 97, 395 (1955); J. Chem. Phys. 23, 


while the velocities are changed. These models are 
special cases of the general impuslive model of refer- 
ence 1. 

In the present note, we postulate quantum theories 
for both the general impulsive model, and the more 
special no-position-change case. We obtain a conceptual 
unification of the low- and high-pressure limits, which 
may provide guidance in the design of experiments. Our 
considerations are, however, schematic in that no 
attempt is made to treat the Hamiltonian of system 
plus reservoir by an impulsive approximation, and to 
integrate over reservoir variables. This has been accom- 
plished for the case where the system-reservoir inter- 
action can be treated appropriately by perturbation 
theory.? 


2. CLASSICAL THEORY OF DIELECTRIC RELAXATION 


We outline first the features of a general classical 
theory of relaxation. The pattern of presentation will be 
followed in the quantum theory. A general system is 
described by a distribution function u(x,t), where x is 
a point in the phase space (;,q;) of the system. When 
there is an impulsive interaction with a reservoir at 
temperature 7, the distribution function obeys the 
integrodifferential Eq. (1). 


0u/dl+-{u,H} = f { K (x,x’)u(x't) — K (a'x) u(x,t) }dx’ 


=6u/6t, (1) 


where K(x,x’) is the probability per unit time that a 
system at the point x’ jumps to the point x by collision 
with the reservoir. The symmetry property 


K (a,x) = L(x,x’)e64@), 
L(x’,x)=L(x,x’), B=1/kT 


(2) 


assures detailed balancing at equilibrium. If the Hamil- 


3F. Bloch, Phys. Rev. 102, 104 (1956); A. Redfield (to be 
published) ; K. Tomita (to be published). 
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tonian H is time-independent, the system approaches a 
canonical distribution in the course of time, and the 
free energy decreases monotonically. 

The derivation of Eqs. (1) invokes conservation of 
energy of system plus reservoir at an instantaneous col- 
lision. The reservoir is assumed to be permanently in a 
canonical distribution, and an assumption of micro- 
scopic reversibility is made. K(x,x’) is independent of 
the state of the system. 

In the theory of relaxation we are interested in the 
case where H is time-dependent, as for example 
H= Ho(,q)+ Eo coswt—V(q). The conservation argu- 
ment leads again to (1) and (2) with H now the 
instantaneous time-dependent Hamiltonian. If we 
assume as in reference 2 that the position coordinates 
are not changed by collisions, we have 


K (x,x’) = K' (x,x’)6(q—q’). 


The models of Frohlich and Van Vleck and Weisskopf* 
involve position changes at collision, but are of the 
general type (1) with H the instantaneous Hamiltonian. 

The formulation and solution of equations with appro- 
priate collision kernels, satisfying the above require- 
ments, yields a classical theory of resonance and 
relaxation. Here we have done justice to the intuitive 
meaning of impulsive. We may note that the treatment 
of the system-reservoir interaction by perturbation 
theory yields similar equations (with the instantaneous 
Hamiltonian) under certain circumstances (see reference 
3). In reference 2 particular kernels were postulated. 
These appear reasonable, but of course to be sure that 
a kernel is physically satisfactory, it must be derived 
from some definite Hamiltonian of system plus reservoir. 
We do not treat this problem. 

The general theory of dielectric relaxation employs 
distribution functions in the full phase space (pi,q;) of 
the system, rather than only in the configuration space 
(qi), as is the case for the Debye theory. One obtains 
inertial corrections, and also a detailed physical picture 
of the transfer of energy and angular momentum from 
the applied field through the system of dipoles to the 
reservoir. Because of the nature of classical mechanics 
a theory of line structure at low pressures requires a 
quantum generalization. 


3. QUANTUM COLLISION KERNELS 


The statistical properties of the system are now 
described by a Hermitian density operator p of trace 
unity. The expectation value of an observable G is 
tr(Gp). For a system with Hamiltonian H, the equation 
governing the time behavior of p is 


ap i bp 
—+-(H,p)=—. (3) 
ah at 


4J. H. Van Vleck and V. Weisskopf, Revs. Modern Phys. 17, 
227 (1945); H. Frohlich, Nature 157, 478 (1946), and Theory of 
Dielectrics (Clarendon Press, Oxford, 1949). 
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The left-hand side is the quantum analog of the 
Liouville equation, and specifies the change of p arising 
from the action of the Hamiltonian. The right-hand 
side treats the effects of the interaction with the reser- 
voir. In a representation where the system coordinates 
gq are diagonal, we write 


6 
(:\~ ‘)= E (oWlOOla’e"(a"|POlg”). ) 


An operator Q with four continuous indices is needed 
because a collision changes the general matrix element 
?(q,9',t); there are contributions from all points 
(q’’,q’’). The collisions are instantaneous, i.e., ¢ is the 
only time in the collision kernel. Following the pattern 
of the classical theory, we impose the following condi- 
tions on the kernel Q: 

(1) Q must be such that 6p/5¢=(Qp is Hermitian and 
tr(6p/5/)=0. Then, the normalization and Hermiticity 
of p are preserved in the course of time. These require- 
ments can be satisfied in a general matrix representation 
by writing [in analogy to reference 1, Eq. (3.1) ] 


dp 
—= Xf K(s,s’| 2,2") p (2,2) —4K (z,2| 5,2’) p(2’,s’) 


ét 
—}K(z,2|s'2’)p(2's)}. (5) 


The operator K(s,s’|z,2’) must be Hermitian in both 
sets of indices and positive-definite. Thus 


2 } A (s,s’)K (s’,s| 2,2’) B(2’,z) 2 0, 
when A and B are positive matrices. 

(2) Opo=0, where po=e~*0/treP40, B=1/kT, k is 
Boltzmann’s constant, T is the reservoir temperature, 
and Hp is a time-independent Hamiltonian. In addition, 
Q must give a proper account of the approach to this 
equilibrium. The symmetry conditions on K(s,s’ | z,2’) 
which are equivalent to those in the classical theory, 
[see reference 1, Eqs. (2.2) and (2.4) ], are 


K(s’,s | 2,2’) =) Ls L(s’,s| 2,y)eF4 (2) 
+3 Dy L(s’,s|y,2’)e#(2',y). (6) 


These conditions can be shown to lead to a monotonic 
decrease in the free energy. 

The analog of the classical condition of no position 
change during a collision here takes the form 

(3) (q|5p/dt|\g)=0; ie., the diagonal elements of 
5p/6t in a coordinate representation vanish. Then the 
expectation value of any operator F which is a function 
of position alone, is unchanged by collision. Thus 


5p bp 
u(F => sae-0(«\\0) 
ét q’a |dt 
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This implies that 
(9q|Q|q"q'") =0 for all g, ¢”, q’”. (7) 


The approach of Karplus and Schwinger® to the 
theory of microwave line shape (and dielectric relaxa- 
tion) is based on the assumption 


bp =p 
ae Peq= 6 P2) /tr(e-FX), (8) 
: 


where 7 is the constant collision time. This is a quantum 
analog of reference 4 where (u =f) 


Se 


—= —-+—, 
ét ¢ 


e 8H (t) 
tee pik oe: MONE (9) 
f e *4dpdq 


These models satisfy (1) and (2) but not (3). For the 
general theory of the response to time dependent fields, 
we postulate that the instantaneous Hamiltonian is to 
be used in the kernels. In all theories the presence of 
the instantaneous Hamiltonian ensures that if the 
value of the applied field is abruptly altered, the system 
ultimately comes to the proper new equilibrium. 

In the present work we are interested in quantum 
kernels that yield the same results as the kernels of 
reference 2 when A—-0. With the density operator 
formalism, the connection between classical and 
quantum kernels is usually not as transparent as for 
Eqs. (8) and (9). The reason is that we give preference 
to the coordinate representation with the statement 
that the position is unchanged by collisions. A closer 
correspondence results when the Wigner distribution,® 
fw(p,9,t) is used to describe the evolution of a quantum 
ensemble. 

Appropriate quantum kernels are suggested by 
requiring that the Wigner distribution satisfy an 
integrodifferential equation with a stochastic kernel 
which is the same as that obeyed by the classical dis- 
tribution function. Then one expresses the Wigner 
function in terms of the density matrix. There are, 
however, technical points connected with conditions for 
the Wigner function to represent a physical system, 
and its meaning when the coordinate range is not — © 
to +. We have used it only to suggest kernels for 
the density operator appropriate for strong collisions, 
Brownian motion, etc. In the following section we work 
out the theory of the electrical response of a two-dimen- 
sional dipole for one such kernel. The physical situation 
described is a strong-collision case arising from short- 
range forces between dipolar and nondipolar molecules. 


Solution for Two-Dimensional Dipole 


We study a particular expression for 6p/8t which is 
closely related to the classical strong-collision model? 
5 R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 


*E. P. Wigner, Phys. Rev. 40, 739 (1932); T. Takabayasi, 
Progr. Theoret. Phys. Japan 11, 341 (1954). 
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in which the system has a Maxwellian velocity dis- 
tribution after impact. 


 Pealga)T (9,9)  P(q',') 
2r Lilo” bea(q',9’) 
(10) 


r is a collision time, and ,,(/) represents the equilib- 
rium density operator appropriate to the instantaneous 
value of the time-dependent Hamiltonian H(#). The 
term in the square bracket is symmetric so that it 
maintains the Hermitian character of 6p/é¢ in the 
course of time. The classical expression for the strong 
collision model was 


6 ’ 
SS abs) = -e = 
it 





“(ad )=—"(oa + 


—m (asi) F (), (11) 


where n(q,t) is the number density and F(p) the 
Maxwellian velocity distribution. The first terms of the 
classical and quantum expressions are direct analogs. 
In the second terms, p(g,g) is the analog of (gq). 

We now examine the question of the absorption and 
dispersion of radiation by a system obeying Eqs. (1) 
and (4). We write 


H(t)=Hot+ V (t)= Ho— Wop Eo Re om. (12) 


where Hp is the Hamiltonian of the system, V(¢) the 
interaction with the electric field Eo coswt. wop is the 
dipole moment operator of the system. Our goal is to 
compute the expectation value of the dipole moment 
operator® (polarization) 


M (t)= trp (von), (13) 


to the first power in Ep (nonsaturation region). With 
P= Peq(t)+D, we find to this approximation 

aD i 

—+-[Ho,D] 

at oh 





inl D q D ’ D gd 
Ppea D  polg/)( Dy)  D(q I 14) 


2 Lpalaa) bold’) 


po=e-HolkT /ty(e-HolkT), 


+ 
ale | 
where 


Further investigation is most convenient in a scheme 
where Hp is diagonal. We introduce 


Hobn(Q=Ewn(); vn(g) =(n/9), 


and use relations of the type’ 


(n| D|m)=2 (n| q)(q|D|q’)(q'|m), 


(15) 


(16) 
LXia(n|q)(q|m)=Snm3 Long] 2) ("| 9’) =5(g—’). 


7P. A.M. Dirac, Quantum Mechanics (Oxford University Press, 
London, 1947). 





QUANTUM THEORY OF DIELECTRIC RELAXATION 


For the two-dimensional dipole, we are interested in 
the component of uo, along the direction of the field Eo 
(z axis). Then 


(Hop) (9,9) =H cosgs(q—q’), 
(n| q) ” (1/2r)ein2, (1| Hop| m) = % 2H{Sn, ntitdn, ieucelis 
09's) = Lin € OB n* (Qn(7')/Dog Lik € P| Ve (Q) |? 


+00 


=> 


eb Engin(a’—a) /2e ¥ eB Ek 
n=—w k 
pubes e-#8m/ 3, e-PEa, 
E,=/21, 
where I is the moment of inertia, 


Pm Pr’ 


) V mn(t) ad a 


(| Palm) =Patban 


‘Wmn 


( Ipeq ) wEo 2") 
Stn mi=rm— 
ot 2 hwmn 


Xiwe'{ bn, ati omnai) (18) 


Then one finds, 
PE aay (pno+ Pm) 


T 2r 





+ Diiaum > Daa 
k 
(19) 


The only terms which do not vanish for long times are 
Dy, n+1- 
Introduce 


nm= (1/7) +iwamtiw. 
We form the sums } > m Dit, m: 


Re lm e+ k ?° 
ee eS /(1-= mae), (20) 


m Om41,m k 270%K41,k 


The complex polarization M(t) is given by 
M (t) “i +» Pnm(Bop) mn 


pb 
=2 (bea) nm(Wor)mat— > {Dazintc.c.}. 


t= 


(21) 
We obtain the result 


(Pnit’— pn) pw 
peer rete ET (Deratec). 


(22) 


2F 
M())= a 


n hn, n 


This result is very close in form to the classical formula 
of reference 2. The integration over the continuous 
range of dipolar angular velocities is here replaced by a 
discrete sum over the quantum number k. The fre- 
quencies wz41,.= (4/8rI)(2k+1) give rise to a sum 
which differs only slightly from the integral when 
Wry, kK1/r. Since 1/r is independent of k, at any given 
pressure this condition may be satisfied by the low- 
lying rotational lines, which then have their individual 
line structure destroyed. The lines of higher & values 
may still be resolved. 

If the collision frequency 1/7 is small compared to 
w and wy, formula (14) shows the characteristic 
quantum line structure, with width 1/r. This is clear 
for the numerator. For the denominator only one term 
in the sum is appreciable, so that the sum is small of 
the order of 1 divided by the number of levels excited 
at thermal equilibrium. In general the result shows the 
interplay of quantum line effects, classical inertial 
effects and the transition to the Debye shape at high 
pressures [relaxation time r*= (1/7) (I/kT) ]. 

Similar results are obtained for quantum generali- 
zations of the other models of reference 2. The solutions 
for systems other than the two-dimensional dipole are, 
however, not easy to obtain in explicit form for the 
entire range of pressures. 
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The essential features of surface-wave propagation for elastic waves on anisotropic media are delineated 
by consideration of the solution for cubic crystals. In using the coordinate system defined by the surface 
and the direction normal to it, transformation of the elastic coefficient tensor is required. Conventional 
means for doing this can be prohibitively laborious; but by invoking the isotropy condition, the calculation 
becomes quite amenable. Detailed elaboration is given for propagation in the (100) and (110) planes. 
The set of relations from which the damping coefficient and the Rayleigh wave velocity can be evaluated 


is derived. 





INTRODUCTION 


HILE the propagation of surface waves has been 
characterized for isotropic media, the more 
general problem for anisotropic media apparently has 
not been considered beyond possibly the special case of 
propagation along the cubic axis of a crystal’; as we 
shall show, this isolated solution is not correct and the 
analysis fails to bring to light the basic features of the 
anisotropy. Other extensions of Rayleigh waves may be 
found in the literature such as Sveklo’s? treatment for 
orthotropic materials and Fu’s* interesting investigation 
of spherical-type surface waves.‘ 

Our approach consists of utilizing a coordinate system 
containing the planar surface and the orthogonal direc- 
tion of damping. This means that the tensor for the 
elastic constants (here taken as the stiffness coefficients 
Cj) must be transformed to these generalized coor- 
dinates. The transformation usually entails laborious 
details*; but we introduce a technique based upon the 
isotropy condition which considerably facilitates this 
operation. 

For simplicity we have confined our treatment to 
cubic crystals and have elaborated the calculation for 
propagation in the (110) and (100) planes. Other 
crystal systems can be dealt with in similar manner but 
with necessarily more cumbersome algebraic detail.‘ 

As might perhaps be anticipated, we find that the 
expression for the penetration depth involves square 
roots of algebraic terms, which make it very awkward 
to extract an explicit solution for the Rayleigh wave 
velocities. Nevertheless, the velocities can be found by 
graphical means. Also, as we shall see, once having 
found the essential relations for propagation in the 


1G. Garcia, Univ. nac. La Plata. Publs. Fac. cien. fismat. 11, 
No. 2 (1941). 

2V. A. Sveklo, Doklady Akad. Nauk U.S.S.R. 59, 871 (1948). 

*C. Y. Fu, Geophys. 12, 57 (1947). 

‘ Recently, Stoneley® has formulated the problem of propagation 
in a (100) plane and has explicitly heel: for velocities along a 
[100] and Pri0] direction. The approach offered in the present 
paper does not restrict solutions to special high-symmetry direc- 
tions because of the implementation of a reduced transformation 
scheme that greatly minimizes the algebra. 

5 R. Stoneley, Proc. Roy. Soc. (London) 232, 447 (1955). 

®°W. G. Cady, Piezoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946), p. 69. 


(100) plane, we can immediately deduce those for the 
(110) plane. 


TRANSFORMATION SYSTEM 


We initially designate our coordinate system by 
primes X,’, X29’, X;’ with the cubic reference frame 
specified by X1, X2, X3; the plane of propagation is X1’, 
X,’ with damping along X;’. Thus, for the two planes 
we are considering, the transformation matrices are 


(100) plane (110) plane 
: Xi Xo X3 Xi Xe X3 
X1'| cos@ sind 0 Xy'|(1/v2) sin@ (1/v2) sin@ cosé 
X:'|—sin@ cos? 0 Xz2'|(1/v2) cos@ (1/V2) cos@ —sind 
X;'| 0 0 1 X3| —1/v2 1/v2 0 


For the (100) plane, @ is the angle between direction of 
propagation and cube axis (XX ); the (110) case has 
6 the angle (X3'X3). 

The fourth rank tensor for the stiffness coefficients 
of a cubic crystal transform via the well-known relation 
(actually the definition of the tensor) which reads 
symbolically 





2 Ox* Ax8 Ax? Ax? 
Atikl = 4 iikl_____ __ ___. (1) 

O04; OF; OE, OF, 
whereby we find’ the transformed tensors of Table I. 
In general the transformed coefficients are of the form 


Cyr = Cur fi(O)+C12f2(0) + cas fs(8). (2) 


Operationally, relation (1) means 


Ag’ => > Dd YE Aw” cos(X Xa’) 


X cosX,Xn'{cos(X,X,’) cos(XwXq’), (3) 


with the cj, written in four-index style and the A ».’™" 
and A,w"* reduced to two indices via 11-1, 22-2, 
333, 12-6, 13-45, 23-4. If we expand (3) only for 
terms having all indices A .»"* identical, then we readily 
secure f:(0); obtaining f2(0) and f3(@) by direct ex- 

7See Appendix for true tensor form which is always sym- 


metrical. The unsymmetrical forms above are due to reduced 
notation for the original 9X9 tensor. 
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pansion is tedious, particularly where only two of the 
indices m, n, p, q are repeated. 

If we invoke the isotropy condition ¢4=4$(¢11—c¢12) 
for which the cj,’ reduce to certain cj, then 


Cr=Cy’ = Cufitcie fet} (C1u—C12) fs 
=¢u(fitdfs)+cr2(fo—43/fs). (4) 


Now cj, in the original tensor has four possible values, 
each of which defines a different set of f2 and f; functions 
in terms of the known function f/;. Table II summarizes 
the situation. 

In order to determine f, and f; and thus the cj’ 
relations, we tabulate the expression for f, in Table III, 
which combined with Table II, gives us the following 
results : 


Tensor components for (100) plane 
C11’ = €11(cos6+sin?) +2 (¢12+2c44) sin’8 cos’6, 
C19’ = 2(€11—2¢44) sin’O cos’0+-c12(sin4?-+-cos‘#), 
C16 = (C11—Ci2— 2¢44) sin8 cos6(sin*#—cos*6), 
C22’ = C11 (cos0-+sin“?) +2 (¢12+2¢44) sin’? cos*?=c11', ©) 
C26’ = —Cr6', 
Coe’ = 4(C11— C12) sin’O cos*0+-C44(1—8 sin’# cos*6). 


Tensor components for (110) plane 


C11’ = C11(3 sin’9+-cos) + (C12 +2C44) 
(4 sin‘6+2 sin’6 cos’), 
C12’ = 3($611—C44) sin’ cos’? 
+¢12(cos?+sin‘0+4 sin’6 cos*6), 


C13’ = (3¢11— C44) Sin*O+-¢12(1—} sin’), 
C16’ = (C11 —C12—2¢44) sin cos6($ sin’?@—cos*#), 


C22’ = C11(} cos*0+sin') + (C12+2¢44) 
X (4 cos#+2 sin’é cos’#), 


C23’ = (4¢11— Ca) CoS*+C12(1—} cos*6), 

C26’ = (C11—C12— 244) sin® cos@(} cos*@—sin’#), 

Ce: = 3 (Crurtciet+ 2c), 

C36’ = (3 (C11 — C12) — Ca | sin® cosd, 

Cag! = (C11— C12) COS*O+C44(1—2 cos’), 

C45 = C30’, 

Css’ = (C11 — Cia) sin’?@+¢44(1—2 sin’d), 

Cee’ = 3(C11— C12) sin’? cos’?+C44(1—6 sin’é cos*@). 
SURFACE WAVE SOLUTION FOR THE (100) PLANE 


We now specify our primed coordinate as x, y, and z. 
The displacements along the direction of propagation x 
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TABLE I. Transformed tensors for the stiffness coefficients in the 
(100) and (110) planes. 








Cu Cig C12 0 
Ciz Cu Cia 0 
Ciz Cia Cu 0 
* @ & 0 


cubic reference 
frame 
4 


0 
i (110) 


Cir’ Cis" 0 
’ C20’ G3’ 0 0 2¢26" 
C23" Cs 0 0 2¢a6 

0 Cu’ 2cs6" 0 

0 0 2636" Cos’ 0 
Coe Cae’ 0 0 Coo’ 


O 2c,’ 








and the direction of damping z are taken as u and w, 
respectively ; for Rayleigh waves »=0. Thus for Hooke’s 
law we find 


Ou Ow 
, 

O2=C1 — He ’ 
Ox Oz 


Ou Ow 
Cy= C12 —+er2—, 
Ox Oz 


Ou dw 
run eu(—+—), (7) 
Oz Ox 


Ou ow Ou 

, 
02> Ciz +en ’ Try = C16 . 
Ox Oz Ox 


For the equation of equilibrium 


Oo Ou Oo, Ow 
= _—, + = CrrT>> 
Ox O02 or Ox 860s 0? 


OT 2: OT 2: 


(8) 
we assume damped wave solutions of the form 
u= ue tee (t—21V) 
v=0, 
w= woe Vere (t-2/V), 
The wave equations are 
ou 0 Ou 
C11’ —+ (C12 +644) +Cu4-— = — pw", 
Ox" 020x 02" 
ru ew 


+¢11— = — pw*w, 
02? 


(10) 


Ow 
Cu— + (C12+Ca4) 
0x" Oxdz 


TABLE II. The angular functions f2 and /; as related to 
fi for ¢jxr™C11, C12, $644, and 0. 








ir fs 
1—/; 2(1—f1) 

1—f; —2f/ 
2(4—fi) 

—2fi 





—fi 
—fi 
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Tase III. The angular function /; for the twenty-one cj’ 
that appear in the transformed tensor for propagation in the 
(100) and (110) planes. 








Cin’ 


(100) (110) 





cos9+sin? 
2 sin*é cos’? 
0 


0 


$ sin‘8+cos# 
$ sin’? cos’? 
$ sin’? 

0 


0 
sin@ cos@(sin*# —cos*#) 
sae antiaal 
0 
0 
sin9 ern ae = —Ci¢ 


0 
sind cosé(} sin*®—cos’) 
4 cos#+-sin? 
$ _ 


0 
sin? 1 cos*@ — sin’) 


0 
0 
$ sin@ cos# 
$ cos = C23’ 
3 sin8 Cos# = C36" 
0 


4 sin’? =¢13' 


2 sin*? cos =c12' 3 sin’? cos =¢1,’ 








which from (9) yield the secular equation 


wo 
(cu a cu! +00*) 
y2 


tq 
—(C12+C44) 
V 


abi) | 
V 
=0. (11) 


ow 
(cx? —“eart oe) 
V2 


In general there will be two roots for g (reciprocal of 
the penetration depth) : 


p 1}! 
+| (s*—sio+ (3S5,:S2+S.)—+ (452—Ss5)— 
y2 V4 


(12a) 
where the abbreviations are 


Si= CutCu, S2= C12(C12t+-2c44) ne Cut’, Ss= C1104, 
(12b) 


Sy= Cr1Cag (C11 +044), Ss= CrnCrr’ Cae’. 


Our result for g clearly shows that the penetration 
depth varies inversely with the frequency of the elastic 
wave. Explicit solution for g requires evaluation of the 
Rayleigh wave velocity V. Actually we need another 
relation between g and V which indeed derives from the 
boundary condition, namely, that all stresses associated 
with the directional normal to the surface vanish at 
the surface, i.e., c,=72,=0 at z=0. 
Thus from 


Ou ow ou dw 
ar—teyr—=0, —t+— 
Ox 0z Oz Ox 
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and the composite wave solutions 
U= Uit+ U2= (Uge-™*#+ Uo’) ete (t-2/¥), 
w=W1+w2= (woe@!*-+- wo’ e92*) ete (t-2/V) 


(14) 


we arrive at 
—C12(tw/V)(Uo+ Uo’) —c11(qiwotgzwo') =0, (15) 
— (U0git+ Uo'g2) — (ix/V) (wotwo’) =0. 


We eliminate wo and wo’ by observing that Uo and 
wo and Uo’ and wy are related as indicated in the 
secular Eq. (11), i.e., 


Uo (C12+C44) (iwgr/V) 
Wo pr? — (w*/ Vex’ teagi? 





(16) 


with a similar expression for Uo'/wo', q2 replacing 41. 
Hence we find that 


4,0 9+412U 9’ =0, 421 o+a22U9'=0, (17a) 


with 





je (w*/ —e 
a= i+ ( ) 





eT (= 
( 


Cu ) pur — —— +Cug? ) 


CrotCas 


an= ier + ( 
(17b) 


aa>= -a+(— e (ote +euqr )). 
Cit Cus 
1 ow 
on=— ort (— \(— ( m?——o +6492" )). 
CrotCas/ \ Qo y? 


This gives for our second relation involving g and V: 


(qi2?/w*){ x2 Jr?= (92/w"){ Jrm®{ Jav’, (18a) 


where 
{ }x=cCrpt (612? +C12044— Crear’) /V? + erreaaqr?/o”, 
{ }ar=p— (11'/V) —c12(q2?/e"), 
{ Jam=cupt (C12? +612¢44— Crrenn’) / VV? 
Hercug??/o*, 
(¢11'/V*) — ¢12(91"/w"). 


Since the g*/w* contain only ci, V, and p, Eq. (18a) 
properly does not really contain w; insertion of (12a) 
into (18a) actually gives the equation for the Rayleigh 
wave velocity. Solution for V may best be found by 
plotting q1,2°/w* vs V and then plotting the left- and 


(18b) 


{ }iv=p-— 





RAYLEIGH WAVE PROPAGATION 


right-hand members of Eq. (18a) to find the crossover 
points.® 

A check of our central relations (12a) and (18a) is 
afforded by noting how these reduce for the isotropic 
case. Letting ¢44= 4} (¢11— C12), we obtain 11’ =¢11, whence 


€1104491, ?/wr= _ 43 (3¢11 a C12)p 
+e11(C12— ¢11)/V? J44 (611+ 12)p. 


The two solutions are then 


p 
ne, 19 
3 (¢11— C12) , 


We can see that these results are correct for isotropy 
since, for g=0, Eq. (19) yields 


Vi=(¢u/p)#, Ve=[3(eu—¢12)/p J}, 


which are the correct expressions for the body-wave 
velocities for longitudinal and transverse modes, re- 
spectively. If we had put g=0 in (12a) instead, the 
body-wave velocities for propagation in some direction 
of the (100) plane would result. Indeed, 


(20) 


Vi-—_ y=, 
S39? 


1 
V2=—[3Sit (45P—SsS5)*], 
Sp 


which reduces to 
(21) 
with the compressional and shear velocities in turn 


(22) 


pV?=4(C11' +44) +3 (C11 — Cua), 


pV2= Cu’, pV2Z= C44, 


The shear velocity is independent of @, but for the 
compressional wave we observe that the angular 
dependence derives from the listed value of ¢1:’ in (5). 

Continuing now with our isotropy check, we find that 
the expressions for (18b) become 


{ r= (cuter) Lp— (C11 C12) /V?], 


p 1 
{ Jum (carteu)( -—), 
Cu—ti =? 


{ Jan=—3(C11—¢12)/V?, 


| 
{ dav= (C1 +12) (-+—}. 


When we insert these along with (19) into our Eq. 


8 Stoneley® points out that certain materials like aluminum and 
copper may not propagate Rayleigh waves, i.e., no real solutions 
for V may arise. Substances like rock salt, sylvine, and fluorspar 
have densities and elastic constants favorable for Rayleigh waves.® 


TABLE IV. The actual 9X9 stress-strain tensor. 








\ Strain 
Stress\XX YY ZZ YZ ZF XZ ZX XY YX 


y 22! A salt A a3!t A 32 A 134! A at A 12 A a! 





Aig © o08 
08 An® 








(18a), it turns out that the 1/V*® term vanishes and 
(after multiplying through by V°/p*) we get the 
anticipated sixth degree equation for the Rayleigh 
wave velocity, viz. 





2 


p p 


(¢11—¢12)* C11— Ci2 
presen ( -2) =0. 


p C11 


2 


"aaa Te (¢u— (3-2) yn 


Cu 





(24) 


Garcia’s' solution for propagation along cubic axis is 
now obviously incorrect since his equation for the 
velocity is only of the fifth degree; in any event, it does 
not properly reduce to the well-known isotropic results 


V8 sv 724 16 V2 
sa wat (Gaya) 19( 1) = 
Vi Vs \ve Ve Ve 


which we get from (24) by making use of (20). 


(25) 


SURFACE-WAVE SOLUTION FOR THE (110) PLANE 


The following stress-strain relations replace those in 


(7): 
Ou ow 
Tyz > cu'(—+—=) ’ 
02 Ox 


Ou Ow 
oz;>= ¢n’—+e13'—, 
Ox Oz 


Ou Ow ou dw 
Oy= C12. —+C23'—, ra=ou'(—+—), (26) 
Ox 0z Oz Ox 
Ou ow Ou ow 
O2= C13 —+C33 —, T 2y= Cis —+C36/—. 
x Oz Ox Oz 


Thus it turns out that in Eqs. (12) and (18) we need 
only replace ¢12 by ¢13’ and ¢44 by ¢ss’, and the solutions 
for g and V hence come out directly from our (100) 
plane analysis. 


APPENDIX. ACTUAL FORM OF THE STRESS-STRAIN 
TENSOR AND THE TRACE INVARIANCE 


By observing the actual form of the stress-strain 
tensor, we can make use of the trace invariance to 


* See, for example, P. Byerly, Seismology (Prentice-Hall, Inc., 
New York, 1942), p. 169. 
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check the transformations in the (100) and (110) 
planes. Schematically, the true appearance of the 
tensor is indicated in Table IV. 

Since oj;=0;; and 7r4;=7,;;, the customary practice 
has been to reduce the 9X9 array to 6X6 by combining 
or eliminating the rows and columns indicated; use 
is made of Ao3!!= A324 = A113 =A”, etc. The con- 
ventional cubic array results when A ;"'= A ».”= A;," 
=¢n, Ae!=Ay"=A33"=An*®=cy and A23"= A534 
=A ,*=4c4,. Combining the equivalent strain terms, 
A23"+A3"=Cus, etc. 

Now the various transformations can be checked by 
noting the trace is Tr=3(¢:+¢4). The (100) trans- 
formation has Tr=2¢1:'+-¢1:+2css+ces’, whence it is 
required that 2¢y:’+ces’=2ci1+cas. Explicitly, it is 


GOLD 


found that 


2¢ut+¢ua=Cu[_2(cos?+sin#?)+4 sin’ cos’? ], 
+¢1:[ 4 sin’ cos*@—4 sin’6 cos*é]. 
+ca8 sin’? cos*@+ 1—8 sin’@ cos’6]3, 
and [ ]:=2, [ }2=0, [ ];=1 as required. Next, for 
the (110) transformation, Tr=¢11' + C22’ +33’ +caa' +058. 
+e’, with the result 
Tr=¢u{3 (sin‘8+cos‘#+ 2 sin*@ cos) 
+$+ (sin@+ cos’) }1+ci2{} sin’8+} cos'# 
+4 sin cos’*#+4 — (cos’é+sin*@) —3 sin@ cos’6} » 
+cas{sin'0+cos9+8 sin*é cos*8+ 1+ 2 
— 2(cos*@+sin@)+ 1—6 sin’ cos’6} ;. 


Again, as required, { }1=3, { }2=0, { }s=3. 
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Diffusion in Ordered and Disordered Copper-Zinc* 


A. B. Kuper,f D. Lazarus, J. R. MANNING, AND C. T. TomizuKat 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received July 23, 1956) 


The diffusivities of Cu“, Zn®, and Sb in single crystals of 47-48 atomic percent zinc copper-zinc (beta 
brass) have been measured over the temperature range 265-817°C, by using sectioning techniques. The 
diffusion coefficients show a striking dependence on the degree of long-range order at temperatures below 
the critical temperature (468°C). A slight dependence of the diffusion coefficient on short-range order is 
noted above the critical temperature. The diffusion coefficients obey an Arrhenius equation only in the fully 
disordered phase, with temperature dependences given by Dou=0.011 exp(—22 000/RT)*cm*/sec; Dzn 
=0.0035 exp(—18 800/RT) cm?/sec; Ds»=0.08 exp(—23 500/RT) cm?/sec. The variation of the diffusion 
coefficients with temperature in the ordered phase is considered in terms of a simple elastic model. Excellent 
agreement is obtained by using the measured elastic constants and assuming that the energy for motion of 
the imperfection is simply related to the smallest (110) shear modulus. In the disordered phase Sb diffuses 
faster than Zn or Cu, while in the ordered phase Sb diffuses at the same rate as Zn, which is faster than Cu. 
This result is shown to be inconsistent with an interchange, interstitial, or nearest-neighbor vacancy mecha- 


nism for diffusion. The result is consistent with an interstitialcy mechanism. 


1. INTRODUCTION 


IFFUSION in solid materials is generally believed 
to result from the presence of point imperfections 
naturally present in the crystal lattice. In recent years, 
a considerable number of investigations! of diffusion 
phenomena in simple lattices have substantiated this 
mechanism, and in particular have provided firm 
evidence for the existence of vacant lattice sites, or 
vacancies, in solids. 
Since most of the radioactive tracer diffusion experi- 
ments in metals have been concerned with simple 


* This paper is based largely on a thesis submitted by A. B. 
Kuper in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy at the University of Illinois. This research 
was supported in part by the U. S. Atomic Energy Commission. 

+ Present address: Higgins Metallurgy Program, James 
Forrestal Research Center, Princeton University, Princeton, New 

ersey. 
, t Present address: Institute for the Study of Metals, The 
University of Chicago, Chicago, Illinois. 

1E.g., see F. Seitz, in Phase Transformations in Solids (John 

Wiley and Sons, Inc., New York, 1951), p. 77 ff. 


monovalent elements, there still exists a considerable 
shortage of information on the role of imperfections in 
alloy systems. Many of the most interesting properties 
of alloys result from the possibility of achieving varying 
degrees of order among the constituents. The effects of 
order on the lattice are most strikingly illustrated by 
systems such as CuZn, Cu;Au, CuAu, CoPt, etc., which 
exhibit order-disorder, or “superlattice” transitions.? 
Of the known superlattice systems, CuZn, or beta brass, 
has provided a particularly rich field for investigation, 
since the alloy equilibrates rapidly and the degree of 
order may be varied from nearly complete order to 
complete randomness, over a relatively small tempera- 
ture range, without any discontinuous change in 
crystal structure.’ 

The present availability of radioisotopes of high 


2H. Lipson, Progress in Metal Physics (Interscience Publishers, 
Inc., New York, 1950), Vol. 2. 
( 8 Nal Jones and C. Sykes, Proc. Roy. Soc. (London) 161, 440 
1937). 
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specific activity has provided the possibility of deter- 
mining directly the effects of ordering on diffusion in 
this system. Cu™ and Zn® can be used to determine 
self-diffusion in the alloy. Sb was selected as a typical 
impurity, to study the interactions of impurities and 
solvent atoms. It is hoped that comparison of the 
present results with other measured properties of 
beta brass will give some insight into the nature of the 
mechanism responsible for diffusion in this system. 


2. EXPERIMENTAL PROCEDURE 


Large ingots of beta brass of about 6-in. length and 
#-in. diameter were prepared by melting together 
measured amounts of Cu and Zn of 99.999% purity* 
in a purified graphite crucible under vacuum. The 
molten metals were thoroughly mixed by use of a 
tiltable furnace. The ingot and mold, in an evacuated 
sealed vycor container, were then lowered slowly 
through a Bridgman furnace, at a rate of about 1 
in./hr, to form single crystals. To obviate difficulties 
which might occur from loss of zinc during this process, 
the original ingot was prepared with a composition 
near the zinc-rich side of the phase. 

The diffusion specimens were prepared by sectioning 
the large crystals, by means of a water-cooled cutoff 
wheel, into wafers of about 4-in. thickness. The dis- 
turbed layers were removed by etching and hand- 
polishing on graded emery paper. The specimens were 
then annealed in vacuum at a high temperature for 
24 hr to promote any possible recrystallization. No 
specimens used for diffusion measurements showed any 
polycrystalline structure following this treatment. 
X-ray examination of a few crystals indicated the 
presence of some substructure with misalignment 
between adjacent regions of the order of 1°. Thermal 


TABLE I. Diffusion of zinc in beta brass. 








Diffusion 
coefficient 
(cm?/sec) 


Specimen 
number 


Time of anneal 


Temperature 
(104 seconds) 


(degrees C) 





1.373 
0.402 
1.272 
1.950 
10.96 
26.76 
6.744 
72.93 
15.32 
137.1 
260.0 
259.1 
55.32 
23.60 
800.6 
656.6 


2.50X 1077 
6.53 X 10-* 
3.76X 10-* 
1.66X 10~* 
8.45X 10 
3.21X10° 
1.0510 
2.86 10-¥ 
3.52 10-" 
9.50 10-4 
2.29X 104 
8.24X 10-" 
5.97X10-# 
1.59X10-" 
2.87 10-" 
3.30 10" 


— 
<4 45 <<nK 


=e 
— 
WOE QWPRPAN ATP ~7 


<<FR 
ne 


269" 








* End-window counting of chips. 
> Grinder sectioning. 


4 Copper was obtained from the American Smelting and Refining 
Company, Inc., zinc from the New Jersey Zinc Company, Inc. 
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TABLE II. Diffusion of copper in beta brass. 








Diffusion 
coefficient 
(cm?2/sec) 


4.451077 
6.65 X 10-* 
1.731078 
6.2710 
3.53 X 10 
8.51 10-" 
2.67 X10-” 
1.30 10-" 
7.44X10-U 
1.6210" 
3.22 10-2 
9.10X 10-4 


Specimen 
number 
II 10 

II 8 


Time of anneal 
(104 seconds) 


0.369 
5.237 
1.014 
0.990 
5.299 
4.950 
28.212 
13.27 
3.915 
8.028 
20.97 
23.90 


Temperature 
(degrees C) 


817 











” End-window counting of chips. 
> Grinder sectioning. 


etching showed that these boundaries outlined a 
network of subgrains of about 1 mm? in size. 

Radioisotopes were obtained from the Oak Ridge 
National Laboratory. To obtain Cu® free of impurity, 
turnings of spectroscopically pure copper were sent for 
irradiation. The specimens were coated with isotope 
by electroplating from dilute nitrate or chloride 
solutions (pH~4), using platinum anodes. Plating 
thicknesses were estimated at 10-500 A. 

The plated specimens were sealed in close-fitting 
evacuated Vycor capsules before being placed in the 
diffusion furnaces. For the diffusion anneal, the speci- 
mens were placed inside massive nichrome blocks at 
the centers of linear furnaces. Temperatures were 
controlled by means of a simple resistance-bridge 
controller to +3°C. Temperatures of the specimens 
were measured with a calibrated Chromel-Alumel 
thermocouple, and are estimated to be accurate to 
+1°C. Correction to the total diffusion time was made 
for the initial warmup period. 

Sectioning of the specimens after diffusion was done 
on a precision lathe having an alignable chuck. The 
specimen was first centered and material was turned off 
from the sides to a depth greater than 1} times the 
estimated measurable penetration distance. The chuck 
was then adjusted so that sections could be removed 
accurately parallel to the initial interface. The specimen 
could be aligned perpendicular to the lathe axis to 
within + 2y using a dial indicator gauge. After section- 
ing, the chips were collected and weighed to determine 
the cut thickness. 

A few specimens were sectioned using a precision 
grinding technique.’ The sides of the cylinders were 
first turned off by mounting the crystal in the lathe with 
deKhotinsky wax. The specimen was then aligned on 
the grinder, using pheny] salicylate for a cement, with 
the face parallel to the grinding plate. The alignment 
was considered satisfactory if, after a fraction of a 
single sectioning time, the surface was completely 
abraded. 


5 Letaw, Slifkin, and Portnoy, Rev. Sci. Instr. 25, 865 (1954). 
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TABLE III. Diffusion of antimony in beta brass. 








Diffusion 
coefficient 
(cm*/sec) 


8.99 10-8 
4.77X10-* 
1.62 10-* 
5.07 10* 
2.54 10-¥ 
2.91X10™™ 


Time of anneal Specimen 


(seconds) 


number 
6.78 X 108 V8 
8.13 10° I 
1.77X 108 0 
3.56 X 10* 
8.56X 104 
5.16X 10° 


Temperature 
(degrees C) 


594 
558 
498 
459 
393 
351 











Counting of the radioactivity in each section was 
usually done by means of a thin-walled beta-immersion 
counter by methods described previously.’ In some 
cases, the chips were counted directly with an end- 
window counter. This latter procedure was always 
used for specimens sectioned by grinding. 

The diffusion specimens were analyzed chemically 
after diffusion by the Detroit Testing Laboratories, 
Detroit, Michigan, by electrodeposition of the copper. 
The zinc content was obtained by difference. Spectro- 
graphic analyses showed impurities to be present in 
amounts less than 0.01%. Each determination was 
performed twice, and was found to check to an accuracy 
of one part in five hundred. 

Least-squares analyses were performed to determine 
the diffusion coefficients. 


3. RESULTS 


The experimental data are summarized in Tables 
I-III. The single-crystal specimens are numbered 
according to their position in the original ingot. The 
ingots are designated by Roman numerals with Arabic 
numbers indicating distance from the nucleation point. 
The linearity observed in plots of the logarithm of the 
specific activity versus the square of the penetration 
distance indicates pure volume diffusion. 


TABLE IV. Composition and transition temperature 
of single crystals. 








Cu weight % Average Average 
(average of 2 Cu weight Zn atomic 
determinations) % % 


53.64 45.65 


Crystal 


Te 
number (degrees C) 


462.5 





I-3 53.66 
I-5 53.62 


II-3 52.24 
II-8 52.10 
II-9 52.26 


III-2 51.08 
Ill-4 51.30 
face 1 51.10 
Ill-5 face2 51.16 
outside 50.96 
51.95 


52.85 
51.28 


52.20 47.15 468.2 


468.9 
468.7 


468.3 


466.2 
468.5 


III-10 


vV-0 
V-11 


46.51 
48.10 


52.85 
51.28 








* Details of the methods employed have been reported pre- 
viously ; e.g., C. T. Tomizuka and L. Slifkin, Phys. Rev. 96, 610 
(1954). 
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Results of the chemical analyses are given in Table 
IV, together with values of the 8—§’ transformation 
temperature, T., obtained from the data of Sykes and 
Wilkinson.’ 

The diffusion coefficients are plotted on a semi- 
logarithmic scale versus reciprocal absolute temperature 
in Fig. 1. The temperature variation in the ordered 
region does not follow the usual simple Arrhenius 
relation, D= Do exp(—Q/RT), where R is the gas 
constant, T the absolute temperature, and the fre- 
quency factor Do and activation energy Q are tem- 
perature-independent. The data may be fitted approxi- 
mately by a series of Arrhenius equations over small 
temperature ranges. Values of Dy and Q for such 
approximate solutions over designated temperature 
intervals are given in Table V, together with the long- 
range order parameter measured by Chipman and 
Warren.® 

The diffusion coefficients are estimated to be accurate 
to about +5% for specimens sectioned on the lathe, 
and +10% for grinder specimens. The major error in 
determination of the diffusion coefficients is in measure- 
ment of the penetration depth. Activation energies 


TABLE V. Frequency factors and activation energies. 








Tempera- Number 
ture range of Do 
(degreesC) points (cm?/sec) 


817-497 4 0.011 
442-381 3 180 

381-292 80 36.02 
718-499 0.0035 18.78 
450-376 78000 44.23 
376-264 163 36.30 


H 
(kilocalories 
per mole) 


22.04 
37.09 


Long-range 
order 


0-0 
0.55-0.78 
0.78-0.92 


0-0 
0.48-0.79 
0.79-0.96 


Isotope 











given in Table V are determined with a standard 
deviation of +2-5%. 


DISCUSSION 
Compositional Effects 


The specimens used in the present investigation show 
some variation in chemical composition, as noted in 
Table IV. Some of the scatter in the data must be 
attributable to this cause. The two highest temperature 
diffusion coefficients obtained with crystals of com- 
position I are probably somewhat low due to the smaller 
zinc content of this ingot. Studies of chemical diffusion 
in disordered beta brass’ have shown that the diffusion 
coefficient increases, at constant temperature, with 
increasing zinc concentration. The anomaly at 406°C 
with crystals of composition I indicates that this fact 
is probably also true in the ordered phase. 

The present data may be compared with those of 


7 C. Sykes and H. Wilkinson, J. Inst. Metals 61, 223 (1937). 

990) R. Chipman and B. E. Warren, J. Appl. Phys. 21, 696 
(1950). 

® Landergren, Birchenall, and Mehl, J. Metals 8, 73 (1956); 


Trans. Am. Inst. Mining Met. Engrs. 206, 73 (1956). 
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Fic. 1. Temperature variation of the diffusion coefficients of Cu, Zn, and Sb in CuZn. The order-disorder transtormation 
temperatures are indicated for the various ingots of different composition. 


Inman, Johnson, Mercer, and Shuttleworth,’ who 
measured tracer diffusion in polycrystalline specimens 
of a 45% zinc alloy using a somewhat different tech- 
nique. They found Dcou=0.038 exp(— 25 010/RT) cm?/ 
sec, and Dz,=0.031 exp(— 23 330/RT) cm?/sec in the 
temperature range 640-870°C. At comparable tem- 
peratures, their observed diffusion coefficients are about 


Inman, Johnson, Mercer, and Shuttleworth, Proceedings 
of the Second Radioisotope Conference (Butterworths Scientific 
Publications, London, 1954), Vol. II, p. 85 ff. 


25% smaller than those determined in the present 
investigation. 


Temperature Variation 


In most cases studied of tracer diffusion in metals, 
the diffusion coefficient is found to vary with tempera- 
ture with a dependence given very precisely" by an 
Arrhenius equation with constant Do and Q. This result 


1 Sonder, Slifkin, and Tomizuka, Phys. Rev. 93, 970 (1954). 
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TaBLE VI. Comparison of observed and calculated diffusion 
coefficients for zinc in ordered beta brass. 








Dan(calc) 


Temperature 
<= cm*/sec 


Daa (obs) 
em?/sec 





1.2X10-* 
3.6X10~ 
9.3X10-” 
3.8X10- 
3.0X10-¥ 
9.6X10U 
2.2X10-% 
8.3X 10-2 
6.4X10-2 
1.8X10-" 
3.1X10-4 


8.45X 10 
3.21X10* 
426 1.0510 
406 2.86X 10” 
401 3.52 10-¥ 
376 9.50 10-4 
344 2.29 10-" 
324 8.24X10-” 
318 5.97X10" 
293 1.59X10-" 
264 2.87X 10-4 


480 
450 








is consistent with first-order theories” of the diffusion 
process which assume that the observed activation 
energy is the sum, at absolute zero, of the energies 
required to form and move an imperfection and that 
these energies vary only linearly with temperature. 

In the present case, it is evident from Fig. 1 that an 
Arrhenius equation is obeyed, even approximately, only 
in the highly disordered phase. With decreasing 
temperature, the diffusion coefficients begin to deviate 
from the extrapolated high-temperature values at 
about 50°C above the transformation point (468°C), 
probably with the onset of appreciable short-range 
order. Below 468°C, as the long-range order increases, 
the deviation becomes very marked. At the lowest 
temperatures at which reliable measurements could be 
made, the actual diffusion coefficients are smaller by a 
factor of about 50 than the extrapolated high-tempera- 
ture values. 

The possible effects of ordering on the formation 
energy, E,, and motion energy, E,, of imperfections 
have been considered by Smirnov" for the case of an 
interstitial impurity atom diffusing in a body-centered- 
cubic lattice of composition AB. He assumes that the 
impurity and lattice atoms can be represented by points, 
and ignores effects due to either changes in Ey on 
ordering or to terms resulting from elastic strains 
caused by the presence of the interstitial. With these 
restrictions, he calculates the change in £,, resulting 
from a change in binding energy with increasing order. 
Using a Bragg-Williams definition for the long-range 
order parameter S, Smirnov concludes that the energy 
of motion in the ordered structure should increase 
linearly with S, with a proportionality constant of the 
order of the ordering energy (about 0.05 ev) times the 
coordination number. The present experimental results 
are in qualitative agreement with this conclusion, and 
even show a fair quantitative correlation. Because of 
evident restrictions in Smirnov’s model, any detailed 
quantitative agreement must be considered fortuitous. 


2 C, Zener, J. Appl. Phys. 22, 372 (1951). 


BD. Lazarus, Phys. Rev. 93, 973 (1954). 

4 A, A. Smirnov, * Tech. Phys. U.S.S.R. 23, 56 (1953); M. A. 
Krivoglaz and A. A. Smirnov, Zhur. Eksptl. i Teort. Fiz. 24, 
409 (1953). 
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A somewhat more empirical approach can be ob- 
tained by comparing the present data with the elastic 
constants as measured by Rinehart,!* Good,!* and 
Artman.”’ These observers found that the elastic moduli 
varied nonlinearly with temperature with changing 
long-range order. In previous work,” it has been shown 
that the motion energy E,, can be approximated by 
considering the smallest shear strain energy required 
to deform the unit cell in the jump process, as 
E,~4Ca*/n, where C is the smallest shear modulus, @ 
the lattice parameter, and m the number of atom pairs in 
the unit cell. For beta brass, the smallest shear modulus 
is the (110) modulus }(C1,;—C 2). Using Artman’s values 
for the appropriate Young’s modulus, E110, the data may 
be fitted by D=0.35 exp[— (0.6 ev+Ej100°/6)/kT], 
where Ey,o has the units ev/cm*. The values for 
E; of 0.6 ev and for Do of 0.35 are selected for 
normalization, and are consistent with theoretical 
and experimental estimates of these quantities for 
body-centered cubic lattices. The results of this com- 
putation are given in Table VI together with the 
observed values for zinc diffusion. It is evident that the 
temperature variation of the diffusion coefficients 
correlates extremely well with that of the shear elastic 
moduli. 


Diffusion Mechanism 


Comparison of the rates of self-diffusion and impurity 
diffusion in the ordered and disordered phases, as 
shown in Fig. 1, gives some insight into the possible 
mechanism responsible for diffusion in the CuZn 
system. As seen in the figure, the Sb tracer diffuses at a 
rate greater than that of either of the constituents in 
the disordered phase and at a rate equal to that of the 
divalent constituent in the ordered phase. In addition, 
Zn diffuses more rapidly than Cu in both phases, the 
ratio of the diffusion coefficients being roughly in- 
dependent of the degree of order. At the lowest tem- 
peratures, where the long-range order is about 90% 
complete, Zn diffuses approximately twice as fast as 
Cu. These observations may be examined from the 
viewpoint of several possible mechanisms. 

1. Exchange mechanism.—A mechanism involving 
exchange of pairs or higher order multiplets of atoms 
inherently prohibits differences in the observed rates of 
diffusion of different atoms. Since the impurity, and 
indeed the constituent atoms themselves, diffuse at 
different rates in the disordered phase, it would appear 
that an exchange mechanism cannot be dominant. 

2. Vacancy mechanism.—While there is strong theo- 
retical and experimental evidence to support the 
hypothesis of a vacancy mechanism for diffusion in 
many close-packed structures, there has been no direct 
evidence for the existence of these imperfections in 
metals. A vacancy mechanism permits unequal diffusion 

18 J. S. Rinehart, Phys. Rev. 58, 354 el 


16 W. A. Good, Phys. Rev. 60, 605 (194 
wR.A, Artman, J. Appl. Phys. 23, 475 (1952). 
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rates of different constituents in a lattice,” with a 
difference in rates consistent with the present obser- 
vations for the disordered phase. However, in the 
completely ordered phase, as noted previously,'* if the 
vacancy jumps are restricted to motion between 
nearest-neighbor positions, it must be expected that the 
rates of diffusion of the two constituents would be equal, 
since the vacancy would always move from a Cu to a 
Zn site, or vice versa, on successive jumps. Any prefer- 
ential tendency for one of the constituents to exchange 
with the vacancy could result only in a correlated 
motion and would not contribute to the observed 
tracer diffusion. For these reasons, it would appear 
that a mechanism involving single vacancies jumping 
between nearest-neighbor positions is probably not 
operative in the present system. 

Alternatively, one may consider second-nearest- 
neighbor vacancy jumps or a mechanism involving 
correlated motion of a pair of vacancies. In the first 
case, diffusion would be possible in the ordered phase 
along either Cu or Zn sublattices, so that different 
diffusion coefficients might be expected for the two 
principal constituents. However, a simple consideration 
of the lattice strains involved in second-nearest-neighbor 
jumps shows that such jumps require a 20% decrease 
in minimum interatomic distance and should be highly 
improbable compared to nearest-neighbor jumps. 
Therefore, they can probably be ignored. In this respect, 
the present system should not be compared with 
diffusion in ionic crystals, since no large change in 
Coulomb energy is involved for interchange of 
neighbors. 

A single vacancy wandering through the ordered 
lattice, as noted above, must inherently introduce a 
disordered path. It is possible, therefore, that a second 
vacancy would preferentially diffuse along a path near 
the first, effecting some re-ordering of the lattice. In 
fact, if a nearest-neighbor vacancy mechanism is 
operative, each atom would jump to an improper 
lattice site several times per second, and a high degree 
of order could only be retained by highly correlated 
motion of successive vacancies. In such a case, the 
motion of the second vacancy would involve alternate 
jumps of improperly located Cu and Zn atoms and, as 
in the original instance, could not result in a preferential 
rate of diffusion of one constituent. 

Thus, a diffusion mechanism involving motion of 
vacancies through the lattice appears inconsistent with 
the present results. This conclusion should be qualified, 
however, by noting that since the actual composition 
of the alloy is not stoichiometric, a considerable residual 
degree of disorder must be present even in the “fully- 


18 L. Slifkin and C. Tomizuka, Phys. Rev. 97, 836 (1955). 
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ordered” phase. This fact may permit unequal diffusion 
of the constituents, by a vacancy mechanism, even in a 
fully ordered crystal, depending on the spatial distri- 
bution of the disordered sites. In addition, the presence 
of small-angle boundaries in the crystal may permit 
unequal diffusion rates of Cu and Zn at low tem- 
peratures. 

3. Interstitial mechanism.—Like the vacancy mecha- 
nism, an interstitial mechanism permits unequal 
diffusion rates of the constituents in the disordered 
phase. Moreover, in the ordered phase, the principal 
constituents may still diffuse at unequal rates, main- 
taining the equilibrium long-range order, since the 
interstitial may move exclusively on either Cu or Zn 
sublattices. An impurity atom, diffusing as an inter- 
stitial, may diffuse at a rate determined only by its 
interactions with its neighbors. Therefore, there should 
be no tendency for the impurity to diffuse at exactly 
the rate of one of the constituents in either the dis- 
ordered or ordered phase. For this reason, one may 
conclude that an interstitial mechanism is probably not 
operative. 

4. Interstitialcy mechanism.—An interstitialcy mecha- 
nism involves the correlated motion of an interstitial 
atom with one of its neighboring lattice atoms, effecting 
an interchange of the roles of the two atoms and a 
displacement of the complex of one lattice distance. 
Such a mechanism, like the interstitial, permits unequal 
diffusion rates of the two principal constituents in either 
the disordered or ordered phases. Moreover, in the 
ordered lattice, an impurity is restricted to correlated 
motion with one or the other of the two constituents. 
Since Sb is more electronegative than Cu, one may 
expect that these impurity atoms would prefer to be in 
the —2 valence state, and would preferentially lie in 
the Zn sublattice. Thus, the motion of the impurity 
atom between a lattice and interstitial site would occur 
together with that of a Zn atom between an interstitial 
and lattice site. The nearest neighbors of the interstitial 
Zn atom are Cu atoms, and the motion of this defect 
would probably not be influenced by the presence of a 
single Sb atom in a second-nearest-neighbor position. 
In such a case, the Sb motion in the ordered lattice 
would be rate-limited by the motion of the Zn atoms, 
as far as tracer diffusion is concerned. An interstitialcy 
mechanism, therefore, is seen to be the mechanism 
most consistent with the present observations. 
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The general theory of nuclear spin relaxation, based on the Boltzmann transport equation for the density 
matrix, is applied to the very simple, nontrivial system of two identical spins J = 4. A proton pair undergoing 
hindered rotation around one axis shows a resolvable doublet. The relaxation processes in this doublet are 
investigated. Explicit formulas for the longitudinal and transverse relaxation times are derived, which 
display a dependence on the angles of the axis of rotation with the external magnetic field and the radius 
vector. Experimental evidence for this dependence is discussed. General expressions for the Overhauser 
and saturation effects with two applied radio-frequency fields are given, which may also be applied to a 
magnetic ion or nucleus with /=1 and crystalline field splitting. 





I. INTRODUCTION 


AKE! has shown that a static pair of protons gives 
rise to a resonance doublet. Gutowski and Pake? 
extended the theory to the case of a proton pair rotating 
rapidly about an arbitrary axis. Again a doublet results, 
but with a different splitting. The theory for a static 
or rotating proton triangle was developed by Andrew 
and Bersohn.* Numerous experimental investigations of 
the magnetic resonance of proton pairs, triangles, and 
tetrahedra have subsequently been made.‘ 

The spin-lattice relaxation in these structures has, 
however, received little attention. Solomon®* has dis- 
cussed the relaxation for a pair of nonidentical spins 
which undergo completely random motions and have 
no resolved fine structure. In this paper the relaxation 
effects in a doublet are discussed, when motion around 
only one axis is present. Two identical spins J=}, with 
dipolar interaction and a restricted motion, constitute 
perhaps the simplest nontrivial system, to which the 
general theories of nuclear spin dynamics may be 
applied. These have recently been formulated by 
various authors,’~* and are based on the Boltzmann 
transport equation for the density matrix, introduced 
by Bloch.” We shall follow a particularly concise for- 
mulation due to Redfield.® This exercise in the appli- 
cation of the general theory will show that the experi- 
mental study of relaxation of proton pairs, and other 
groups of nuclear spins, may give additional information 
on the structure and internal motion in solids. 


* Supported by the Joint Services. 

1G. E. Pake, J. Chem. Phys. 16, 327 (1948). 

2H. S. Gutowski and G. E. Pake, J. Chem. Phys. 18, 162 (1950). 

3 E. R. Andrew and R. Bersohn, J. Chem. Phys. 18, 159 (1950). 

*See references quoted in H. S. Gutowski, Ann. Rev. Phys. 
Chem. 5, 333 (1954). 

5 I. Solomon, Phys. Rev. 99, 559 (1955). 

6I. Solomon and N. Bloembergen, J. Chem. Phys. 25, 261 
(1956). 

7™R. Kubo and K. Tomita, J. Chem. Soc. Japan 9, 888 (1954). 
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Il. THEORY OF SPIN RELAXATION IN 
A PROTON PAIR 


A pair of protons with dipolar and exchange inter- 
action is embedded in a constant magnetic field Ho 
taken in the z direction. The Hamiltonian is given by 


H= Km+ HKaipt Hex; (1) 
HRm=yh(I1*+I2")Ho, (2) 
Ree=Aly- Is, (3) 

KRaip=V Rng {1+ Te—3 (Li: riz) (Ie: t12)ris}. (4) 


Since the Hamiltonian is symmetric in the two spins, 
the antisymmetric singlet state is a constant of the 
motion. No transitions to the triplet state can occur. 
The singlet state has zero magnetic moment and is unob- 
servable in the context of this paper. The dynamical 
behavior of the three triplet states, denoted by +, 0, 
—, corresponding to a magnetic quantum number 
I\*+J2'=1, 0 or —1, is described by the quantum- 
mechanical equation of motion for the three-by-three 
spin density matrix ¢: 

00/dt= —ih“[ 5,o]. (5) 


Since the exchange interaction is a multiple of the 
unit matrix and commutes with the Hamiltonian (1), 
it does not affect the motion of the triplet spin system 
and is henceforth omitted. The dipolar interaction 
consists of a part which depends explicitly on the time 
and a time-independent part. The completely random 
motion in a liquid leads to an averaging-out of the 
dipolar interaction with a single resonance line, and 
has been discussed extensively. The case of interest 
here is a restricted motion of the proton pair around 
a single axis, which we shall designate the 2’ axis. 

Two resonance lines are distinguishable with this 
restricted motion. Let the axis of hindered rotation 
make an angle Yo with the external magnetic field Ho. 
Let the radius vector r12. make a constant angle 6’ with 
the axis of rotation. The variable azimuth is denoted by 
¢’(t). The dipolar interaction can be expanded into 
spherical harmonics with respect to the z axis, and 
these in turn can be transformed to spherical harmonics 
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in the primed coordinate system. The coefficients in this 
transformation are the irreducible representations 
D® (0,W0,0) mm Of the group of three-dimensional rota- 
tions, described by Wigner." With the introduction of 
the raising and lowering operators J+=J,+J,, one can 
write 


Kaip= +g (L,- 12—31177 2") Po (6) 
—P hry (1y4T.*+1,4T2*) Ps. (0,6) 
—142hr 541,41 2+ P=.” (6,6), 


(6a) 
(6b) 


(6c) 
with 


Pa(06)= F Daw® Ops Par (08). (1) 
The P® are the unnormalized spherical harmonics 
Py) =}(3 cos*@—1), 
P4,° =3 sin cosbe*'#, (8) 
P42 =3 sine**4, 


In this form all matrix elements in the (+0—) repre- 
sentation can be written down at once, and the time- 
independent part is clearly separated. It consists of 
the terms m’=0 which do not depend on ¢’. The time- 
dependent matrix elements occur in the form 


Haa'(t)= Dig Kaa’*H*(t), (9) 


which is used in the theories of Bloch and Redfield. 
The K* are Hermitian spin operators which do not 
contain the time explicitly and the H(t) depend only 
on the time-dependent lattice coordinate. The H*(t) can 
be chosen as the four real functions cos¢’, sing’, 2 cosd’ 
and sin2¢’. With random time variations of ¢’, introduce 
the generalized correlation functions and spectral densi- 
ties of the functions H*(?) by 


+00 
hadi f eisr(H4(1)H*0'(t—7))dr. (10) 


The correlation function is essentially zero for rr, 
the correlation time. Redfield’ has shown that for short 
correlation times—that is, for 


7h (E,— Es), (11) 


where E,—£g represents the difference between any 
pair of energy levels of the time-independent Hamil- 
tonian, the equation of motion can be written in the 
operator form 


da 
reg —th-[Ho+ deain®™, a 
t 
—L LK, [K”, o—o ]]ega(0). 


aq’ 


(12) 


NE. P. Wigner, Gruppentheorie (E. Vieweg, Braunschweig, 
1931), Chap. 15. 
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Here o 7) is the diagonal spin density matrix corre- 
sponding to thermal equilibrium at the lattice tem- 
perature T. 


Ga‘? =exp(—Ea/kT)/Sa exp(—Ea/kT). (13) 


Equation (12) gives a complete dynamical description 
for any magnitude of the external field Ho, including 
zero. It contains all interference and nonsecular per- 
turbation effects between the five independent elements 
of the density matrix, whose trace is normalized to 
unity. The five independent coupled differential equa- 
tions, represented by the operator relation Eq. (12), 
would still be difficult to solve, but the problem is con- 
siderably simpler than the complete motion of two 
nonidentical spins, which is described by nine coupled 
equations.” 

Considerable simplification results if nonsecular per- 
turbations are neglected and the time-independent 
Hamiltonian is diagonal in the representation chosen. 
The latter situation occurs when the external field is 
large, Ho>HKaip, and only first-order perturbation 
theory to the time-independent part of 5qi, is applied. 
One obtains the result of Gutowski and Pake’: 


E,=yhHo—t7'l’nix(3 cospo—1), 
Ey= +477 r127(3 cos po— 1), 
E_= —yhHo—37l’1rz*(3 cospo—1). 


(14) 


Redfield’ shows that application of second-order per- 
turbation theory with the random time-dependent part 
leads to the following equation for the density matrix: 


O00 aa’ 
9 —th(Ea—Ea')Oaa' +2, Raa'pp'o pp" 
6p’ 


X (a, a’, B, p’=+, 0, —). (15) 
Only secular perturbations will be retained. The secular 


elements of the relaxation matrix, which satisfy the 


condition 


| Ea— Ep— Ew +Es:| Raa'pe/?K1 (16) 


are time-independent constants, given by 
Raa’ss’ =z [Faq (war — opr) + egg’ (Wa—w0p)} K ap*K a's’ 
— Sap Ley Raq! Wa Wy) K pK ya" 
— a8 Diy hag (wy—wa’)Kpry*Kary"] (17) 
provided the correlation time satisfies the condition 
Raa’pp’T KA. (18) 


If Raa'gs'Te~1, a transition from time-dependent to 
time-independent character of the perturbation takes 
place. This case, which has been discussed extensively 
in the literature,’ will not be pursued here. 


"489A, Zahlen and E. P. Gross, Bull. Am. Phys. Soc. Ser. II, 1, 
216 (1956). 
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The nonsecular elements which do not satisfy (16) 
will be neglected. In general they give rise to very small 
oscillatory components in the density matrix element. 
Unless there are partially or completely overlapping 
resonance lines, the condition (16) is only satisfied for 


E,— Es— Eq + Ex =0. (19) 


This observation is important. It implies that diagonal 
matrix elements of ¢ relax independently of the values 
of the off-diagonal elements. Off-diagonal elements 
relax independently of the diagonal elements and off- 
diagonal elements with another frequency. This state- 
ment justifies the procedure, generally adopted, to 
treat longitudinal and transverse relaxation inde- 
pendently. Solomon’s treatment® for the relaxation 
processes in HF is therefore justified, and corresponds 
exactly to solving Eqs. (15) and (17) for that case. 
Here the general theory will be applied to a proton 
pair. Assume first that the proton pair gives rise to a 
well-resolved doublet. This is the experimental criterion 
that the condition of secularity (16) is only satisfied for 
E,—E.=Es— Es. Some simplification results in our 
particular case, if complex functions H(t) =exp(-i¢’) 
and exp(+2i¢’) are used. Two simple models for the 
random motion of the ¢’ coordinate will be investigated. 
(a) Random jumps between three equilibrium posi- 
tions 0’, ¢o’+120° occur at an average rate of (37) 
transitions per second to either of the two adjacent 
positions. The correlation functions are in this case 


(H9(t)H**' (t+-7))= 6-6 qq, (20) 
and the nonvanishing spectral densities are 
Rqq(w) = r/(1+-w*??). (21) 


(b) There are a very large number of equilibrium 
positions and a stochastic diffusion process describes 
the motion in azimuthal angle. The probability to find 
the pair at an angle ¢o'+¢’ at time /, when it was at do’ 
for /=0, is given by the Gaussian distribution 


p(¢'t)= exp(—¢?r/4i)dg’. (22) 


2(xtr—)3 


The correlation functions are in this case 


+o 
(este cogrio'y m= f p(¢’,te'*’dp’=e-*"!*, (23a) 


(et?io’ (1) ¢F2i6’(0)) — g-4t/r, (23b) 
Again the spectral densities vanish for gq’. 
Rg q’ai=1/(1+a°r"), 
Reg, q'mae=41/(1+zew"r’). 


The nonvanishing spin matrix elements Kas’ are 
obtained from Eqs. (6), (7), (8) and (9). 


(24a) 
(24b) 
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K449=K__¢= —} Kut = —Y hn? 

XFDo, « (0,0,0) Pe (@’), 
Ky0?=Ko2= —Yh'rn 24D, « (00,0) P, (0, 
Ko,9= Kot = — hrs 82-7 D_ 1, « (0,00) P, (6), 
Ky -9= — 47° l’ris* De, « (0,Wo,0) Po (6), “7 
K_42= —3 PW rix*D_2, ¢ (0,W0,0) Po (6’). 


The P,®(@’) functions are given by Eqs. (8), if the 
exponential factor depending on ¢’ is omitted. 

Substitution of (24) and (25) into (17) and sub- 
sequently into (15), ignoring nonsecular terms with 
E.—Eq— Es+Es #0, leads to the following set of 
relaxation equations: 


04.4./dt= — (+wi+w2) (044-044) 


+;(a0—oo'™)-+03(0--—o__™), (26a) 


Oo 00/ 0t= Ww (04.4—04.4.) —2w1(c00—o 00°’) 
+wi(e__—o__™), 


(26b) 


Oo__/dt=wWe(o44—044) +w1(00—a00'7) 
— (wi+w2)(o__—o__™), 


004.0/Ot= — (wot 3wi+4hwetiwyo)o40, 
8ao_/dt= — (wot 3w1+}wetiwo_)ov, 
004—/dt= — (+ w1+-w2+ iw, _)o+-, 
with 


wo= (3) ®y*h'ris-®r{ 2 sino cos*po sin*é’ cos’6’ 
+8 sino sin‘#’}, 


(26c) 
(27a) 
(27b) 

(28) 


(29) 


a7 ) 
1+yPewyo?7? 
+ ey'h'r:3-*(4 costvo—3 cos*o+1) 


2r 
Xsin’6’ cos?6’ (—-—.) 
1 +4077? 


= same expression with w; replaced by wo_, 


w1= ¥7h'712-*(1—costo) sind” ( 


(30) 
9 
w= taal (1+6 cos*po+coso) 


9 
xin ( )+ rine —costpo) 


1+ Pew, 7? 
2r 
Xsin’6’ cos’6’ (——). (31) 
1 +w4 ~*7* 


These formulas hold for the case of stochastic diffusion 
of the azimuthal angle. They can immediately be 
changed to the case of random jumps between three 
equilibrium positions by using Eq. (21) rather than 
(24). The small difference between w,o and wo_ in the 
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expression for w; has been ignored. The D® functions 
have been taken from Wigner. The normalized constants 
have been checked by direct trigonometric transfor- 
mation of the functions (8), which led to the results 
about as quickly as the use of Wigner’s general formula 
in this case. 

The set of Eqs. (26) describe the longitudinal relaxa- 
tion. There are two characteristic times, as could be 
expected for a problem with effective spin 1. The 
“magnetic moment relaxation’ is characterized by 

0(o44—0__) 1 044-0 

bi (044—¢-_)= 


ot 2wetw, T; 





(32) 


The “quadrupole moment relaxation” is described by 


O(044+0-.— 2000) 1 
=—(o44+0_~—2a00) 
at 3wi ¥ 





44+0-_—200 





(33) 


1 


The intensity of the magnetic resonance absorption 
lines is proportional to o4—¢00 or go—o_-, and will 
in general approach an equilibrium according to a 
linear combination of two exponentials, a exp(—t/T)) 
+b exp(—t/D,)+c, where the coefficients a and b are 
determined by the initial conditions, and c by the 
lattice temperature. 

The two lines have the same transverse relaxation 
time according to Eq. (27), 


Ts = wot fuit pur. 


The o,— component decays with another characteristic 
time, but does not correspond to an observable quantity 
in a magnetic resonance experiment. 

The transverse and longitudinal relaxation times are 
in general not equal even in the case of very short cor- 
relation times [Eq. (11) ]. They have a different angular 
dependence on yo in this nonisotropic case. 

For 1—3cos*yo=0, the two resonance lines will 
coincide according to Eq. (14). In this case perturbation 
theory should be carried to a higher order to determine 
the position of the energy levels, but the splitting will 
certainly be very small. When the frequency of the two 
lines becomes nearly equal, the nonsecular nature of 
the term R,o0.- becomes questionable. In other words, 
there is a term for which the left-hand side of Eq. (16) 
is of the order of unity. A changeover from nonsecular 
to secular character takes place. The term can be 
carried along in a rigorous manner provided the cor- 
relation time 7, is short compared to h(E,—E)— Eo 
+E_)—. A set of two coupled equations for the off- 
diagonal elements o49 and o_o should be solved 


0040/dt= iw 0740+ Ry040740+Ry00-00-, 
8oo_/Ot= iwo_co_+ Ro_o-0-0 + Ro_ +0740. 


3 F, Lurcat, Compt. rend. 240, 2402, 2517 (1955). 


(34) 


(35) 
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This corresponds to a partial application of the general 
operator formulation, Eq. (12), which contains all 
interference and nonsecular effects. Equations (35) 
describe the frequency pulling and damping by cross- 
relaxation of off-diagonal elements which have nearly 
the same frequency. The coupled system can readily 
be solved for the two normal modes. This situation, 
which illustrates the principles and limitations involved 
in the distinction between secular and nonsecular per- 
turbations is rather academic. The overlap of resonance 
lines is the experimental counterpart of this theory of 
cross-relaxation. In the case of a proton pair in a solid 
lattice the effect described by Eqs. (35) will be obscured 
completely by the interaction from neighboring moments 
outside the pair. ‘a ‘ ” 





“III. SATURATION AND OVERHAUSER EFFECT 


Consider the case that two radio-frequency magnetic 
fields are applied. H(v40’) has a frequency close to the 
resonant frequency v0, H(vo_’) is close to the resonance 
frequency vo_ of the other line. Assume that the am- 
plitudes of both fields satisfy the relation 


VhH Kh(v46— v0) Kv 0. (36) 
The situation can be treated in the same manner as 
the ‘weak external field” case, considered by Bloch." 
The terminology “weak” refers to the condition (36). 
It will be shown here that Bloch’s considerations can 
readily be generalized to include the case of more than 
one applied frequency. The radio-frequency amplitudes 
can each have saturating strength. Because of the 
assumptions made at the beginning of this section, the 
effect of each frequency on all transitions but one that 
is near resonance, can be disregarded as nonsecular 
perturbations. 

The circularly polarized fields add the following term 
to the Hamiltonian: 


Hr = 5VhH1(v40'){ (1y++Iat)e*’ $ 
+ (Ir +Ip jeter} + 5yhHi(v0-’) 


X{(Lit+ Tate (Ty- + Teetio~'ty (37) 


The equation of motion for the off-diagonal components 
of the density matrix in the stationary state with 
driving fields become 


As , 
—W+0 F40= — iw+9740—040/T 2 


+}i7Hi(v40')V2 (co—o+4), 


ae : . 
~—tWe. dg. = —two_oo-—oo_/T2 


+ 3iyH1(v0_')v2(o__—a00). 


(38a) 


(38b) 


These equations replace Eqs. (27). There are corre- 
sponding complex conjugate equations for oo, and o_». 

The steady-state solution for the diagonal com- 
ponents is obtained by putting the left-hand side of 


4 F, Bloch, reference 8, Sec. III. 
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Eqs. (26) equal to zero and adding a term 
— }17H 1 (v40')V2 (04-040) 

to the right-hand side of (26a), 
— 17H 1 (v04')V2 (¢0-—o-0) 


to (26c) and subtract the sum of these terms from the 
right-hand side of (26b). Solution of the set of steady- 
state equations leads, by elimination of the off-diagonal 
elements, to 


(1+S40) (044-00) =044 —o 00 
We 
ee oe 
Wi 
(1+So_) (co—o_-_) =¢9'7? —o__ 
We 


——{044-0_--— 044 
Wi 


(T)—g__(1} 


(Tg_ _(T)} 


(39b) 


44 +00+e__= 1. (39c) 
The two saturation parameters are defined by 
Spo= YH? (v40') Tos { (v40' — 40)? TP? +1}, 


So-= VAP (vo) Tor { (vo_’— v9_)?T 2 +1}. 


(40a) 
(40b) 


The signal intensities of the two resonance lines are 
proportional to (¢44—«00) and (co—o__), as can be 
seen from Eqs. (38). In the important special case that 
osly.one of the radio-frequency amplitudes is of satur- 
ating strength, e.g., So-=0, w:S,0—, one obtains for 
the Overhauser effect, i.e., the factor foy by which the 
line at yo_ is changed on application of a very strong 
field at v0, 

Wit2we 


for = . 
WitwWe 


(41) 


The very good approximation has been made that 
644M —Gg__T) = 2( a9" —g__), 


The Overhauser effect depends on the orientation Yo 
through Eqs. (25) and (26). There is no Overhauser 
effect, if w2=0. The enhancement factor reaches a 
maximum value 2 for w:=0. Equations (39) are, of 
course, much more general than the special case, Eq. 
(41). They describe in conjunction with Eqs. (38) the 
intensity of both signals and include completely all 
saturation effects on the application of two radio- 
frequency fields. 

Similar considerations apply to any system with 
three unequally spaced levels, in particular to a nucleus 
with J=1 and quadrupole interaction, or a magnetic 
ion S=1 in a crystalline field. Whereas the case that 
both fields are of saturating strength is not of particular 
interest for a proton pair, it is very important in the 
analysis of the operation of a recently proposed solid- 
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state Maser.'® In general, transitions between the + 
and — level could also occur. They can readily be 
incorporated in the analysis. 

The treatment presented here has to be modified if 
one of the radio-frequency fields becomes larger than 
the intrinsic line width, yHi:>T;". A rigorous dis- 
cussion has been given for the case than one radio- 
frequency field is very large, while the other is relatively 
weak. Transform to a rotating coordinate system to 
eliminate the explicit time dependence of the strong 
field. Redfield'* has discussed the transformation of the 
dipolar interaction and relaxation terms in the rotating 
system. The magnetic resonance response to the weak 
field is split into components. Their spacing and relative 
amplitudes depend on the value of the effective field 
in the rotating system.!7-'8 

For dipolar pairs in a solid lattice, an integration over 
a distribution of local fields must be carried out. The 
individual components will not be resolved. The 
smoothed-out absorption will follow at least quali- 
tatively the equations derived in this section, unless the 
condition (36) is violated and the saturating field spans 
both lines. 


IV. DISCUSSION AND COMPARISON 
WITH EXPERIMENT 


The ideal situation of an isolated spin pair with 
hindered rotation cannot be found in actual solids. 
There will be interaction with neighboring pairs or 
other dipole moments in the crystalline lattice. This 
interaction can cause transitions between the singlet 
and the triplet states and its rigorous inclusion into the 
theory would be quite cumbersome. Its influence is most 
prominent, however, on the observed line width, since 
it produces a wide distribution of resonant frequencies. 
The observation of T; calculated above is only possible 
if the effect of the static fields from neighboring pairs 
is eliminated. This can be done in principle by applying 
a radio-frequency field which is strong enough to produce 
complete saturation of an individual component, but 
does not span both components of the pair of resonance 
lines simultaneously. One moves into the center of reso- 
nance of one component in an adiabatic rapid passage 
variation of the external magnetic field and then stops, 
while leaving the radiofrequency field on. The magneti- 
zation will then decay to zero with a characteristic time 
T>. Its signal may be picked up, for example, in a second 
crossed coil. The presence of the focusing radio-frequency 
field prevents loss of phase memory due to a distribution 
in static local fields. If the external magnetic field is 
modulated with a frequency w», ~T “ in the presence 
of a strong radio-frequency field,’® the phase shift of 


15 N. Bloembergen, Phys. Rev. 104, 324 (1956). 

16 A. G. Redfield, Phys. Rev. 98, 1787 (1955). The 7: in this 
paper corresponds to T2, in this reference, if a small contribution 
of time-dependent interaction with outside neighbors is neglected. 

17 F, Bloch, reference 8, Sec. VII. 

18S. H. Autler and C. H. Townes, Phys. Rev. 100, 703 (1955) 
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the observed signal with respect to the modulation will 
also make a measurement of T; possible. No such experi- 
mental data are available at present. 

Steady-state saturation effects should be modified 
according to Redfield’s theory'® to take into account 
the distribution of local fields. This is especially im- 
portant for the dispersive, ‘“‘in-phase” part of the radio- 
frequency magnetization. Longitudinal relaxation times 
can be measured by steady-state saturation experiments 
or by direct observation of the recovery of magnetiza- 
tion after saturation. The interaction with the other 
spin of a proton pair, undergoing hindered rotation, 
may very well be the dominant factor for longitudinal 
relaxation. Equations (30) and (31) show a marked 
angular dependence. An important special case will 
now be considered in more detail. 

6’=2/2, Yo=0. The pair rotates around a perpen- 
dicular axis, which is parallel to the external magnetic 
field. In this case one has wi:=0, w2>0. Steady-state 
saturation of each of the components should occur very 
readily according to Eqs. (39). In practice the field 
intensity required for saturation will not be zero, as 
relaxation by outside interactions will take over. The 
field required for saturation will, however, go through a 
minimum for yo=0. It follows from Eqs. (10) that this 
orientation corresponds to a maximum splitting of the 
two lines. In a polycrystalline sample, the tails will 
correspondingly saturate more readily than the center 
of the resonance absorption. This argument holds not 
only for a pair, but for any planar configuration of 
spins rotating around a perpendicular axis. For every 
individual dipolar interaction has the angles 6’=2/2 
and yo=0, and consequently w,;=0. The tails of the 
absorption by proton triangles in a polycrystalline 
specimen also correspond dominantly to the orientation 
¥o=0. Richards® has observed preferential saturation 
of the tails. Saturation of the tails could also account 
for too small values of the second moment of the absorp- 
tion line reported by Andrew*® and by Powles and 
Gutowski.” 


#R. E. Richards (private communication). The author is 
indebted to Dr. Richards for discussions on the experimental 
situation, which led to this work. 

2” J. G. Powles and H. S. Gutowski, J. Chem. Phys. 21, 1695 
(1953). 
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A detailed investigation of the angular dependence yo 
of the saturation for a proton pair in a single crystal 
rotating with @’=2/2, would provide a complete 
analysis of the intra- and intermolecular contributions 
to the relaxation time. The relaxation time should 
reach a maximum for yo=0. For the same orientation 
the intensity of the other line would become a maximum 
through the Overhauser effect. The theoretical increase 
of a factor two will not be reached because other 
neighbors will prevent w; from becoming exactly zero. 
The detailed nature of motion around the preferred 
axis is irrelevant for the angular dependence-of the 
relaxation mechanism. It could be a hindered rotation, 
torsional oscillations interrupted by tunneling, etc. 

The case 6’ =0 is trivial. When the axis of rotation is 
parallel to the radius vector, there is essentially no 
relative motion in the pair: w:=w2=0. Relaxation can 
only arise from interaction with outside neighbors. 

If the correlation time 7, becomes long and the con- 
dition (18) is invalidated, the splitting will not be given 
by Eq. (14). In the limit of the quasi-static case,! where 
the correlation time is much longer than the inverse 
dipolar interaction, (3 cos*o—1) has to be replaced by 
2 (3 cos’@—1). There will be a pair of resonance lines 
for each occurring value of 6. For yo=0 and 6’=2/2, 
one has 6=7/2. 

It is still possible that the slow angular variation 
around the equilibrium @, or the occasional jump 
between two equilibrium values of @, provides the 
dominant relaxation mechanism. Then Eqs. (30) and 
(31) for the angular dependence of w; and wz still hold. 
The relaxation times would become long in view of the 
very large value of r. It is more probable that in the 
case of slow motion, other relaxation mechanisms based 
on interactions with other neighbors, take over. Then 
there would be no Overhauser effect and the angular 
dependence of saturation would be different. Experi- 
ments on the proton resonance in a gypsum single 
crystal could confirm whether intra- or intermolecular 
relaxation is the more important. 
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The treatment for the scattering by ionized impurities in a semiconductor using the partial wave technique 
is set up and applied using a square well for the attractive impurity and a square barrier to represent the 
repulsive impurity. For the case ka1 (where & is the wave number of the charge carriers and a is the 
range of the impurity potential), analytical solutions are obtained for the mobility, 4, and Hall coefficients 
applicable to nondegenerate semiconductors at low temperatures with high impurity content. The mean 
free time for scattering is a function of the parameters ka and (+-2m*g*a/h*D)+, where q is the charge of 
the carrier and D is the dielectric constant. The present treatment for reasonable choices of a yields limiting 
laws of u « T-+N ;* for repulsive centers, while for attractive centers there are three possible limiting cases: 
wi xT-4N 4, uex TiN; and ws. Case 2 refers to a form of resonance scattering and case 3 is the 
Ramsauer effect in semiconductors. These results are markedly different from previous formulas valid for 
ka>1 which yield 4 « TN“ for both attractive and repulsive centers. 





INTRODUCTION 


WO theoretical treatments have been proposed to 
describe ionized impurity scattering in semicon- 
ductors, the Conwell-Weisskopf! (C+W) and the 
Brooks-Herring treatments** (B+H). In the first, a 
classical calculation is carried out using the Coulombic 
scattering cross section which is cut off at a minimum 
angle of scattering and at a given radial distance from 
the scattering center. In the second a screened Coulomb 
potential is used and a cross section is calculated using 
the Born approximation. The two methods yield for 
the mean free time for ionized impurity scattering: 


ss D?(2m*)*8! 
~ gi y In 1+ (2ka)*(D°#8/2m*q*))] 





c, (1) 


T(C+W) 


and 
D*(2m*)i83 





T(ByH)= sec, (2) 


gN 1} In[i+(2ka)*]— 


1+1/(2ka)? 


where NV is the concentration of ionized impurities; D 
is the dielectric constant ; m* is the effective mass of the 
charge carriers; g is the charge of the carriers; h is 
Planck’s constant divided by 27; & is the energy and 
ka is the product of the carrier’s wave number, = 27/), 
and the effective distance at which the potential is 
cut off. (It may be shown that & is proportional to &!.) 
It is thus seen that the only difference between these 
two results is in the replacement of one logarithmic 
term by afiother which, because of the insensitiveness 
of these logarithmic functions to this change, are roughly 
equal. 

It may be shown that the respective formulas have 
similar limits of validity. The classical calculation, from 
a requirement that the scattering trajectory be well 
defined, requires ka>>1. The Born approximation, from 

1 E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950). 


? H. Brooks, Phys. Rev. 83, 879 (1951). 
*P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 


a requirement that the phase shift be small,‘ gives the 


condition 
k>(m*¢/h?2D) cm. (3) 


If we insert values for these symbols, we find for repre- 
sentative values of a that the condition ka>>1 is also 
satisfied. In a semiconductor, & decreases as the tem- 
perature JT decreases and, further, a decreases as the 
concentration of ionized impurities increases. The result 
is that for many concentrations of ionized impurities 
and ranges of temperatures where ionized impurity 
scattering is dominant, the available treatments are not 
applicable. 


DETERMINATION OF CUTOFF DISTANCE 


The choice of a, the potential cut-off distance, requires 
some discussion. (C+W) have suggested that this 
distance be chosen equal to one-half the average distance 
between neighboring impurities, i.e., 


ay= 1/(2N7*) cm. (4a) 


The argument is that each ion is considered to scatter 
independently of its neighbors. Thus when a charge 
carrier exceeds the distance of } the average distance 
from one center, then in this approximation it is scat- 
tered by the neighboring center.®:* (B+H) and Dingle’ 
have taken for a the Debye-Hiickel screening distance 
which is based on the statistical behavior of the con- 
duction charges in forming a cloud of charge of the 
opposite sign about the ionized center and thus “cutting 
off” the scattering range of the center. This leads to 


a= (DkoT /4xrq’n)' cm, (4b) 


where the symbols have their previously defined 
meanings, ko is Boltzmann’s constant and n is the con- 


4N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
lisions (Clarendon Press, 1949, Oxford), second edition, p. 125. 

5N. Sclar and J. Kaplan (to be published). 

6 The correlation between centers in scattering is estimated in 
a forthcoming publication and is shown to be small for most of 
the available semiconductors. 

7R. B. Dingle, Phil. Mag. 46, No. 379, 831 (1955). 
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centration of free charge carriers. There are difficulties 
with both of these choices. For ao, the effects of screening 
by the charge carriers, considered in a;, have been 
neglected. In addition, the choice of the factor } is 
somewhat arbitrarily based on a square uniform array 
of ionized centers. If spherical symmetry is assumed, 


for example 
3\' 1 
a2= (—) — cm. 
4r/ Ny 


This modification would have the effect of changing 
the factor from 0.50 to 0.62. A further difficulty with 
the (C+W) choice is the use of an average distance 
between scattering centers. Actually, of course, there 
will be appreciable deviations of the positions of the 
ions from the average position and® a value for a smaller 
than the average may be appropriate, i.e., 


a3= (b/2N;*)cm with 6<1. (4d) 


With this type of adjustable constant, }, it is pointless 
to distinguish between (4a) and (4c). 

We now discuss the applicability of (4b). (This has 
been previously discussed at length by Fowler.®) The 
derivation leading to (4b) is based on calculating the 
atmosphere of charge about a given impurity as a 
function of the distance from it. It is based on the 
solution of Poisson’s equation 


V¥6=—4np/D, with p=ng exp(—qo/koT), (5) 


where p is the charge density in the vicinity of a given 
ionized impurity. To obtain (4b), the exponential term 
is expanded and only the first two terms are retained. 
The solution of (5) then gives a screened Coulomb 
potential whose characteristic distance is given by (4b). 
The condition for the expansion of the exponential is 
that 


q¢/koT<K1, with ¢=(¢/Dr) exp(—r/a). (6) 


This condition obviously cannot be realized at suffi- 
ciently small values of r. For r=a, we may obtain the 
condition 


(4c) 


¢ 
—_—_—_«<1, 
2.72DkoTa 


q/32am*a\* Bay} 
(ka)ao>-( ) =1.36x10(—) (7) 
h\ 2.72 D 


where 6 represents the ratio of the effective mass of the 
charge carriers to the free-electron mass at rest and 
where k, the average wave number, is obtained by 
weighting the wave number with the Boltzmann dis- 


8 Regularity in positions of the ions presumes the existence of 


an impurity lattice, the probabilities for which are small. (See 
reference 5. . 
9R. H. Fowler, Statistical Mechnics (Cambridge University 


Press, New York, 1936), second edition, p. 269. 


tribution 


2arm*5 4 
k=(22/d)w= h Teen 


=5.37X105(8T)!cm—. (8) 


For representative values of (8a/D)! suitable for non- 
degenerate semiconductors, we find that this is a 
requirement for (ka)w > 1. 

To obtain the expression a; (4b), it was also necessary 
to neglect the interaction of the charged atmosphere 
about a given ionized impurity with a neighboring 
impurity. Thus the treatment is formally valid only 
when it yields screening distances that are small com- 
pared to the separation of the ionized impurities. In 
other words, it is valid only if it yields an a that is 
smaller than a3. 

We return to a discussion of the quantity 6 introduced 
in (4d). It is clear that this } is to be associated with 
the (C+W) choice but not with the (B+H) choice. 
The reason is that the quantity is associated with a 
characteristic distance between the impurities. The 
(B+H) choice, however, does not depend on the separa- 
tion between the impurities (it assumes infinite dilution) 
and thus cannot be corrected in this way. A possibility 
for estimating b comes from the following point of view. 
A necessary condition for the semiconductor to become 
metallic is for the radius of the bound charge about an 
impurity to be equal to the characteristic distance 
between the ionized impurities. This happens for concen- 
trations above a certain limiting concentration of 
impurity. When this occurs, metallic behavior is obtained 
as the bound charge is now shared with all the im- 
purities.” The concentration at which this occurs is 
approximately given by the concentration at which 
the ionization energy of the impurities vanishes. 

This leads to a3=b/2N;'=az. For az, we take the 
Bohr radius in the semiconductor medium: 


ag=Dh'/Bm¢ cm. (9) 
Solving for 6, we obtain 


- b=2N ADh*/(8mq?)=1.06X10-8N 4D/B. (10) 
Using the values for the critical concentration of im- 
purities*" for germanium and silicon given in Table I, 
we calculate values of 6=0.45; for germanium and 
b=0.34; for silicon. In the case of indium antimonide, 
the experimental data for the limiting concentration 
are not yet available. We propose to estimate 0 for this 
material from a different point of view. Now 6, roughly 
speaking, is a measure of the extent of ordering of the 
impurities in the semiconductor and this is certainly a 
function of the temperature at which motion of the 
impurities is readily available. In general, for a given 
crystal structure, the lower the melting temperature 

10 This is a necessary and sufficient condition for an impurity 


band. 
 G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
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TABLE I. Evaluation of the quantity 5, used in the determination 
of the effective distance between impurities. 





Concentration 
of impurity 
for metallic D, 
conduction dielectric 
(cm~*) constant 


1.5 X10"7* 16 


1.25X10%> 12 
49 x10"° 16 


B. 
effective 
mass 
ratio 


0.20 


0.40 
0.020 





n(Ge) 
n (Si) 
n(InSb) 








* See reference 3. 
> See reference 11. 
¢ Calculated. 


of the material, the more ordering will be obtained, 
since there will be less thermal agitation to oppose the 
tendency of the ionized impurities to become ordered 
when they are free to move. (There will be an ordering 
tendency arising from the mutual repulsion of the 
impurities from each other.) In approximation, we 


take” 
ba 1/Tnp, (11) 


where Timp is the temperature (°K) at which the semi- 
conductor becomes liquid. Using the 6 values previously 
obtained for germanium and silicon to evaluate the 
constants in Eq. (11), we thus deduce the value for 
InSb of b=0.67,. If the above approximations are valid, 
we may calculate the limiting concentration of im- 
purities needed to make n-type InSb metallic. The 
value obtained is 4.9X10"/cm*, which awaits experi- 
mental verification. To verify the above, measurements 
in the temperature range 1-2°K will be needed. 

The point of view that we are adopting in regard to 
the choice of the cut-off distance is to prefer that value 
of a; or a3 which is the smaller. It is clear that in the 
absence of other criteria, the one yielding the smaller 
value will be limiting since once the ionized impurity’s 
charge is screened or cut off, there will be no additional 
screening possible for a given scattering center. 


RANGE OF VALIDITY 


In Fig. 1, we have plotted curves for (ka1)w=1 and 
(ka3)w= 1 as a function of temperature and concentra- 
tion of impurities for -type InSb, Ge, and Si. For the 
computation of a;, we have taken m=N—Nc~N, 
where WN and N¢ are the concentrations of the major 
and compensating impurities, except at the lower tem- 
peratures when ”>>m and the calculated a>>a;. The 
curve (ka;)w=1 is terminated at the temperature at 
which m=. It is worth noting that when becomes 
small as at low temperatures or for (V—Nc)/Nc<1 
(compensation) that the statistical approach leading to 
a, becomes dubious and the calculation leading to a; less 
reliable. For the computation of a3, we have used the 
values of b deduced above. These curves can be used to 
compare the relative magnitudes of the a’s. Recalling 
that both a3 and a; are inverse functions of the concen- 


12 Analysis based on a Debye-Hiickel approach [Eq. (5)] with 
expansion of the exponential leads to this dependence. 


SCLAR 


tration of impurities and that & is a function of the 
temperature and not the concentration, then it follows 
that for a given temperature the curve (ka),=1 lying 
farthest to the left (and smaller concentration coor- 
dinate) refers to the smaller value of a. Thus we see 
that a, and a; are roughly of the same order of mag- 
nitude and that for germanium and silicon a3 <a, at all 
temperatures. In the case of InSb, a3<a, for tempera- 
tures above 14°K while a;<a; at lower temperatures. 
The space to the right of the (ka)y= 1 curves pertains to 
values of N;, T where the condition (ka) <1 is satisfied, 
while the space to the left of these curves applies to 
the condition (ka),> 1. The dashed line plotted on these 
curves corresponds to the usual condition for degeneracy 
obtained when koT < Er (Fermi energy). 


he 73nx? ni 
Tae <-_(=) ns) deg. (12) 


2m*ko 


According to this criterion, the space to the right of 
these curves refers to N;, T values where degeneracy 
prevails while the space to the left refers to the classical 
or nondegenerate region. For the case of InSb, the 
(ka3)w= 1 curve apparently lies in the degenerate region 
suggesting that the present nondegenerate calculation 
may not be applicable.” To illustrate the scale of these 
curves, regions to the right and left of the (ka3)4= 1 curve 
have been shaded in for the germanium case. The 
shaded region to the left of this curve includes the V7, T 
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Fic. 1. Delineation of regions of validity of theory and comparison 
of a3 with a;. Here, ka=(ka),, of the text. 


8 We consider degenerate cases in a future a Additional 
analysis is then necessary in making a choice of a. 
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for which 2 2 (ka) 2 1 while the region to theright per- 
tains to (ka)y values for which 1 >(ka)y >4. It is seen 
that important ranges of Nz, T values are in the (ka)w~1 
region. For these cases numerical calculations are neces- 
sary since neither the previous treatments nor the pres- 
ent approximation is applicable.®.* There is, however, a 
limited range of validity for the range of (ka) <1 which 
is accessible to experiment and it is of interest to obtain 
analytical expressions valid for this range to compare 
with those that are valid for (ka)y>>1. 


METHOD FOR COMPUTATION OF THE 
TRANSPORT PROPERTIES 


To calculate the effect of ionized impurity scattering 
for the range ka<1, we ignore the known structure of 
the energy bands for some of the known semicon- 
ductors and assume an isotropic quadratic energy 
dependence of the charge carriers on momentum. This 
will give rise to spherical energy surfaces in momentum 
space. Under these conditions, with the usual assump- 
tions regarding the use of the Boltzmann transport 
equation, the mobility ~ and Hall coefficient R for 
small magnetic fields in the extrinsic range are given, 
using nondegenerate statistics, by 


4q 
SS ee 
3atm* (oT) 5/2 


HOC) 


f 7°83 exp(—&/koT)d& 
x — (14) 
f 78} exp(—8/ksT)A8} 
0 


'’ 7&4 exp(—S&/koT)d8, (13) 





The mean free time 7 which is characteristic of the 
mechanism of scattering is given by 


1 T 
—s f (1—cos6)f(0)} sindda, (15) 


where [ f() }? is the cross section for scattering into the 
angle 6 and is given by* 


1 « 
saat” (2n-+-1)[exp(2i5,)—1]Px(cos#), (16) 


1k n=0 


where P,,(cos@) is the mth Legendre coefficient and 6, 
is the mth phase shift which is a measure of the change 


in the wave function of the charge carrier induced by. 


the scattering center. The Born approximation obtains 
when 6,1 and exp2i6,—1~ 216,. Under this circum- 
stance the resultant series may be summed and we 


“The transport 


epuias corresponding to these cases are 
being calculated with the 


help of a digital computer. 
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obtain the familiar Born formula 


* ) ; ; 
8am f wis sin[ 2kr sin (0/ yd, 
h? 0 


2kr sin (6/2) 

where V(r) is the potential characteristics of the scat- 
tering. This makes it possible to solve the scattering 
problem without an explicit knowledge of the phase 
shifts. When the Born approximation may not be made, 
we insert Eq. (16) into (15). After some mathematical 
manipulation, given in the mathematical Appendix, we 
obtain 





f@= dr, (17) 


1 2 » 
-—= 2rN v— a (n+1) sin?(6n—Sn+1); (18) 
T k? n=0 


which is an exact expression. To proceed further it is 
necessary to solve the radial portion of the reduced 
Schrédinger wave equation 


Pxn 2m* n(n+-1) 
+[#-“—ve@)- fu=o (19) 
dr* h? # 

We obtain a solution for r<a, and match the solution 
and its first derivatives to the solution obtained for 
r>>a at r=a. If yx is the ratio of slope to value of the 


interior wave function, then!® 


Rjn' (ka) —Ynjn(ka) 
kona’ (ka) —YnIn (ka) 





(20) 


tanéd,= 


where j, and 9, are the spherical Bessel functions and 
spherical Neumann functions and 7,’ and 7,’ are their 
corresponding derivatives. Thus, in principle, if we can 
obtain the y, we can solve the scattering problem. In 
practice, however, it is necessary to resort to numerical 
integration for all but the simplest scattering potentials. 
It is therefore of interest to ascertain how sensitive is 
the mean free time to the choice of scattering potential. 


CHOICE OF SCATTERING POTENTIAL 


To obtain information on the sensitivity of the 
scattering potential on the mean free time, two addi- 
tional potentials were used to calcule a 7 in Born 
approximation and these will be compared with r(c;w) 
and 7(p;n). The potentials investigated were 


gf1 1 
+“{-—-] rga 
Vi(r)=4 Dlr a 
0 r 


) >a 


+ (¢/Da), 
0, r>d. 


rga 


va(r)=| (22) 


LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 111. 
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For reference we list here the potentials that lead 
respectively to the Conwell-Weisskopf and Brooks- 
Herring mean free times: 


ce (¢/Dr), 6 2 9a in = 2 ali eidatadite. 
0 6 <Onin 
V (r)=+(¢/Dr) exp(—r/a,). 


Equation (21) represents a Coulomb potential which 
is screened by a shell of charge of opposite sign located 
at r=a. Equation (22) represents a square well or 
barrier potential. The results obtained using the Born 
approximation in a straightforward calculation, making 
use of the approximation that the cosine integral Ci(2ka) 
~sin2ka/2ka for ka>>1 are 


V(r)= 


(24) 





D*(2m*)48! 1 ‘ 
gins feta bala 
_ DCm) x88 1 

aly. \OnQbed)—1) 


where d is a constant equal to 1.781. 

Comparison with r(c,w) and rpm) [Eqs. (1) and 
(2)] indicates the mean free times are identical except 
for a replacement of the logarithm terms by other 
logarithm terms of the same order of magnitude. 
This result encourages us to believe that 7 is indeed 
insensitive to the exact form of the scattering potential 
at least in Born approximation. To verify that this is 
also true for cases where ka=1, we refer to the work of 
Morse’* who finds that the above insensitivities carry 
over to these ranges as well. 





) Sec, (26) 


PHASE SHIFT CALCULATION 


Because of the above results, we take for our potential 
the square well or barrier potential to describe the 
impurities; the well describes an attractive potential 
while the barrier represents a respulsive potential. For 
this choice, analytic solutions are possible. For y, we 
have® 


(27) 


TYoe™ ajn’ (aa)/j,(aa), 
where 
aa=[k*a?— (2m*V /h*)a?}}. 


We thus see that the mean free time will be a function 
of the parameters ka and [+ (2m*/h*)(q*a/D) }*. Even 
with this simplified potential the sum of Eq. (18), is 
very complicated for arbitrary choices of these param- 
eters. Since, however, this sum may be expressed in 
ascending powers of ka, for values of ka <1, it is neces- 
sary to deal with only the first few phase shifts. We 
work to this approximation. By making use of the 
properties of the spherical Bessel functions, it is possible 


16 P. M. Morse, Revs. Modern Phys. 4, 577 (1932). 
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to express Eq. (20) in the form 


Cn coska+b,, sinka 





tand,= (28) 


” ’ 
Cn Sinka—b,, coska 


where c, and 6, are polynomials in powers of 1/ka and 
involve y». After some manipulation, the quantity, 
sin?(6,—5n41), which appears in our r may then be 
expressed in terms of these polynomials as 


. (Cnt10n— CnD nyt)? 
sin? (5,—8n41) = , 
(¢n?-+5,) (Capr?+bny1’) 
We list here the first few values of c, and b,. 
o=1, bo= — (1/ka)(1+-0a), 
a= (2+-y1a)/ka, b,=1—c,/ka, 


62=3(3-+-y20)/(ka)’—1, be=(1/ka)[3+y20—ce], 


po ~_fs+a+rm(1-—)] 


Pipi Capua 
(ho? (sy 


The values of the corresponding y, are, from Eq. (27), 
if we set «= tanaa/aa and z=aa: 


(1+yoa) = 1/x, 
(2+712)=2x/(x—1), 


(3+100)= (2-1) /' [=-1}-=|. 


(44-720) ={[3—2*}e—3} 7 {[=-=-+[1-=]]. 


2 





(29) 


(30) 


gies 


(31) 


Using this formalism, we obtain respectively for 
attractive potentials (z real) and repulsive potentials 
(z imaginary) with y=tanh|aa|/|aal, 

sin?(6,—8n41) = (ka)?(w—1)°[1+O(ka)*], (32a) 
and 


sin?(5n—Sn41)= (ka)?(y—1)*[1+O(ka)*], (32b) 


where O(ka)* means terms of the order of (ka). 

For the repulsive potentials, y is a regular monotonic 
decreasing function of its argument but for the case of 
the attractive potential the variation of the quantity x 
leads to two cases of interest in addition to the general 
case given by (32a). 


Casel—  2—>(2n+1)x/2, 
> (0+1) sin?(6o— 41) = [1—O(ka)?]. 

This corresponds to a resonance-type scattering. 

Case 2.— 


> sin?(d9—48;)+2 sin?(6;—82)+3 sin?(d2—53) 
~} (ka)*L1+0(ka)?/2?]. 


xe, 


z—tanz; x—1. (33) 
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This corresponds to a Ramsauer effect in semicon- 
ductors. 

The corresponding mean free times for scattering are 
accordingly for ka<1. 

Repulsive potential.— 





TR 


(2m*)* 8-4 /tanhaa , 
= ( —1 ) sec, 
8rN ca? 


aa 


where Ne is the concentration of the compensated 
impurity centers which give rise to repulsive centers 
for the free charge carriers. 

Attractive potential.— 

General case: 


(2m*)* §-4 / tanaa 8 
T= ( —1 ) sec, 
8rN 4a? aa 





(2m*)*83 
=——_——- sec 
Srh?N 4 


T1A 


3h G-8/2 
“2 00 
8rN 4a°(2m*)! 


where Nx is the concentration of attractive impurity 
centers. 

In addition to the cases treated here, there is an 
additional resonance scattering condition. This obtains 
in the case of an attractive potential when the incident 
energy of the charge carrier is equal to a discrete energy 
associated with a bound state. For this case, k?= 2m* &/h? 
in Eq. (19) may be replaced by (2m*/h?)|— «|, where 
|—e| is the energy of the bound state. In addition if e 
is small enough so that we need only keep the case, 
n=0, then (19) becomes 


dx 2m* 
——-—{e+ V(r) x=0, 
dr 3 


_Qm)(8+6) 


Tres 


8rh?N 64 


(35) 


(36) 


which is a result independent of the exact form of the 
potential. This expression is formally valid only for 
(€\w| — |. Equation (36), which we shall refer to here- 
after as Case 3, should be compared with Case 1 of 
Eq. (34). For e=0, these are identical. It is unlikely 
that Case 3 will be important for germanium and 
silicon but it may be important for InSb. 

In the integrals involving the u and R, the variable 
(&) is integrated between 0 and infinity.!7 The upper 
limit may be retained even for the range ka<1 because 
& involves only k, so that the upper limit is still very 
large and may be used as infinity with little error. The 


17Tn the Born approximation for which k>>m*q?/#*D, it is not 
formally correct to use the lower limit as zero. 
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lower limit in contrast with previous calculations? is 
better satisfied for this approximation. Noting that for 
kaX1, [(tanaa/aa)—1] and [(tanhea/aa)—1] are 
substantially independent of energy; the appropriate 
values for » and R using Boltzmann statistics are in 
cm?*/volt sec and cm*/coul, and the subscripts R and A 
refer respectively to the repulsive and attractive 
scattering : 
Repulsive.— 


—2 


q 1 tanhaa 
KR>= x= xX ( -— | ) ’ 
3V2 rN ca?(m*koT)* 300 aa 


3r/ 1 
3) 
8 \nge 


Attractive.— 








q 1 tanaa - 
LaA=- " ——X ( hers 1 ) ’ 
3vV24'N 4a2(m*koT)* 300 aa 


orf i 
Ra = —(—) . 
8 \ngc 


Case 1.— 
4q(m*koT)) = 1 
MIA ee  o 


3v29 IN 4h? 300 


Case 2.— 


gh 1 
bea = —X—[-—Ei(—w)]}>+~ 
(2r)!(m*koT)®?N 4a® 300 





as w—0, 
Ro asw—0, 
where —Ei(—w) is the exponential integral 


So*Lexp(—t)/t]dt. 
Case 3.— 


M3A =paLl +¢/(2koT) ], 


ce. i 
yer aligns 
koT koT 
If we adopt a; to describe the cut-off distance, a, our 


expressions for the mobility in practical units become: 
Repulsive.— 


15 € 
Rsa= Ral —+6— 
4 ko 





7.69X 108 / tanhaa —8 
R= ( —1 ) ‘ 
N-'T3830? aa 
Attractive. 
7.69X 108 { tanaa 
Kka>= a 
VAT L oa 





i]. 
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Fic. 2. Theoretical prediction of mobility vs concentration of 
ionized impurities for (a) n-type InSb, (b) n-type Ge, and (c) Si, 
using a3. 
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8.68 10'984T? Attractive.— 


N A Ka>= 
Case 2.— DpTIN«L aa 
Mes ©. Case 1.— 
Case 3.— Mia=8.68X 10"8!T?/N 4. 
usa=mail 1+¢€/(2ko7) |, Case 2.— 
with Mea. 
aa= (2m*qa/h?D)*= 1.41 X 104(8b/DN 44)}. Case 3.— 
. . F M3A =pral1+¢/(2hkoT) ] 
Since the analysis that leads to b is somewhat specu- with 
lative, we list here the equations that are applicable aa=5.10X 10*(62T/Dn). 
when 4; is used to describe the cut-off distance. ‘ 7 ‘ i 
Repulsive.— In view of the previous discussion of the cutoff value, 
4.05 X10" tanhaa 5 we believe that for germanium and silicon, a3 is to be 


Ma>= 





4.05X 10° tanaa i] 





(39) preferred over equation a; and thus that the formulas 
of (38) are to be preferred over (39). Figures 2(a), 2(b), 


LR>= 
DBTINe L aa 
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and 2(c) show a plot of «7? vs Ny; based on formulas 
(38) for n-type InSb, Ge, and Si for the case where 
nondegenerate statistics are applicable. Reference 
should be made to Fig. 1 to determine the temperatures 
that are applicable. Because of the conditions ka<1 
that needs to be satisfied, the discontinuities at lower 
concentrations of impurities may not be realizable. The 
dashed curves indicate the limiting values of the mo- 
bility due to resonance scattering. The temperature 
dependence for the mobility is given as » « T-4 except 
at resonance when yp « 7. In Fig. 3(a), we have plotted 
[upi/mcrw, }{{tanaa or tanhaa)/aa]—1}? vs N7#/T? for 
n-type germanium where ppw is the mobility calculated 
here (by the partial wave technique) and u:c+w) is the 
mobility calculated by using the Conwell-Weisskopf 
expression for which comparison is most readily made. 
This mobility is given in cm?/volt sec by 


8V2D2(koT)! 1 
300x!N 1q?m** In[ 1+ (3DkoT/@?N 1*)?] 
3.28X10'52T! 
~ BIN; In{1+3.25X10°(DT/N 4") 
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Fic. 3. Comparison of present treatment with 
Conwell-Weisskopf treatment. 
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Fic. 4. Theoretical prediction of mobility vs concentration of 
ionized impurities for n-type InSb and Ge, using a, at 7=80°K 
for n~N}. 


To facilitate comparison, the quantities 
[(tanaa/aa)—1} and [(tanhaa/aa)—1) 


are plotted as a function of V7 in Fig. 3(b). It may be 
noted that for small values of V!/T? which corresponds 
to low concentration and/or high temperature, the 
Conwell-Weisskopf calculation gives the higher value 
of mobility. This is also the region where ka>1 and 
where the present calculation is not valid. At the higher 
values of V7#/T?, the mobility calculated here becomes 
greater. This is also the range where the condition 
ka<1 is more nearly satisfied. Thus, the indications 
are that at low temperatures and high concentrations of 
impurities, a higher mobility should be obtained than 
that predicted by the Conwell-Weisskopf (and Brooks- 
Herring) formula. 

In Fig. 4, we have plotted the mobility as a function 
of the concentration of impurities when it is appropriate 
to use a; to describe the cut-off distance. This has been 
done for the case of InSb at 80°K. The dependence on 
Nr comes almost entirely from the transcendental 
factor since in the mobility expressions of Eq. (39) for 
the repulsive and attractive scattering the quantities 
n/Nc=(N—Ne)/Ne and n/Na=(1—Nc/N) are only 
slightly sensitive to the concentration of the respective 
impurity centers. The temperature dependence is here 
given by a power of T that ranges between +1/2 and 
—5§/2. 

In the Conwell-Weisskopf formalism, the condition 
for the expansion of the logarithm term 


(i.e., (3DkoT/@N 11) 


is equivalent to a requirement that the minimum angle 
for scattering must be greater than 90°, an unrealistic 
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condition for a classical calculation. The aforementioned 
requirement that ka>1 also militates against this 
expansion, as may be seen in the alternate form for the 
logarithm term in Eq. (1). If we formally expand the 
logarithmic term, however, we obtain 


(2m*)' 8-4 
eee sae 
4rN 7a? 


(41) 


i 
T(C+W) = 


Comparison with Eq. (34) indicates that the correct 
limiting functional dependence is obtained in this 
way with the neglect of the transcendental term of 
Eq. (34). Equation (41) is also greater by a factor of 
two. The origin of this factor of two is uncertain. It 
may be shown that it is not due to our use of a potential 
that is too small since any increased scattering tends to 
diminish 7 rather than to increase it. 


OTHER SCATTERING MECHANISMS 


The other forms of scattering which may influence 
the mobolity are lattice vibrations, dislocations, and 
neutral impurity scattering. These are discussed briefly 
in reference 3. 

The existing analyses indicate that neither lattice 
scattering'® nor scattering by dislocations in good” 
crystals is likely to be important at the low temperatures 
and the fairly high impurity concentrations for which 
we may expect the present theory to have applicability. 
On the other hand, comparison with the scattering by 
neutral impurities indicates that neutral impurity scat- 
tering may be comparable or dominant if Ny, the con- 
centration of neutral impurities, is equal to or greater 
than the concentration of ionized impurities. Thus it is 
important to be able to separate the contributions of 
each from the experimental data or to combine the 
contributions of both to compare with the experimental 
data. In principle, this latter can be done by adding the 
reciprocals of the respective 7 for each type of scattering 
and then carrying out integrals of the type of Eqs. (13) 
and (14) for the combined scattering. In practice, this 
is difficult because of the different energy dependences 
of the + and a useful approximation (which however 
may be in error by 50% or more) is to add the reciprocals 
of the mobilities: 


1/u= (1/ur)+(1/un), (42) 


where uw is the mobility of the charge carriers scattered 
by neutral impurities. This mobility has been calculated 
by Erginsoy” and by Sclar” who used different models 
to represent the impurity. They obtain, respectively in 
practical units: 


uv=1.43X10%8/DN y, 


18 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 

” TD. L. Dexter and F. Seitz, Phys. Rev. 86, 964 (1952). 

* By good crystals, we mean single crystals of the degree of 
perfection possible for well-grown germanium crystals. These are 
characterized by about 10* dislocation lines/cm?. 

1 C, Erginsoy, nig Rev. 79, 1013 (1950). 
%N. Sclar, Phys. Rev. 104, 1559 (1956), following paper. 


(43) 


N. SCLAR 


and 


8 DT* Bt 
p= 1.17 10% — 0.73410 +302—| 


(44) 


These results, which are remarkably similar and be- 
tween which it may be difficult to choose experimen- 
tally, introduce additional error in attempts to separate 
out the effects of neutral and ionized impurity scatter- 
ing. 

To complete the discussion, it is necessary to know 
the magnitudes of Ny, Nr, Na, Ne, N, and n which 
again are respectively the concentrations of neutral 
impurities, ionized impurities, attractive ionized im- 
purities, repulsive compensating ionized impurities, 
total major impurities and free charge carriers. The 
quantities are interrelated as follows: For neutral 
impurities, we have 


Ny=N—Ne—n(T). (45) 


In the case of ionized impurities, when the sign of the 
charge associated with the ionized impurity is sig- 
nificant, 


Nr=Na=Netn(T) 
for attractive scattering and 
Nr=Ne (47) 


for repulsive scattering. When the scattering is inde- 
pendent of the sign of the charge of the impurity, as at 
high temperatures, 


Nr=Nat+Ne=2Netn(T). (48) 


For the case where the concentrations of free charge 
carriers are due to ionization from the ground state of 
the impurities with activation energy, &,, 


(n)(Nce+n) 2arm*koT \! —&; 
———=K; x-( —) exp( ). (49) 
h* koT 


N-—Nc-n 
Solving for n, we obtain 


ac ee 


We may expand the radical and obtain, 


(46) 





for low temperature : 
K<€Nc, n=l (N—Nc)/NcJK, 

for high temperature (saturation) : 
K>Ne, 


The appropriate quantities needed for comparison with 
theory may thus be obtained from a measurement of 
the Hall coefficient since the theory indicates that 
R=1/nge within a few percent except at resonance. 
From a knowledge of m as a function of temperature 
and the above relations, we can deduce the appropriate 
concentrations. 


(51) 


n ~N- Ne. 
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DISCUSSION 


It has not yet been possible to check this theory with 
experiment. The reason for this is that it is not easy 
to separate out the effects of the other mechanisms for 
scattering. The chief other mechanism is, as previously 
noted, neutral impurity scattering. Neutral impurity 
scattering can be reduced by the choice of material 
highly compensated with minority impurities [see Eq. 
(45) ]. Previous published measurements at low tem- 
perature, however, have dealt largely with material in 
which attempts were made to minimize compensation. 
In addition, it is important to be able to determine Nc, 
but this requires careful measurements over a large 
range of temperature. In the case of n-type InSb, for 
which the ionization energy of impurities is small, there 
will be no neutral impurity scattering at low tempera- 
tures (down to about 1-2°K). Measurements on this 
material at low temperatures would be helpful to 
compare with the above theory. Because of the low 
degeneracy concentration in this material, the theory 
pertinent to the degeneracy condition will also be 
necessary. 

In the absence of a detailed comparison with experi- 
ment, some trends of this calculation may be noted 
which are in agreement with experiment. These may be 
listed as follows: 

(1) A higher mobility than given by the Conwell- 
Weisskopf theory is obtained at low temperature.* 

(2) Under certain conditions, it is possible to obtain 
a mobility which increases as the impurity content is 
increased. 

(3) Under certain conditions, it is possible to obtain 
a mobility which is suddenly substantially reduced as 
the impurity content is altered. 

In addition to the details of the calculation already 
pointed out above, we note further that although the 
theory predicts a mobility that approaches infinity for 
scattering from attractive centers under certain condi- 
tions, this obviously is never realized. (This corresponds 
to the Ramsauer effect in semiconductors.) The reason 
is twofold. We have taken for a an average value to 
describe the range of the scattering potential. Fluctu- 
ations from this average will give rise to deviations 
from the extreme condition. The second reason is that 
the other mechanisms for scattering, i.e., lattice, neutral 
impurities, or repulsive ionized impurities, take over 
and limit the mobility. In the other extreme (resonance 
scattering), the mobility is prevented from reaching 
zero by the details of the calculation (Case 2) which 
limit the scattering. An important aspect of this cal- 
culation compared with previous calculations is that 
there is a fundamental difference between scattering 
from a repulsive center and an attractive center. We 
can see why this is so from an intuitive argument. For 
high-energy particles there is little chance for a particle 


23 F, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
“H. Fritzsche, Phys. Rev. 99, 406 (1955). 
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to be bound. We therefore expect equal deviations to be 
caused in the path of a particle scattering from an 
impurity although the deviations will be in opposite 
directions. In the case of low-energy particles, however, 
where there is a chance that a particle of the proper 
sign may be bound, we would expect an appreciable 
difference between the impurity centers since an attrac- 
tive impurity may swing the particle into an orbit 
about it, whereas a repulsive impurity would merely 
scatter in the usual way. 

The present calculation suffers from the following 
defects: 

(1) It is limited to the range ka<1. 

(2) Polarization and exchange effects have been 
neglected throughout. These effects are quite important 
with neutral centers at low particle velocities, but for 
the ionized scattering considered here they are neg- 
ligible because it is unlikely that we can produce a 
polarization in the impurity that can be comparable 
with the Coulombic force already present, and in the 
case of exchange, no exchange is possible (in first 
approximation) because of the tight binding of the 
electrons in the filled shells of the impurities. 

(3) We have ignored impurity band conduction since 
this is not yet well established, and the phenomenon 
may in fact be due to the effects described here. 

(4) No account has been taken of the known structure 
of the energy bands. It is known that when this effect 
is taken into account it alters some of the details of 
the calculation. For the m-type material considered 
here, the effect (ellipsoidal energy surfaces) may be to 
change the definition of the effective mass if the scat- 
tering between surfaces is ignored. 

Although these calculations are applicable only for 
ka<1i, it is possible to visualize the pattern to be 
expected as ka—1. Inspecting the expression for 
aa [ Eq. (27) ], we note that it is symmetrical in both 
ka and [ (2m/h?)V ]'a. Thus, we can expect a type of 
resonance condition in 7 for ka similar to those obtained 
for (2m/h?V)*a for particular values of this parameter. 
The resulting effect on the mobility and Hall coefficient 
will be somewhat different from that obtained here 
because of the weighting and integration with 6 re- 
quired. However, there nevertheless exists a possibility 
of explaining the anomalous behavior of the Hall coeffi- 
cient and magnetoresistance in germanium as a function 
of temperature in the low-temperature range.* Pre- 
viously this behavior has been attributed to a property 
of an impurity band but such an explanation does not 
seem able to explain all of the experimental findings. 
It is hoped that the numerical calculation being per- 
formed that will cover this range, will be able to eluci- 
date this question. 

Note added in proof—lIn addition to the potential 
cut-off distances considered in Eq. (4), at low tempera- 
tures when n<Ng¢ and a, [Eq. (46) ] fails, another 
choice is possible. This is a; with m replaced by Ne. 
This possibility arises from the preferential population- 
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ing of the neutral centers by the free charge carriers in such a way that the remaining attractive ionized 
centers are effectively screened by the compensating ionized impurities. I am indebted to Dr. G. R. Gunther- 
Mohr for pointing out this additional possibility. 


APPENDIX I. DERIVATION OF EQ. (18) 
We have 


1 1 
-=2xNv f (1—cos6)[_f(6) ? sinéde, 
with é : 
f@= -, * (2n+1)Lexp(2i5,)—1]Px(cosé). 
Squaring (2) gives 


1 o 2 61 o@ 2 
Cf(6) P= mn yy (2n+1) (cos26,— DPa(cos)| +5 x (2m+1) sin25mPm (ow) 


-—\c (21+-1) P2(1—cos2é,)P?(cosé)+ = (2n+1) (2m+1) 
10 ) 


m,@(mAn 
X[(cos26,—1)(cos26,,—1)+sin26, sin26m |PnPm , 


Collecting terms and making use of trigonometric identities, we obtain 


1 oa 
Cf) F= —_| [S (21+-1)*4 sin’*6,P:(cos#—)+2 SY  (2m+1)(2m+1)[4 sin’s, sin’6,+sin26, sin25n |PaPm é 
1=0 n,m(n<m) 
Let 


=f [f(0) ?(1—cos8) sindd@, x=cos6; 


rT —i 1 
dx=—siné, f -f --f 
0 +1 =f 


then 


and 


l=0 n,m(n<m 


1 7 
[= a f | DL (2/+1)*4 sin’,P?(x)+2 So  (2n+1)(2m+1)[4 sin’, sin%,+sin26, sin25, |PnPm (1—x)dx 
onl ) 


2(« s 
-—|£ (2/+-1) sin’*6,;— >> (n+1)[2 sin’, Sin*6n41+3 sin26,, sind] 
l=0 paar 


where we have used the integral properties of the Legendre polynomials. Using again trigonometric identities and 
combining the running indices, we obtain 


2 ed . C) 
ims DX (#+1)[sin*s, cos’ n41+sin’6n41 COS ,—2 sind, CoS, SiNdn41 COSSn41 +>, m sin’%,—(n+1) sin’%n41 . 
n=0 n=0 
But 
>  sin*6,— (n+1) sin*6,,:=0, 
n=0 
as may be seen by writing the terms down and canceling the (n+1) terms with the m terms. Thus 
2 @ 
I=— D (m+1) sin?(6,—6n41), 
td n=0 


upon using a trigonometric identity, and 


1 2 @ 
-= (2xN w)— as (n+1) sin?(6,—5n41), 
T Re n=0 


which is Eq. (18). 
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The scattering of free charge carriers by neutral impurities in semiconductors has been calculated using 
the partial wave technique by considering the source of scattering to be an attractive potential caused by 
a negative-energy state associated with the neutral impurity. This calculation has been compared with 
that due to Erginsoy and with a calculation in Born approximation where the neutral impurity is represented 
by a hydrogen atom in the dielectric medium of the semiconductor. The present treatment gives a mobility 
that differs from the Erginsoy treatment by only a few percent but predicts a slight temperature dependence. 
The calculation in Born approximation gives a result similar to that obtained for ionized impurity scattering 
calculated to the same approximation. The nature of the energy state giving rise to the scattering in this 
treatment and the possibility of distinguishing experimentally between the different calculations is discussed. 





EUTRAL impurity scattering in semiconductors 
has been treated by Erginsoy' who assumed that 
the neutral impurity may be represented by a hydrogen 
atom immersed in the dielectric medium of the semi- 
conductor. He analyzed the curves obtained by 
numerical calculations? of the scattering of slow 
electrons from hydrogen atoms (including polarization 
and exchange effects), to obtain an approximate 
analytic expression for the cross section for scattering. 
The partial-wave technique, using only the zero-order 
phase shift, was then employed to calculate a relaxation 
time for this scattering. This yielded 


7=82'm**¢/20DN nh sec, (1) 


where m* and q are the effective mass and charge of the 
charge carriers, D is the dielectric constant, Nw is 
the concentration of neutral impurities, and / is Planck’s 
constant. If one assumes spherical energy surfaces, the 
applicability of the Boltzmann transport equation, 
classical statistics, and small magnetic fields, then the 
mobility, u, and Hall coefficient, R, are given with 6 
the carrier energy, and ko, Boltzmann’s constant, by 


4q - 
p= ———-]_ 7" exp(— &/koT df, 
3nr'!2m* (oT) 5/2 J ' 


(2) 


1 3 oe 


7°65? exp(— &/koT)d& 
ngc 8 gl? ) J . 
~ —2 
x| f 7&2 exp(— s/tsT)48} (3) 
0 
Using Eq. (1), we compute for the mobility and Hall 
coefficient 


8x'm*g 1 
x a 


1.43X10%8 
~ 20DN wh* 300 


DNwn 


(4) 


cm?/volt sec 


= (1/ngc) cm*/coul, (5) 
“= Erginsoy, Phys. Rev. 79, 1013 (1950). 
S. W. Massey and B. 'L. Moiseiwitsch, Phys. Rev. 78, 
180 (i980), 


which is Erginsoy’s result, where 8 is the ratio of the 
effective to the free mass of the charge carrier. The 
technique used in computing 7 sets up the condition 
for the validity of this treatment, i.e., ka<1. Here k 
is equal to 2rmv/h, with v equal to the velocity of the 
charge carrier, and a is the range of the neutral scatter- 
ing potential. Erginsoy selects a=a,, where a, is the 
Bohr radius in the semiconductor medium: 


an= (Dh? /m*q?) cm. (6) 


As neutral imputities are expected to be an important 
scattering source only at low temperatures in most 
materials, the condition ka<<1 may be taken to be 
satisfied since (ka)y<1, where (ka), is the average 
value of ka. We list, however, for completeness the 
corresponding expressions obtained for neutral impurity 
scattering by a Born approximation calculation using 
the same model as Erginsoy but with the neglect of 
polarization and exchange effects. These expressions 
will be valid only at higher temperatures when the 
condition ka,>>1 may be appropriate. 


am*)483 
if wa X |n(-+ (ay) ) 


arNn 


1 -1 
sninnamrsbees 7 
ses sec, (7) 


8V2(koT)! 
=——_—_——_—_—_X | Inf 1+ (kay)? | 
300m !g?m**N y 
1 
1 + 1/(kan) 0? 


R= (1.93/nqge) cm*/coul. 


—1 
cm?/volt sec, (8) 


(9) 


Comparison of these expressions with the Conwell- 
Weisskopf or Brooks-Herring’ formulas for ionized 
impurity scattering indicates a very close similarity. 
The difference is the omission of the multiplicative 
dielectric constant factor in the numerator (although 


3P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
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this factor occurs in the brackets in the denominator), 
the replacement of the concentration of ionized centers 
by neutral centers and the replacement of the logarith- 
mic term by another. 

Another treatment for the scattering by neutral 
impurities has been suggested by Ansel’m.‘ In this 
treatment, cognizance is taken of the tendency of 
neutral atoms to acquire an electron and become 
negative ions. Such neutral atoms must therefore 
exhibit a short-range attractive influence’ for free 
carriers which will give rise to an additional mechanism 
for scattering. Under this circumstance, the equations 
formulated for ionized impurity scattering using the 
partial wave technique become applicable* and we 
obtain Eq. (34) to describe the relaxation time and 
Eq. (37) of this reference to give the corresponding 
mobilities and Hall coefficients. We list here the 
limiting mobilities in cm?/volt sec calculated for the 
different cases possible: 


q 1 [tanaay 
= 44 
3V2!N yan?(m*koT)* 300 
q 1 { tanhaay 2 
LR= x —| —1 . 
3v2riN nay*(m*k o7)} 300 
Case 1:— 





aan 


(10) 





aan 


4q(m*koT)* 1 


‘———, (11) 
3v2eIN yh? 300 


MiA 
Case 2:— 
pos ©, (12) 
Case 3:— 
Msa=w1a(1+en/2koT), (13) 
with 


(14) 


2m*_? 4 
ady= | (ha) ox] : 
2D 


In Eq. (10), wa and we are the mobilities resulting 
from scattering by attractive and repulsive centers. 
Case 1 is obtained as aay—(2n+1)x/2; case 2 when 
(tanaay)/aay—1, and case 3 when ev~hkoT. The 
quantity |—ey| is the binding energy associated with 
the attractive influence of the neutral impurities, 
and ay refers to the radial extent of this force. Ansel’m 
in his calculation considers only “resonance” scattering 
(case 3) and appears to have made the additional 
assumption that koT<ey which corresponds to (&)w 
<«|—ev|, where (&) is the average energy of the 
charge carriers. He obtains for the mobility 


2q\en| sm*\i 
w= ( esu. (15) 
SVN wh? \ oT 
( 9) I. Ansel’m, J. Exptl. Theoret. Phys. (U.S.S.R.) 24, 85 
1953). 

5 This attractive influence is partially due to polarization effects. 
Although the numerical calculation? upon which Erginsoy’s 
result depends includes such effects, they influence the scattering 
in a different way and are based on a variety of approximations. 

®N. Sclar, Phys. Rev. 104, 1548 (1956), preceding paper. 
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The choice of koT<ey is unfortunate since it seems 
that the condition for the validity of resonance scatter- 
ing is that (&)4~|—ew| [see Eq. (35) in reference 6]. 
A further objection to this choice is that ew must of 
necessity be smaller than the energy required to 
ionize the neutral impurity and give rise to a free charge 
carrier. The condition then that ko7<ew thus practically 
ensures that all free charge carriers will already have 
been bound at the deeper levels giving rise to the 
neutral impurities. 

If we consider the resonance scattering with what 
seems to be the more reasonable choice, i.e., koT—~en, 
we obtain 

2gm*\env|* 1 


=————_ X—_ cm*/volt sec. 
V2riN yi? 300 


(16) 


UN 


The binding energy for the hydrogen negative ion 
is 0.71 ev. If we assume that the neutral impurity may 
be represented as a hydrogen atom in the medium of 


the semiconductor, we obtain 
ev = (0.718/D*) ev. (17) 


For n-type germanium and silicon, this is approximately 
5X 10~ ev and 2X 10~ ev, respectively, corresponding 
to temperatures of about 6°K and 20°K. Inserting 
(17) in (16) gives 


1.17 10" 
DNw 


n= cm?/volt sec, (18) 


which upon comparison with (4) indicates that we 
have a result which is essentially equivalent to 
Erginsoy’s mobility, differing only by about 15% from 
it. It is to be noted, however, that our result is obtained 
by substituting ey for koT. When this condition is 
not exactly satisfied, then the more general result of 
Eq. (13) holds, which may be expressed as 


1.17X10"6r /koT\! ev \3 
DNw €N koT 


cm?/volt sec. 


(19) 


. This expression involves a binding energy associated 


with the neutral impurity but is otherwise independent 
of the detailed description of the center. If we may 
assume the binding energy to be independent of 
temperature, then by fitting the appropriate experi- 
mental data to the theory, it should be possible to 
deduce ey and to compare it with the predictions 
based on possible models for the imputity. To compare 
this mobility with Erginsoy’s result, we take the im- 
purity to be hydrogen-like and, using Eq. (17), obtain 


1.17X10”8 DT? Bi 
n= | 0.734% 10 -+902—| 
Bi DT} 


yr 


1¥N 


cm?/volt sec. (20) 
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As may be seen, there will be a slight temperature 
dependence for the mobility in contrast with the 
calculation of Erginsoy. This is illustrated in Fig. 1. 
In the range of the validity of this treatment, the 
maximum deviation between the two results is 22%. 
Careful measurements at low temperature may thus 
distinguish between these two calculations for neutral 
impurity scattering. 

We now consider the scattering of holes expected 
from neutral impurities in p-type material. We recall 
that a neutral acceptor in the diamond-type lattice 
consists of an element from the third periodic column 
with an extra electron and hole. It is commonly 
believed that the situation is essentially hydrogen-like 
with the hole (speaking classically) revolving about 
the combination of a neutral atom plus one electron. 
A hole scattering from this system will find an attractive 
field of the same nature as that encountered by the 
electrons in n-type impurities. The mobility would be 
given by Eqs. (10)--(12) and for resonance by Eq. (13). 
On the other hand, if the neutral impurity is the 
neutral atom, the hole and extra electron having 
annihilated each other,’ then the scattering from this 
neutral imputity may be entirely different, being 
repulsive rather than attractive. In this case an equation 
of the type of Eq. (10) with 4=ye may be more 
appropriate, with no resonances possible. A comparison 
between neutral impurity scattering in p and m material 
may elucidate this point. 

The extra level ey to be associated with the neutral 
impurity differs from the usual impurity level in that 
it does not give rise to any free charges in the manner 
of donor or acceptor impurities. It can, however, at 
sufficiently low temperatures, compete with-the deeper 
level of the impurities in capturing free electrons and 
cause a flattening of a curve of log (resistivity) vs 1/T, 
which would suggest a smaller ionization energy. For 
every electron captured in the shallow level ey, an 
ion will be formed from the neutral impurity. These 
are expected to play only a negligible role, however, 
in controlling the mobility because of the much smaller 
concentration of these centers compared to the neutral 
centers. It does not seem possible at this time to give a 
reliable estimate for the distance parameter ay appear- 
ing in Eqs. (10)-(14). The estimates available for 
ionized impurities® do not appear to be applicable here. 

TIonization of this neutral impurity will involve generating 


a hole and electron (pair production) in the vicinity of the 
impurity and the freeing of the hole. 
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Fic. 1. Comparison with Erginsoy’s calculation for the mobility 


multiplied by the concentration of neutral impurities for n-type 
germanium. The temperature at which ey=oT is indicated. 


It is clear, however, that this distance must be exceed- 
ingly small because of the essentially neutral character 
of the impurity. For small ay and small aay, inspection 
of Eq. (10) with 


tan 2 (aay)! 
| ( cay ) /cax|-1 ented 
tanh | 9 


indicates that a high mobility results, which implies a 
small cross section for this scattering. Thus only the 
resonance scattering described above is likely to be of 
importance for the mechanism considered here. 

The mobility for neutral impurities calculated in 
the Born approximation [Eq. (8) ] is not expected to 
apply to semiconductors with low impurity activation 
energies such as the usual impurity levels in germanium 
and silicon. The reason is that neutral impurities 
become dominant only at the low temperatures when 
the criteria for the validity of the Born approximation 
cannot be satisfied. For the deeper levels, where neutral 
impurities can occur at higher temperatures, a range of 
validity may be found, but the approximation of de- 
scribing the impurity as hydrogen-like may need re- 
examination since the deeper levels in germanium and 
silicon show appreciable deviations from hydrogen-like 
states. 
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Hall coefficient and resistivity were measured as functions of temperature on uncompensated indium 
arsenide specimens. A room temperature mobility of 30 000 cm*/volt sec was obtained for a donor concen- 
tration of 1.7 10** atoms/cm‘. For this impurity density, no indication of a separation of the donor level 


from the conduction band was observed. 





N recent investigations to determine better approxi- 
mations to the lattice mobility in indium arsenide, 
the resistivity and Hall coefficient of a number of 
homogeneous #-type specimens of InAs having different 
impurity concentrations were measured at room 
temperature. On two of these specimens, measurements 
were also done as a function of temperature. Results 
indicate an electron mobility at temperatures below 
500°K that is substantially larger than previously 
reported values.':? The higher mobility is believed to 
result from a lowered total impurity concentration and 
possible improvements in the microscopic homogeneity. 
The InAs was prepared from high-purity indium* and 
specially purified arsenic. The elements were reacted 
using the two-furnace method, and the compound was 
zone melted in a closed tube. Neutron activation 


2S Be aS ee ews 
—+—}-} © Resistivity | - 


x Mobility 
| | T= 100°K 


Resistivity, ohm-cm 


Electron Mobility, cm*/volt- sec 


10'* 10” 10'8 
Donor Impurity Concentration ,atoms /cm® 


Fic. 1. Mobility and resistivity at room temperature as a 
function of donor concentration. 


+ This research was supported jointly by the U. S. Army, 
Navy, and Air Force and performed under subcontract with 
Massachusetts Institute of Technology. 

1 Folberth, Madelung, and Weiss, Z. Naturforsch. 9a, 954 
(1954). 

2 J. H. Taylor, Phys. Rev. 100, 1593 (1955). 

* For information on techniques for analyzing the purity of 
indium, consult T. C. Harman, J. Electrochem. Soc. 103, 128 
(1956). 

4 Details on the method of purification of the arsenic are being 
prepared for publication. 


analysis indicated sulfur®.* to be a troublesome impurity 
in InAs. The identification was confirmed by establish- 
ing equality of segregation rates of the most slowly 
segregating impurity found in the InAs and that of 
sulfur which was purposely introduced into a pure 
ingot. It therefore followed that the first portion of the 
ingot to freeze contained sulfur and comparatively 
negligible quantities of other ionized impurities. 
Specimens of size 1.2X0.4X0.3 cm, containing large 
crystallites, were cut from the zone-melted ingots. 
Hall coefficient and resistivity were determined at 
300°K on specimens with impurity concentrations 
ranging from 1.7X10'*/cm* to 3.0X10'8/cm*. The. 
electron mobility (Ryo) and resistivity of these speci- 
mens are shown in Fig. 1. Specimens containing the 
larger crystallites possessed electron mobility values 
which fell slightly above the curve, while in the very 
polycrystalline specimens, the mobility values fell 
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Fic. 2. Hall coefficient as a function of reciprocal 
temperature for two InAs specimens. 


5The group at Naval Ordnance Laboratory has also found 
sulfur to be a troublesome impurity in InAs. 

6 Recent measurements on the segregation of impurities in InAs 
by Schillman give a coefficient of approximately 1.0 for sulfur 
LE. Schillman, Z. Naturforsch. lla, 463 (1956) ]. 
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considerably below the curve. It thus follows that the 
curve shown in Fig. 1 represents a lower limit for the 
electron mobility in uncompensated InAs with a high 
degree of crystalline perfection. 

The temperature dependence of the Hall coefficient 
(at H=5000 gauss) for two samples having low extrinsic 
carrier concentrations is shown in Fig. 2. Before 
analyzing these data, we determined the Hall coefficient 
as a function of magnetic field strength, using fields 
ranging from 2000 to 5400 gauss at temperatures of 
300°K and 80°K and found Ry, to be independent of H. 
This result confirmed previous calculations that in the 
extrinsic region the high magnetic field condition is 
approached at H=5000 gauss. Thus, the electron 
mobility is given by the relation u.=Ry/p and the 
carrier concentration is n=1/Rye. 
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Fic. 3. Resistivity as a function of reciprocal 
temperature for two InAs specimens. 


The resistivity as a function of temperature for the 
two specimens is shown in Fig. 3. The slope of the 
curve in the intrinsic region gives a value of 0.21 ev 
for W,/2. This determination of W» agrees with the 
0.43 ev obtained by Oswald’ from optical measurements. 
Using the optical value for AW/AT of —3.5X10- 
ev/°K, one obtains a room temperature band separation 
of 0.32 ev—a result substantially the same as that 
obtained from optical data.*~* 

The electron mobility as a function of temperature” 
for the two specimens is shown in Fig. 4. It is seen that a 
reduction in impurity concentration from 4.1X 10'*/cm 
to 1.7X10'*/cm* results in an increased mobility at 

7 F. Oswald, Z. Naturforsch. 10a, 927 (1955). 

8 F, Stern and R. M. Talley, Phys. Rev. 100, 1638 (1955). 

®H. J. Hrostowski and M. Tanenbaum, Physica 20, 1065 
ary al the mobility of holes in InAs is less than 0.01 that of 


electrons (see reference 1), the relationship u.=Ry/p is adequate 
even in the intrinsic region. 
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x Experimental determinations, No=1.7x 10'¥cm? 
© Experimental determinations, No=4.1 x10'%em?® | 
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Fic. 4. Electron mobility as a function of reciprocal 
temperature for two InAs specimens. 


temperatures below 500°K. Since impurity scattering 
is so significant in these specimens, no attempt was 
made to determine the temperature dependence of the 
lattice mobility. 

The gradual increase in the extrinsic Hall coefficient 
with decreasing temperature of the sample containing 
approximately 1.7X10'® impurities per cm* (Fig. 2) 
led us to wonder whether the donor concentration was 
low enough for the impurity level to be separated from 
the conduction band. Dr. Fritzsche of Purdue Univer- 
sity was kind enough to provide the answer to this 
question by carrying out measurements down as low as 
1.3°K. The data are shown in Fig. 5. The behavior is 
very similar to that found in germanium having donor 
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Fic. 5. Behavior of Hall coefficient and resistivity at low 
temperatures (measurements by H. Fritzsche of Purdue 
University). 
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concentrations in the 10'” range.” It thus appears that 
smaller donor concentrations must be achieved in InAs 
before the carriers can be frozen out at low tempera- 
tures. For a discussion of the contributions of impurity- 
band conduction in producing Hall effect maxima, the 
reader is referred to recent publications by Fritzsche” 
and Conwell.” 
uP. P, Debye and E. M. Conwell, ar atl 93, 693 (1954). 


2H, Fritzsche, Phys. Rev. 99, 406 (19 
13 Esther M. Conwell, Phys. Rev. 103, 51 (1956). 
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Magnetic Susceptibility of Dilute Cu Alloys at Low Temperatures 


F. T. Hepccock* 
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The temperature dependence of the magnetic susceptibility of a number of dilute copper-tin and copper- 
iron alloys has been measured between room temperature and 4.2°K. The results indicate an anomalous 
paramagnetism in the neighborhood of the temperature of the observed resistance minimum in these alloys. 
Proposed models for the resistance minimum and impurity scattering are reviewed in the light of this new 


magnetic information. 


1. INTRODUCTION 
PHENOMENON of considerable interest in solid 


state physics is the resistance minimum exhibited 

in dilute alloys at low temperatures. Since the initial 
discovery of this effect in gold by de Haas and van den 
Berg! numerous theoretical and experimental papers 
have appeared.?* Although the occurrence of the 
resistive minimum appears to follow some order 
particularly with regard to valence and atomic size of 
solute present no sound physical explanation has been 
forthcoming. Perhaps the model that has proved most 
useful is that proposed by Korringa and Gerritsen.’ 
These authors suggest that in order to explain the 
resistance minimum one needs to suppose that there is 
a cooperative phenomenon involving the conduction 
electrons which depends on the existence of localized 
states at the Fermi level. Unfortunately no theoretical 
evidence for the existence of these states has been found. 
However it seems certain that some cooperative 
interaction between conduction electrons and/or im- 
purity ions must be the cause of the resistance minimum. 
Since the total magnetic susceptibility of a metal is 
proportional to the density of states of the conduction 
electrons at the Fermi level and the spectroscopic state 
of the impurity ions, valuable information about the 


* National Research Council Laboratories Postdoctorate Fellow, 
Division of Pure Physics, National Research Council, Ottawa, 
Canada. 

1W. J. de Haas and G. J. van den Berg, Physica 1, 1115 (1934). 

2D. K. C. MacDonald and W. B. Pearson, Acta Metallurgica 
3, 392 (1955); 3, 403 (1955). W. B. Pearson, Phil. Mag. 46, 911 
(1955) ; 46, 920 (1955). 

4 J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953). 


resistance minimum should be found through a study 
of the magnetic properties of alloys exhibiting the 
anomalous resistive behavior. It was with this in mind 
that a study of the magnetic susceptibility of these 
alloys has been started in this laboratory. Although 
the program is not yet complete, sufficient measure- 
ments have been made to make it worthwhile reporting 
some of the data obtained so far. Magnetic suscepti- 
bility measurements have been made on alloys con- 
taining impurity ions with unfilled d shells (magnetic) 
and filled d shells (nonmagnetic). 


2. EXPERIMENTAL METHOD 


2.1 Technique of Measuring the Susceptibility 
at Low Temperatures 


Susceptibility measurements on metals at low tem- 
peratures present three main difficulties. 

(a) Since the resistivity of a good conductor at 
4.2°K is only about 10-*-10~ of its room temperature 
value, the problem of electromagnetic damping is 
quite serious at these low temperatures. In fact Bowers‘ 
calculated that critical electromagnetic overdamping 
makes it impossible to measure the susceptibility of a 
sample with a resistance ratio R42/R300 of 10 at 
temperatures below 30°K. Therefore, in order to obtain 
reliable results it is important that the sample should 
not swing freely in the magnetic field. 

(b) Since the effects looked for in these alloys are 
small, it is extremely important that each alloy studied 
should be examined for ferromagnetic impurity. This 


*R. Bowers, Phys. Rev, 100, 1141 (1955). 
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means that a field strength study of the susceptibility 
is essential. Here again the low value of the resistivity 
of the alloys at low temperatures can cause serious 
problems. Any change in the magnetic field will result 
in large induced eddy currents in the sample which 
will cause violent displacements of the sample and 
possibly, as a result, quite large zero shifts in the 
balance. 

For these reasons it is necessary to have a sensitive 
and virtually rigid balance system. This was obtained 
by employing an electric servosystem schematically 
outlined in Fig. 1. A photosensitive null detector feeds 
back an amplified dc current to an electrodynamic 
balance keeping the beam in the balanced condition 
at all times. This made it possible to use the Gouy 
method to determine the susceptibility on single 
crystals of approximately 3 mm in diameter. The 
relative susceptibility is measured to better than 0.5% 
while the absolute susceptibility determined relative 
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Fic. 1. Schematic drawing of the servosusceptibility balance. 


to oxygen gas is probably not better than 2%.° The 
magnetic field was controlled and regulated elec- 
tronically to an accuracy of 0.1%. Full details of the 
balance and control circuit will be published elsewhere. 

The susceptibility relative to the room temperature 
value was determined by taking readings of the feed- 
back current for four magnetic field settings at some 
fixed temperature. A plot of the feedback current for 
each temperature as a function of the room temperature 
feedback current values for the same field settings was 
made. The slope of the line gave the susceptibility 
relative to the room temperature value. None of the 
samples showed field-dependent behavior when they 
contained a “nonmagnetic” impurity ion. 

(c) One remaining problem in determining the 
susceptibility of metals at low temperatures remains to 
be mentioned: that persistent eddy currents in the 
sample may result in spurious measurements. Since the 
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TABLE I. The nominal tin content, magnetic susceptibilities, and 
resistance ratios of the copper tin alloys. 








Atomic percent 
tin Ra.2/Ra00 Xo.2/Xer 


Xrr X10-¢ 
emu/g 





0.000 
0.0125 
0.020 
0.025 
0.75 


0.086 
0.086 
0.086 
0.087 
0.089 


5.8 X10-% 
1.78 X10? 
1.97X 10 
3.2710 
3.52X 107 


0.950 
0.870 
0.865 
0.838 
0.818 








direction of the eddy current will depend on the sign of 
dH/dt, susceptibility measurements were made with 
both increasing and decreasing fields. There was no 
measurable difference in the susceptibility results in 
either case. From this it was concluded that the eddy 
currents were dissipated in the sample as Joule heating 
in a very short time. 


2.2 Alloy Preparation (3Z. 2/7 <. 


The alloys were prepared by melting copper supplied 
by the American Smelting and Refining Company in a 
graphite mould and in an inert atmosphere of helium. 
(For details regarding the care required in the prepara- 
tion of these alloys, see MacDonald and Pearson.’) 
The single crystals were grown by lowering the graphite 
mould through the furnace thermal gradient. This 
self-seeding method of growing crystals, due to Bridg- 
man, yielded large crystals which showed lattice 
strains when x-ray diffraction studies were made. 
However, the absence of grain boundaries was the 
desired result rather than high crystal perfection. The 
same copper stock was used for all alloys. Although a 
small amount of paramagnetic impurity was present 
(as inferred from the susceptibility results and residual 
resistance of the copper used), none of the pure copper 
specimens showed any difference in the temperature 
dependence of their susceptibility in excess of the 
experimental error of the measurements. 





INCREASINGLY PARAMAGNETIC 
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Fic. 2. Susceptibility ratio of copper tin alloys as a function of 
temperature. (Also included is a graph of the susceptibility ratio 
at 4.2°K as a function of residual resistance.) 





F. T. HEDGCOCK 





© PURE COPPER 
x COPPER +0.0125 % TIN 
D COPPER +0.025 % TIN 
© CcoPPen+0.75 % TW 
x 


a, 


—os 
o— Fa ee 
on ae —— 
aie 

! ! L 

5 10 5 











tT" 10%(°"') 


Fic. 3. Relative susceptibility of copper tin alloys as a function 
of reciprocal temperature. 


3. EXPERIMENTAL RESULTS 
3.1 Copper-Tin Alloys 


Table I shows the susceptibility of the copper tin 
alloys at 4.2°K relative to the room temperature value: 
it also includes the nominal tin content of the alloys, 
the residual resistive measurements and the absolute 
room temperature susceptibility of the alloys. 

In Fig. 2 some measurements made on Cu-Sn single 
crystals are shown where the susceptibility relative to 
the room temperature value is plotted as a function 
of temperature. It can be seen that at low temperatures 
all of the alloys are more paramagnetic than pure 
copper, the paramagnetism increasing with increasing 
tin content. Owing to a small amount of paramagnetic 
impurity (probably iron in solid solution), the so-called 
pure copper obeys a Curie law. The absolute values of 
the susceptibility of the alloys at room temperature 
became increasingly diamagnetic with increasing tin 
content (see Table I) in agreement with the work of 
Endo® and of Henry.® For pure copper, the absolute 
values at room temperature, of both single and poly- 
crystalline specimens, were found to be the same, 
namely 0.086X 10-* emu/g, which is in good agreement 
with the values published recently by Henry* and by 
Bowers.’ 

Figure 3 shows a 7 plot for the Cu-Sn alloys, and 
it is immediately apparent that an anomalous para- 
magnetism which is in excess of the 7~ relation is 
exhibited in these alloys at temperatures in the 


TABLE II. The nominal iron content, magnetic susceptibilities, and 
resistance ratios of the copper iron alloys. 








Xrr x<10-* 


Atomic percent 
i emu/g 


iron Ra.2/Ravo Xe2/Xer 





0.082 
0.073 


0.70 
+3.2 


0.005 
0.016 


1.3610 
1.09X 107 








5H. Endo, Science Repts. Téhoku Univ. 14, 479 (1925). 
* W. G. Henry and J. L. Rogers, Phil. Mag. 3, 237 (1956). 
™R. Bowers, Phys. Rev. 102, 1486 (1956). 


neighborhood of the resistance minimum (7-15°K). It 
can also be seen that the deviation from the Curie law 
takes place at a higher temperature, in agreement with 
the observed effect in the resistance minimum. A plot 
of the susceptibility ratio at 4.2°K as a function of 
impurity concentration also shown in Fig. 2 yields a 
curve which shows a saturation effect, again in general 
agreement with the resistive behavior of these alloys 
(see Pearson and MacDonald’). 


3.2 Copper-Iron Alloys 


Table II contains similar information as Table I in 
this case for the copper iron alloys. 

Figure 4 shows the results for Cu-Fe single crystals 
where the relative susceptibility is plotted as a function 


4 





T 


wate 


ee as 
° 0.016 % IRON 


o> 


DIAMAGNETIC PARAMAGNETIC 
° 


_——— 


T 


Pt 


: nd 
— 
we 


Oo 


PURE COPPER 
——————— - 








—_—o 
r 1 1 L 
5 10 15 20 25 


T~'x 102 (°k7') 





Fic. 4. Relative susceptibility of copper-iron alloys as a 
function of reciprocal temperature. 


of T-. The susceptibility of an alloy containing a 
nominal concentration of 0.005% Fe showed no field 
dependence even at the lowest temperatures. Also 
included in Fig. 4 is an alloy containing 0.016% Fe. 
This alloy was ferrous at temperatures below 40°K 
and as can be seen became completely paramagnetic 
at low temperatures. It is obvious in these results that 
we again have an anomalous paramagnetism in excess 
of the 7— relation. 

Mention should be made of the fact that measure- 
ments made on both poly- and single crystals yield 
essentially the same results. This can be taken as 
evidence that the resistance minimum is not due to 
the presence of grain boundaries alone as has been 
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suggested in previous works® but is a “bulk” property 
of the alloy. 


4. DISCUSSION 


It would be expected that the total magnetic suscepti- 
bility of a pure metal with filled inner shells and paired 
electrons in the outer shells should be given by the 
sum of the diamagnetism of the core electrons x,, the 
paramagnetism of the conduction electrons x, and the 
diamagnetism due to the orbital motion of the conduc- 
tion electrons x4. If one assumes a completely degenerate 
electron gas and neglects higher orders involving the 
magnetic field and temperature, this sum should be 
temperature- and field-independent (see Stoner’). 
While differing from the absolute value of the suscepti- 
bility of the solvent, the magnetic susceptibility of a 
dilute metal alloy formed with nontransition elements 
should also be temperature-independent. However, as 
can be seen in the experimental results presented, this 
is not found to be the case. It is unlikely that the 
present effects are due to paramagnetic impurities in 
the copper alone, for if this were the case, particularly 
in the Cu-Sn alloys, the susceptibility should obey a 
T- relation which is in fact not observed. 

The hope would be that these susceptibility results 
could be used to aid in explaining the anomalous 
resistive and thermal properties of these alloys. How- 
ever, before this information can be used, a more 
complete study of the susceptibility at low tempera- 
tures will have to be made. At present, two plausible 
speculations can be offered on the magnetic results 
obtained so far. 

If we consider a free-electron picture of a metal 
where the valence electrons are considered as a free 
electron cement binding the ions together, then we may 
say that the total susceptibility x7 is equal to the ionic 
susceptibility, x., (which is diamagnetic and tempera- 
ture-independent) plus the susceptibility of the free- 
electron gas, x-. Since the susceptibility x. due to the 
electrons in the conduction band is proportional to the 
density of states at the Fermi level (see Wilson’), we 
will have to suppose that the observed increase in 
paramagnetism at low temperatures is due to an 
increase in the density of states at the Fermi level. This 
suggestion has been made by Korringa and Gerritsen to 
explain the resistive minimum in dilute alloys of Ag, 
Au, and Cu. If one uses this model, it is then difficult 
to explain why the paramagnetism below the tempera- 

8 Blewitt, Coltman, and Redman, Phys. Rev. 93, 891 (1954). 

®E. C. Stoner, Proc. Roy. Soc. (London) A152, 672 (1935). 


1 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, London, 1953), second edition, p. 155. 
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ture of the resistance minimum is increased with 
increasing tin content. 

An alternative explanation of the magnetic properties 
of these alloys at low temperatures might be looked 
for in the suggestion made by Friedel" and by Mott” 
of the existence of bound or localized electrons shielding 
the ionic charge of the dissolved impurity atom in the 
alloy. In order to observe a paramagnetic contribution 
to the total susceptibility due to these localized elec- 
trons, unpaired spins must be present. If this were so, 
the total number of unpaired spins and hence the 
paramagnetic contribution obeying a 7~ relation would 
be expected to increase with the tin content. This is in 
fact observed in the Cu-Sn alloys as can be seen in 
Fig. 3.% In order to explain the deviation from the 
Curie law at temperatures in the region of the resistance 
minimum, some cooperative interaction must take 
place between the bound states either by spin-spin 
interaction or more likely via the conduction electrons. 
A cooperative effect of this nature with a definite 
transition temperature was suggested by Pearson in an 
analysis of results made on Cu-Fe alloys.? To explain 
the observed saturation effect in both the resistive and 
magnetic results (see Fig. 1), it could be postulated that 
as the impurity concentration increases the localized 
states might interact to form an impurity band. 

Great care must be used in discussing the results 
when the impurity is a transition element: in particular 
the magnetic properties of a coherent and incoherent 
precipitate ought to be studied. Such experiments, 
together with magnetic studies of copper alloy systems 
with different valence impurities, are planned. It is 
hoped that these additional experiments will ultimately 
make possible a more comprehensive interpretation of 
the strange properties of dilute alloys at low 
temperatures. 
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In a recent paper, Van Kranendonk has estimated the effect of lattice vibrations in contributing to the 
spin-lattice relaxation time due to quadrupole interaction in crystals with a simple cubic structure. In the 
present paper, his method is extended to the case of crystals with a body-centered cubic structure. 





INTRODUCTION 


OUND' first showed that in crystals, the quadrupole 
interaction of nuclei with surrounding charges 
contributes effectively to the spin-lattice relaxation 
time in nuclear magnetic resonance experiments. Van 
Kranendonk’ has developed a method for calculating 
the relaxation time due to the perturbation of this 
quadrupole interaction by the lattice vibrations. The 
idea is essentially similar to Waller’s* mechanism for 
paramagnetic relaxation due to lattice vibrations, but 
we have now to deal with electric quadrupole interaction 
and not magnetic dipole interaction as discussed by 
Waller and later adapted to the nuclear case of Bloem- 
bergen et al.‘ Besides, Van Kranendonk uses a system 
of quantized oscillators to represent the lattice vibra- 
tions instead of the classical Fourier expansion em- 
ployed by Waller. Van Kranendonk mentions the effect 
of polarization of the atomic orbitals by the nuclear 
quadrupole moment, discussed in detail by Sternheimer® 
and his collaborators, and also the effect of the lattice 
vibrations in distorting the little covalent binding that 
may exist between neighboring atoms. This too would 
lead to incipient departures of the electron distribution 
round the nucleus from spherical symmetry.f Both 
these effects lead to an effective departure of the egQ 
at the position of the nucleus from that expected by a 
simple interaction between the quadrupole moment of 
the nucleus and the field-gradient due to surrounding 
point charges in the ionic model. Van Kranendonk takes 
this into account by his simple “one-parameter” model, 
introducing a parameter y so that each neighboring 
charge is taken as ye instead of e, where y is to be 
obtained from the measured relaxation times. It was 
expected that for ions like Cs+, where the Sternheimer 
effect leads to a total induced moment of y..2,° with yx 
calculated to be — 143.5, this effect could be much more 
substantial in contributing to y than the distortion in 


* Present address: Department of Physics, University of Cali- 
fornia, Berkeley. 

1R. V. Pound, Phys. Rev. 79, 685 (1950). 
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*T. Waller, Phys. 79, 370 (1932). 

* Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

5 Foley, Sternheimer, and Tycko, Phys. Rev. 93, 734 (1954); 
R. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 (1956). 

t Refer to recent paper by K. Yoshida and T. Moriya, J. Phys. 
Soc. (Japan) 11, 33 (1956) and the note at the end of the present 
paper. 


the covalency. As a matter of fact, we expect 7” to be 
approximately equal to (1+]|7.|)* in this case. We 
therefore felt it necessary to extend Van Kranendonk’s 
ionic model calculations to the CsCl lattice which has 
a body-centered cubic structure. We have presented the 
results of this calculation in the next section. 

We have closely followed the notations in Van 
Kranendonk’s paper (which we shall refer to henceforth 
as I) as far as the general expression for the transition 
probability is concerned, but of course we need a larger 
number of L and N functions because of the larger 
number of nearest neighbors, viz., 8 in a body-centered 
lattice as compared to 6 in a simple cubic lattice. As 
our calculations are based on Van Kranendonk’s paper, 
they naturally involve the same assumptions, viz: 

(a) The nuclei whose resonance is under study are 
situated at equivalent lattice sites and are therefore 
subject to similar quadrupolar interaction with the 
surroundings. 

(b) The nuclear magnetic dipolar interactions be- 
tween the species are assumed to have negligible effect 
on the quadrupolar relaxation. 

(c) The crystal is ionic, so that the charges may be 
regarded as roughly concentrated around the respective 
lattice sites. 

(d) The frequency spectrum of the lattice vibrations 
is approximated by an isotropic Debye expression. 


RESULTS 


Van Kranendonk’s expression for the probability 
of a transition between states characterized by m 
and (m+n) of the central nuclear spin, (mh and 
(m+u)h representing eigenvalues of J, the Z direction 
being that of the external magnetic field), due to the 
quadrupole interaction, is 


P(m, m+n) 


[Onn |* wm FeAl fw) |? e” 
“a 








M,(ka)dw, (1) 
1)? 


w (e7— 


where Qum=(m+u!Q,|m), the quadrupole moment 
tensor of the nucleus Q being defined as in Eq. (8) of I 
in the conventional manner after Casimir.® Also, 


*H. B. G. Casimir, Interaction between Atomic Nuclei and 
Electrons (Teylers Tweede Genootschap, Haarlem, 1936). 


1568 





SPIN-LATTICE RELAXATION 


d=mass density of the crystal; v=velocity of propa- 
gation of long-wavelength sound waves independent of 
direction of polarization ; and k= 1/w, the wave number 
of the lattice waves. p(w) is defined so that the number 
of lattice oscillators with frequency between w and 
w+dw is given by 


V 
p(w)dw= at (w)dw, (2) 


V representing the volume of the crystal. 


M,(ka)= py X Nesstmboaitie (ka), (3) 
with 
Last; a im(Ra) = {Bi (Ks) Bi(k,s)} { Bs(K’,s’) Bm (R’,3’)}, 
N pijim=A iz? Agim, “: 
the colon referring to the tensor scalar product. Here 
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Fic. 1. Picture of a 
b.c.c. lattice. 




















AG. 


the B,(k,s) are defined by: 
B,(k,s) =6(s,1) (cosk-a;—1)+6(s,2) sin(k-a,), (5) 
where s is a number which is equal to 1 or 2, and 
a;=R,— Rp, (6) 


R; and R, representing the equilibrium positions of the 
central and ith nuclei, respectively. k and k’ represent 
the directions of wave propagation and the curly 
brackets in (4) indicate averaging over all directions 
of k. The averaging occurs in expanding the effective 
potential V(r) at the position of the ith nucleus in 





s=2: 
Lait;2jm= 4 {57P=+L, 


Lait;2jm= + {51°} {5152} =+Le, 


ie., point m lies at points like B and D if 7 is at A. 
Loit;25m= + {51°} {5153} =+Ls, 


i.e., point m lies at points like C when j lies at A. 


Lait;23m= {s152}?= Iu, 


i=+l, 
i=+l1; 


i=+1; 


IN CRYSTALS 











E 


Fic. 2. Portion of a b.c.c. lattice indicating significance 
of {S,Sq} terms; p, g=1, 2, 3. 


terms of increasing order in the relative displacements 
r; of te surrounding ions, with respect to the displace- 
ment of the central nucleus; i.e., 


V()= > W.Y,(2), (7) 


pro 3 


W,=A,+> A, tit>D A psgi Uitste oe. (8) 
i ij 


We shall neglect first-order vibrational processes repre- 
sented by the second term on the right hand side of 
Eq. (8). Also the results derived in this paper do not 
apply at very low temperatures. Following Van Kranen- 
donk, we choose the unit cell so that it contains only 
one central nucleus, and we have to carry out the sum 
over all the lattice points within the unit cell. Our 
nucleus under study being now at the center of the 
body-centered lattice, as in Fig. 1, it suffices to carry 
out summations over 1,j=+1, +2, +3, +4. Also, 
since the central lattice site is one of inversion sym- 
metry, we have the further condition s=s’, as in I. 
Referring to Figs. 1 and 2, we find that out of 2x8! 
functions Lit;s;m for a body-centered cubic lattice, 
only the following different ones occur: 


j=sm. 
j=\, m= 2, 4, J, 
j=2, m=1, 3, —d, 


m=1, 3, —4; 
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i.e., / lies at points like B and D when i is at A; m lies at points like B and D when j is at A. 


Lait;2jm= {5183}°= Ls =1, 
2, 
etc. ; 


1 
a 


l=3, —2, —4; 
l=4, -1, —3; 


m=3, —2, —4; 
m=4, —3, —1; 


j=, 
j=2, 


i.e., / lies at points like C when 7 is at A; m lies at points like C when ¢ is at A. 


i=1, 
i=2, 
ctc. ; 


Loit;2jm= {5152} {5153} = Le, 


l=2,4, —3; 
l=1, 3, —4; 


m=2, 3, —4; 
m=4, —3, —1; 


j=1, 
j=2, 


i.e., / lies at points like B and D when 1 is at A; m lies at points like C when j is at A. 


s=1: 
Liit:1jm= {c?}?= Ly, 

= {61°} {cco} = Le, 
= {cr} {cis} = Ls, 
= {¢1¢2}°= Lio, 

= {¢1¢3}?= Ln, 

= {C1C2} {c1cs} = Ly, 

cr=cos(k-a,)—1, 


s,=sin(k-a,); 


In the case of L,, the positive or negative sign is taken 
according as whether positive and negative signs occur 
in both the equalities of i with respect to / and 7 with 
respect to m or in one of them only. In L and Ls, the 
positive or negative sign is taken according as i= +1 
or i= —1, respectively. 

The averages over all the directions of & are given by: 


{s:°}=3—3f (N39), 
{sis2} =3 f(y) —3f(929), 
{sis3} =3f(v2y)—3/(9), 
{c:?} =$—2f (N39) +3f(v3y), 
{c1co} =1—2f(3v3y) +3 f (29) +309), 
{cics} =1—2f(3v3y) +3 f(V2y) +3 f(9). 
where f(y)=siny/y, y=ka; @ being the side of the 


b.c.c. lattice. 
Just as in I, we can now write (3) as: 


M, (y) - yy NunL aly), 


Nua, ta - +N pijtm, 


ijlm 


Nua = pi N uijtm; 


ijlm 


(n¥1, 2, 3) 


ijlm same as for L, 
ijlm same as for Le, 
ijlm same as for Ls, 
ijlm same as for Ly, 
ijlm same as for Ls, 
ijlm same as for Le. 


r=1, 2, 3. 





so that from (1), 


12 
P(m, m+) =CumT™ Do NyunD,(T*), 


n=l 


(14) 


uf xer 


L,(cT*x)dx, 


(= 1)? (15) 


D5(r*)=7* f 


3|Qum|? 
a = = $ 
rare ( aki ), c=kma=(6n*)', (16) 


where we have assumed a Debye distribution so that 
f(w)=1. © is the Debye temperature defined by 

hom =hrkn=KO, (17) 
K being the Boltzmann constant. 7* is the reduced 
temperature T/@. The D,(7*) functions are related 
to the ZL; functions discussed and shall be discussed 
further subsequently. 

We now proceed to calculate the functions Nyn: 
Using a one-parameter method as in I, i.e., regarding 
the charge on each adjacent lattice site as qg=ve, 
we have the potential at a point distant r from the 
position of a central nucleus given by: 


V(r)=L Vilr—n,), 


V,(r) representing the potential at r arising from the 
charge on nucleus 7 when its displacement r;=s,;— 80 
relative to the displacement s of the central nucleus is 
zero. (i=1, 2, 3, 4, —1, —2, —3, —4, as indicated in 


(18) 





SPIN-LATTICE RELAXATION IN CRYSTALS 


Fig. 1.) We get easily, 


2q 
Vi(r)= [5414 — 360r?x?— 180r?z?— 360vV2x2r?+ 280a4-+ 560V22°2-+- 840272?+ 280V22%2+ 7024 |, 
” E 


81v3 
V2(r) = A[54r4— 360r?y?— 180972? — 360V2r?y2-+- 28054-+- 560V2 2+ 840 y?2?-+ 280V2 y2?+- 7024], (19) 
V3(r) = A[S549r4— 3609r?x? — 180972? +-360V29r?x2-+- 28024 — 560V22*2-+- 840272? — 280V2x2*+- 7024 |, 
V4(r) = A[S4r4— 3609? y?— 180722? +-360V2r?yz-+- 280y4— 506V2y?z+-840y22? — 280V2 y2+- 702 J, 


where A = 2¢/81v3a‘ and V;(r)= V_,(r). 
From these relations, we get the tensors A ,;;: 


( 204 0  —60v2 (—36 0 0 
Aou=A 0 —36 0 ’ Aon=A 0 204 — 60v2 ’ 
| —60V2 0 —168 L 0 60V2 —168 


(204 0 60v2 (-36 0 0) 
Aoss=A 0 — 36 0 P A o44=A QO 204 60V2 ; 
| 60V2 0 —168 L 0 60V2 —168 

(-—300V2 —360V2i 816 (—360V2i 360V2  —144 
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where Ayi=A A~t ml and A pic A_pss*. and 
From these values of A,;;, we get finally: Eo(T*) =85536(Di+ D7) +-41904(Di+Ds+DiotDi1), 

Nou =16X85536A?= Nor, E4:(T*) =25666084(D,+D;) 
No2=0= Nos, +90142(Dit+Ds+DwtDu), (23) 
Nos=0= Non, E.42(T*)=157464(D,+Dr) 
No=Nos= 16 419044?2= No, 10 No, lly +12996(Dy+D;s+Dio+D):). 
Nos=0=No,12, The relevant curves for Lr(y), La(y), Ls(y) and Lr(y), 
N1,1=16X25666084.42= Nj, 7, Lio(y), Liu(y), which are the only ones necessary from 
RR Oe a consideration of the equations (21) for Vyn, are plotted 
— ce in Fig. 3, ranging from 0 to a value greater than C. 

Ni3=N1,9=0, (21) Numerical values of the D functions are given in Table 

Ni 4=N1,5=16X9014242= Ni w=N in, I. Besides, asymptotic expressions for the relevant D 


Ni6=Ni, 2=0, TABLE I. Numerical values of the integrals D,,(7*). 
No 1=16X 157464A?= No, 7, : _ ; ili sig 
Nas=Nas=0, 

Neo3s=N29=0, 
Nos=N25=4X5198442=N 2, 10=Non1, 


Ne q™= No 12 0. 








- 
* 


Di(T*) Di(T*) (T Dio(T*) 
0.0 0.0 ; 0.0 
0.1901 0.0200 : 0.0300 
0.4343 0.0354 747 0.2087 
0.4105 0.0316 I 0.2774 
0.3890 0.0272 A 0.2777 
0.3324 0.0230 85 0.2513 
0.2930 0.0205 J7 0.3130 
0.2536 0.0172 .688: 0.2030 
0.2347 0.0158 6255 0.1819 
0.1964 0.0154 9782 0.1723 
0.1888 0.0124 0.1511 | 
0.1912 0.0128 0.2703 0.0778 | 


C=64e/ (6561rd*0*a"*) i acaenaiae C 





From these values of Vyun, we get: 
P(m, m+u)=7"|Qum|?CTPE,(T*), (22) 
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Fic. 3. Plot of the relevant L,(y) functions. 


functions for low- and high-temperature ranges can be 
obtained as in I. Thus, for low temperatures, replacing 
the upper limit of the D, integrals by ©, we can easily 
obtain, using Eqs. (12) and (15): 

Dj’ ~1.05X 10'T*, 

Di = Ds ~117X105T*, 

D7 =4.48X 10°T*?, 

D,y'= Dy’ = 1 AOX 1077*9, 


(24) 


Thus, at low temperatures, remembering the 7* 
factor in the expression for P(m,m-+y) in (14), the 
transition probability and hence the inverse relaxa- 
tion time is proportional to T*’. At high temperatures, 
expanding D,(7T*) in descending powers of 7T*, we 
have as in I: 

D,(T*)=Lao—1/12L n2(cT*) +: --, (25) 
where 


1 c 
Lap= -f x?L,(x)dx. 


c 


AND ROY 


We get numerical values for Lao and Ly: and hence 
D,(T*), using (12). 
D,(T*)=0.1912—0.09560/T#+ +++, 
D,(T*) =0.0128—0.00463/T*+ «+, 
D,(T*) =0.2703—0.4032/T#+ +++, 
Dyo(T*)==0.0778—0.1262/T#+ - + -. 


(26) 


To get the relaxation time(s),° a suitable combination 
of the transition probabilities Pm, m4, Should be taken, 
depending upon the experimental conditions. At high 
temperatures including room temperature the observed 
relaxation times should be proportional to y*7*-*. The 
proportionality constant depends on the nucleus and 
crystal structure under consideration. 


CONCLUSION 


The calculations for the body-centered cubic lattice 
is essentially similar to that for a simple cubic lattice 
structure, and indeed Van Kranendonk’s method may 
be used to calculate relaxation times for any type of 
lattice, using a suitable coordinate system. Unfortu- 
nately, the relaxation time for Cs’ in cesium halide 
crystals has not been measured so that we cannot 
compare 7” with Sternheimer’s® (1+ | y..|)® which, from 
the value of y. mentioned in the introduction, is of the 
order of 2X 10* in this case. 
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Note added in proof—After this paper was sent for 
publication, the paper by Yoshida and Moriya, referred 
to earlier, appeared. These authors calculated the con- 
tribution to the relaxation process from the distortion 
of the covalent bonding between the atoms and rejected 
the direct ionic contribution to the relaxation process, 
which they estimated as being an order of magnitude 
10~* smaller, without the antishielding Sternheimer 
factor. However, for Br~ and I~ ions, the cases in which 
they were interested, values of 7. of about —100 and 
— 200, respectively, would not be unreasonable, con- 
sidering Sternheimer and Foley’s recent values of — 70.7 
and — 143.5, respectively, in the neighboring ions Rbt 
and Cs*. (1+ ||)? would then be about 10‘ and 10'x4 
for Br~ and I-’, respectively, so that both the mecha- 
nisms would be of comparable importance. 


6 F. Reif, Phys. Rev. 100, 1597 (1956). 
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The molecular field method is applied to the magnetic interactions in the chrome alums to describe the 
ordered state that occurs at low temperatures. An antiferromagnetic Curie point is predicted even in the 
absence of any exchange between the chromium ions. The predicted critical temperature is T,=1.77(o+2), 
where 7 is the characteristic temperature, 15'N6?/k, v represents the exchange interaction between nearest 
neighbors in units of the magnetic interaction, and ¢«=0.78 is a sum of (1—3 cos*#)/r* over lattice points. 
The entropy and susceptibility are calculated as functions of the temperature and applied field. The variation 
of the zero-field susceptibility with entropy below the critical temperature fits the observed results if v is put 
equal to —0.13, and this value of v gives a critical temperature within the range of observed values. 





1, INTRODUCTION 


HE chrome alums, particularly potassium and 
methylamine chrome alum, have been exten- 
sively used in low-temperature work. One reason for 
this is that they are dilute salts, the interactions between 
the magnetic ions should be small, and their magnetic 
behavior should be predictable to quite low tempera- 
tures. The characteristic temperature, 7, at which the 
magnetic dipole interactions become important is 
about 0.2°K. 

Work by Daniels and Kurti! and Gardner, and Kurti? 
on powdered specimens of these two salts showed that 
both went through a transition with a critical tempera- 
ture in the neighborhood of r. More recently measure- 
ments have been made on spherical single crystals by 
Ambler, Hudson, and McLane*~* and by Beun, Steen- 
land, De Klerk, and Gorter,®.’ and taken down to lower 
temperatures. This work confirms the existence of an 
ordered state, and indicates that it is antiferromagnetic 
in character, the remanent moments being very small 
compared with the saturation moment of the crystal. 

The fact that the critical temperature is in the 
neighborhood of 7 suggests that the ordering is the 
result of the magnetic dipole interactions between the 
ions rather than exchange interactions. The theory of 
magnetically ordered states is pot in such good shape 
as the theory of exchange ordered states, because the 
long range of the magnetic forces usually prevents the 
use of a local-field type of approximation. It is often 
impossible to predict the orientation of the dipoles even 
at the absolute zero of temperature. In the special case 
of the chrome alums the lowest state can be predicted, 
and we shall show that a local field approximation can 
be used to give quite a good representation of the vari- 


* Now at the Clarendon Laboratory, Oxford, England. 

1J. M. Daniels and N. Kurti, Proc. Roy. Soc. (London) A221, 
243 (1954). 

2W. E, Gardner and N. Kurti, Proc. Roy. Soc. (London) 
A223, 543 (1954). 

3R. P. Hudson and C. K. McLane, Phys. Rev. 95, 932 (1954). 

4E. Ambler and R. P. Hudson, Phys. Rev. 95, 1143 (1954). 

5 E. Ambler and R. P. Hudson, Phys. Rev. 96, 907 (1954). 

6 Beun, Steenland, De Klerk, and Gorter, Physica 21, 767 
(1955). 

7Beun, Steenland, De Klerk, and Gorter, Physica 21, 651 
(1955). 


ation of the entropy and susceptibility below the critical 
temperature. 

By paramagnetic resonance measurements Bleaney® 
showed that in potassium chrome alum below 90°K the 
structure is so distorted that there are chromium ions 
in several different environments. Because of this we 
shall only discuss the measurements on methylamine 
chrome alum, although the theory applies to the ideal 
structure of both. Methylamine chrome alum also 
distorts to a structure with tetragonal instead of cubic 
symmetry below 90°K, as shown by Baker,’ but as all 
the ions remain in similar environments, and the angular 
distortion is not too large the results of the calculations 
assuming cubic symmetry are supposed to be applicable. 


2. STRUCTURE 


In the chrome alums the chromium ions lie on a face- 
centered cubic lattice. The local symmetry about each 
chromium ion is C3;, with the trigonal axis along a body 
diagonal of the cube. If the face-centered lattice is 
regarded as being made up of four simple cubic lattices, 
all the ions in one simple lattice have the same trigonal 
axis, so that each of the four simple lattices is associated 
with one of the body diagonals of the cube. The lattices 
will be labelled J, K, L, and M with principal axes 
[111], [111], [111] and [111], respectively. The 
nearest neighbors of an ion in lattice J are then four K 
ions forming a square in the xy plane, four L ions 
forming a square in the yz plane, and four M ions 
forming a square in the zx plane. Its next-nearest 
neighbors are six other J ions. 


3. PROPERTIES ABOVE THE CRITICAL 
TEMPERATURE 


The free chromic ion with three d electrons is in a 4F 
state and in a cubic field the orbital angular momentum 
is very effectively quenched. The ground state is a spin 
quartet with a g value very near 2, which is further split 
by the trigonal field in the alums into two Kramers 
doublets having S,=+ 3 and S,=+}. The difference 
in energy between the doublets, 5, is about 0.25°K and 


8B. Bleaney, Proc. Roy. Soc. (London) A204, 213 (1950). 
9 J. M. Baker, Proc. Phys. Soc. (London) (to be published), 
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the +3 doublet appears to be lowest in both the 
potassium and methylamine chrome alums. 
In the absence of interactions between the ions, the 
entropy of the two Kramers doublets is given by 
ek 
S/R=1n2(i+e—*/*7)4-—- ———_ (1) 
kT 1+¢-%"7 
and the volume susceptibility is 


x=(r/T) f(kT/6), (2) 
where 


1 ez 
f(x)= “3416, (3) 


7= Ng'6*S(S+1)/k=15N6*/k, (4) 


N being the number of magnetic ions per unit volume. 

An interaction between pairs of ions of the form 
> wy can be introduced as an expansion of the par- 
tition function in powers of r/kT, as shown by Van 
Vleck,” and this method has been applied to chrome 
alum by Hebb and Purcell" for the case in which w,; is 
the magnetic dipole interaction between the ions i and 
j. The operator, w;;, is given by 


(m,- 143) (mj- 14) 
iy | (5) 


Lat 





1 

Wij= — +0,;)(m;-m,) 
ri? 

where m,= g§S; is the magnetic moment of the ith ion, 

and the extra term »,;; can be introduced to represent an 

isotropic exchange interaction between the ions. 

With this interaction, the expansion of the partition 
function starts off": 

Z=Z{1+2(r/T)*+---], (6) 
in the absence of an applied field. Z is the effective 
partition function per ion, and Z; is the partition func- 
tion per ion if there are no interactions. 

Q contains a sum over all pairs of ions in the crystal, 
and it could be found, with more or less labor, to any 
required degree of accuracy. If the sum is taken over all 
nearest, next-nearest and next-next-nearest neighbors 
for the magnetic dipole interaction, and 9;; is put equal 
to zero for all but nearest neighbors, we find 


4.80 kT 
Z?Q -—{ ( 10.85+218.6— ) 
150 FY 
kT kT 
+ (173 - 76.6——) e~FkT 4 (29- 14— ewe] 
6 5 


4 kT 
+—|| (180+92%) + (—220+1060*)— | 
5 


kT 
+ | (—8v+860?) — (—320+3207)— fe-anr 
6 


kT 
+| (20+25v") — (10r+740)— |e (7) 


wy, H. Van Vleck, J. Chem. Phys. 5, 320 (1937). 
u M. H. Hebb and E. M. Purcell, J. Chem. Phys. 5, 338 (1937). 
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Here the sum over magnetic dipole interactions has 
been multiplied by a numerical factor so that it shall 
give the right answer, Z?Q=8(2.40++2°), in the simple 
case kT. The expression given by Hebb and Purcell” 
includes the sum over nearest neighbors only, and hence 
is slightly different from this. 

This expansion in powers of 7/T presumably starts 
to diverge in the neighborhood of T=7. For chrome 
alum, 6/kRT~10 so we can neglect the terms in 
exp(—6/kT) and find for the entropy 


S/R=\n2—0.04(7/T)’. (8) 


At r=T this is very small compared with In2, the 
entropy of the remaining Kramers doublet. 

In an applied magnetic field, the expansion of the 
partition function contains a term in r/T from which 
the first-order effect of the interactions on the suscepti- 
bility is calculated. This contribution to the sus- 
ceptibility is 

, 1 @ 
im | ——— 2, Wy 9 
| oH |, (9) 


if the m; in w,; are now taken to represent the statistical 
average of the expectation values of 28S; over the four 
states of the ion 7. If z is the direction of the principal 
axis of the ion, we have 


(O-+e*T) #H, 
(tte) aT 
(10) 
[4e-"7+.6(RT/8)(1—e 7) Hay 
(1+e-°*?)kT 





Mz y= 


Since w,; varies as the inverse cube of the distance, 
the sum over pairs of ions does not converge as the 
distance between them goes to infinity. In order to 
calculate >> jw,;, the 7 ions are divided by a sphere with 
its center at i and a radius large enough for the effect 
of the ions outside it on the ion i to be that of a con- 
tinuous dielectric medium. The sum over the dipole 
interactions for these distant ions is then just the 
additional field due to the polarization of the dielectric 
outside the sphere, which can be calculated if the 
specimen is spherical or ellipsoidal. Inside the sphere 
the sum is first simplified by averaging over directions 
for each value of r. As is well known, this average is 
zero for similar ions in a cubic lattice, so there are no 
terms in the sum in which i and j are in the same sub- 
lattice. After averaging over direction for the pairs of 
ions in the two different lattices, we are left with a 
contribution to the sum of the form: 


> [=- —los(F- -K)+(1- 33) 


‘ F] ri 


X (VAR. WK WK) | (11) 
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where J=m,, K=m,, x, y and z are the cubic axes, and 
ni; is the z direction cosine of 1;;. 

If the exchange term is neglected, the contribution 
to the susceptibility is 


“tet; 


2v2 l—etle dente 7 
#()=—| 3-25 + , (13) 
225 fete ters 


a (1—3n,;) 
ga) - ' 


i 8v2 ri? 


(12) 





(14) 


where the sum is over all the ions in the sublattice K 
if the single ion, i, is in the sublattice J. The parameter 
a is a side of the unit cell. Since the average value of 
(1—3m,;*) is zero in an isotropic medium the contribu- 
tions from different ions to this sum will cancel out 
when r is large, and o can be calculated. The quantity 
o is equal to one if only nearest neighbors are included 
in the sum, and it is 0.78 if the more distant lattice 
points are included. 


4. CRITICAL TEMPERATURE 


At temperatures at which the series approximation 
breaks down, we have 7~r and hence T7<«6/k and the 
interactions become very much simpler because only 
the + $ doublet is occupied. In the principal axes of the 
ion, m,>>m, and to begin with we shall assume 
m,z=m,=0. After averaging over directions of r, the 
interaction between two ions in different lattices 
becomes 


Wi= —pijJ Ke, (15) 


where J, and K, are the moments of the ions along their 
respective principal axes, and 


Mig= — 3 (045-+1—3ns?)/r53. 


This averaging over direction can be done only if all 
the ions in a given lattice have the same magnetic 
moment. If this assumption is made, in which each ion 
has the average magnetic moment of its lattice, the 
approximation is the same as that used in the molecular 
field theory of antiferromagnetism, and the properties 
of the crystal can be calculated in exactly the same way. 

The interaction Hamiltonian becomes 


R= —yw(J.K.t+-J.L.4+JI,M.4K.L.4+K.M.+L.M,), (17) 


where the moment of each lattice is measured along its 
principal axis. If »,;=0 for all but nearest neighbors, 
p= (2V2/3)N (c+), and this formula still holds if the 
exchange interactions are anisotropic. 

The effective field for an ion in lattice J is thus 


HH, =y(K.t+L.+M,). 


(16) 


(18) 
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If the susceptibility of a single ion is x, so that J,=xH.’, 
we get the set of linear equations 


J.=xu(K.+L,4M,), etc., (19) 


which have a solution with the moments not all zero if 
1/xu <3. Since x=#(7/T)(1/N), the critical tempera- 
ture is T7,=1.77(¢+v). This solution has J,=K.,=L, 
= M,, so the crystal has no magnetic moment and the 
state is an antiferromagnetic one. The critical tempera- 
ture is evidently, very sensitive to the amount of 
exchange, v. For T,=7, for instance, we need only to 
have v= — 0.19. 

The critical temperature can also be calculated 
without the assumption that J,=J,=---=0. The full 
dipole-dipole interaction is used to find the effective 
fields for all three components of the magnetic moments, 
and the three components of the single-ion suscepti- 
bility are written J,=AH,’, Jy=AH,’, J,=BH,’. 
There are then twelve linear equations in the twelve 
magnetic moments, and these have nontrivial solutions 
when 3B=1/y, 3A=1/u, and 3A4=(\/7—1)/u, if u is 
positive. The first is the solution that has already been 
found for the case when A=0, and the other two con- 
ditions could never be fulfilled at any temperature 
unless 6 were very much smaller than it actually is. 
Thus the perpendicular part of the susceptibility has no 
effect on the critical temperature. 


5. CRITICAL FIELD 


The critical field will depend in general on the angle 
the applied field makes with the various principal axes. 
The simplest case, and that which usually obtains 
experimentally, is with the field along a cubic axis of 
the crystal. A field along the x axis makes an angle 
cos!(1/v3) with the J and K axes and an angle 
cos!(—1/v3) with the L and M axes. The suscepti- 
bility relations for the four sets of ions can then be 
written : 


x(b+c+d+h)=tanh"a, 
x(a+c+d+h)= tanh, 
«(a+b+d—h)=tanh-"c, 
x(a+b+c—h)=tanh-d, 


where J,= 36a, K,= 3b, L,=38c, M.= 38d, H=3v38yh, 

x=96'u/kT and the relations J,=38 tanh(38H/kT) 

take the place of the expressions linear in xH to allow 

for the possible saturation of the magnetic moment. 
Clearly, a= and c=d, so 


x(a+2c+h)=tanh—a, 


«(c+2a—h)=tanh~c. (21) 


The normal paramagnetic solution of these equations, 
which is possible at all temperatures, has a= —c and 
h=a+(1/x)tanh—a. In the antiferromagnetic state 
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ax —c and we have 


1 3(a+c) 


bis ’ 
x tanha+tanh-"c 





\ (2a+c) tanha— (a+2c) tanh 


tanh a+tanh"c 





’ 


The critical curve” can be found by putting c= —a+e 
in these expressions, and letting e—0. This gives the 
curve along which the normal and antiferromagnetic 
solutions are the same; it is 


1/x=3(1—a?), 


23 
h=a+3(1—a?) tanh. (23) 


With the assumption that where an antiferromagnetic 
solution exists it is stable relative to the normal one, 
this is the critical curve separating the normal and 
antiferromagnetic phases, except for a region above the 
critical curve at low 1/x where there are two possible 
antiferromagnetic solutions as well as the normal one. 
As this temperature does not appear to be reached in 
practice, the relative stability of these solutions has not 
been investigated. 


6. ENTROPY 


In the molecular field approximation the entropy of 
the spin system is the sum of the entropies of the spins 
in the four sublattices, and the entropy of each sub- 
iattice is the entropy of a set of spins in the appropriate 
effective field. 


S/R=\n2—}3[(1+<a) log(1+a)+ (1—a) log(1—a) ] 


—similar terms in b,c, and d. (24) 


Above the critical temperature this expression is just 
In2 in the absence of a field, because this approximation 
takes no account of short-range ordering. It does not 
join on smoothly to the series expansion that gives the 
correct entropy for higher temperatures. 


7. SUSCEPTIBILITY 


Let us suppose that the magnetic moment equations 
have been solved, so that the state is characterized by 
the values of a, b, c, d, h, and x. We now apply a small 
additional field, 6, along a cubic axis and calculate the 
resulting change in magnetic moment. If the effective 
field for a is Ha, then 


a=tanhdH,, 
ba= (1—a*)dH,, 
6H =x (6b+-6c+-6d+6h/V3)+ Hadx /x. 


(25) 


From this and the equations in }, c, and d, we get the 


#C. G. B. Garrett, J. Chem. Phys. 19, 1154 (1951). 


MARY C. M. O’BRIEN 


set of equations: 
aba—bb—dc—dd—aH ,bx/x= (1/v3)6h, 
—$a-+88b—8c—8d—BH bx /x= (1/3) 5h, 
—da—6b+ yic—bd—-yH bx/x=— (1/V3)6h, 
—dba—5b—6c+66d—6H bx/x= — (1/V3)6h, 


(26) 


where a=1/[%(1—a?)], etc. A fourth equation comes 
from the condition that the entropy must remain 
constant: 


H6a+ H.6b+ H.bc+ Hadd=0. (27) 
In the reduced units, the differential susceptibility is 
x’ = 3(6a+65c—5b—8d)/6h, (28) 

and the volume susceptibility is 
xe=x'N/(12y). 


x’ has been calculated for the various cases that have 
been studied experimentally, with the following results: 
If 4=0 or if 6h is perpendicular to h, the fields # and 
65h being applied along different cubic axes, we have 


(29) 


1 1 1 
x/=—+ + +—, 
1+a 1+6 1+y7 1+6 


which reduces to x’=4/(1+a) if h=0. If 5h is along 
the same axis as h, we have x’=0 in the normal state 
and 





(30) 


; 2(aH.+7yH.)(HatH.-) (31) 
. eey(He-+H2)+2(a-+y)HeH.— (ae-+yH2) 


a=b, 





c=d, 


in the antiferromagnetic state. 

Although the +3 doublet is not appreciably occupied, 
it is near enough to the lower doublet to produce a 
temperature-independent term in the susceptibility. 
For a single ion we have 


m,= 38 tanh(36H,/kT), m.=668°H,/6. (32) 


This expression for m, holds if kT&é6 and BH.<é. 
Since kT.-~6/10 and at H,=500 gauss BH,c~6/10, we 
shall assume that these conditions are satisfied. 

If we also assume that m.<m, so that the effective 
field for any ion depends only on the m, of its neighbors, 
the magnetic moment equations for a, 6, c, and d can 
be solved as before without reference to m,. The 
susceptibility is then the sum of the quantity already 
calculated and a part due to the m,. When the applied 
field is changed, the change in the effective field is the 
sum of the change in the applied field and the change 
in the internal field; the change in the applied field just 
gives the constant part of the susceptibility, while the 
change in the internal field gives a small term that is 
proportional to x’. The total susceptibility, in the same 
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units as x’, is 
xr’ =x’ (1+68'u/5)+486u/6. 
In our case, choosing v so that T,=r, this is 
xr’ =x’ (1.03)+0.2. (34) 


In plotting the susceptibilities, the small term propor- 
tional to x’ has been ignored, and a constant amount 
0.2 has been added. 

The foregoing calculations of the adiabatic suscepti- 
bilities were based on the assumption that the only 
important contributions to the entropy were those 
calculated on the local field approximation. This is a 
reasonable assumption where the effective fields are 
large, as in the antiferromagnetic region and in large 
applied fields, but not in the small effective fields of the 
transition region and the normal state with small 
applied fields. 

We have shown that in the absence of an applied 
field the entropy above the critical temperature can be 
expanded in powers of 1/7, and the leading term of 
this expansion, — A/T7?, has been calculated. Where this 
expression is valid, this term will add onto the magnetic 
entropy already calculated. The effect of such a term 
has been shown in Fig. 1 on a revised plot of lines of 
constant entropy on a magnetic field-temperature 
diagram. Over the transition region the lines have been 


(33) 


sketched in to join smoothly with the lines of constant 
entropy in the antiferromagnetic region. 

The above assumption, S=Sy(M)—A/T?, where 
M, the magnetic moment, is a function of H and T, 
can now be used to find the adiabatic susceptibility. 
Using the thermodynamic formulas for the ratio and 
difference of the specific heats, we find 


(35) 


where xr and xg are the isothermal and adiabatic 
susceptibilities, cy is the specific heat at constant field, 
and cy’ is that part of it that does not depend on A. 
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Fic. 1. The critical curve and lines of constant entropy 
plotted on a reduced temperature-field diagram. 
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Fic. 2. Susceptibilities as functions of transverse fields for 
various entropies, plotted with »= —0.19. 


Thus 
xs=x1r(2A/T?)/(ca’+2A/T?). (36) 


Now cy’=TxrHer?. Thus cy’=0 when H=0 in the 
normal state, and therefore xs=xr. The quantity xs 
approaches zero only when cy’>>2A/T. 

Perpendicular to the applied field the adiabatic 
susceptibility is still the same as the isothermal suscepti- 
bility because the H.¢¢ to be used in the formula for 
cu’ is the effective field in the direction of the measuring 
field, which is zero. 

Thus the addition of an extra term in the entropy 
leaves Eq. (30) unchanged, and we shall assume (31) 
to be unchanged because He; is large in the antiferro- 
magnetic region. For the parallel susceptibility above 
T, we must use (36) and not just x’=0. 

For two values of the entropy near log 2, we used the 
revised formulas to plot in Figs. 2 and 3 the parallel 
and perpendicular susceptibilities against the field. For 
the lower values of the entropy, we should expect the 
extra term in the entropy to produce only a slight 
rounding of the sharp corners in the susceptibility 
curves. 


8. ISING MODEL 


This calculation of the phase diagram and the 
magnetic properties in the critical region was made 
possible by the assumption that each ion has no 
interactions with the other ions in the same sublattice. 
This followed from the expansion of the partition 
function in powers of r/T above the critical tempera- 
ture. The coefficient of r/T depends only on the inter- 
actions between different sublattices, and the coeffi- 
cients of higher powers of 7/T will be increasingly 
dominated by interactions between nearest neighbors 
because of the factor 1/r;4" in w,;". Even in the term 
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Fic. 3. Susceptibilities as functions of longitudinal fields for 
various entropies, plotted with »= —0.19. 


in (7/7)? in the expansion for the entropy the nearest- 
neighbor interactions account for about 80% of the 
effect. 

At very low temperatures, as pointed out by Ambler 
and Hudson,® the ordered state will be that in which 
the ions are completely polarized, and all the ions in a 
given sublattice have the same moment. The first 
excited states will be those in which a few isolated spins 
are reversed, and in the calculation of the energies of 
such states the interaction with the surrounding ions 
can be averaged over direction and the effect of other 
ions in the same sublattice again disappears. Thus the 
assumption of no interactions within a sublattice is 
justified above and below the critical temperature, and 
is at least a convenient means of interpolation. 

With the assumption that the importance of the 
interactions falls off more rapidly than magnetic inter- 
actions ordinarily do, our model becomes identical with 
the classical Ising model of a ferromagnet. The Ising 
model assumes that at each point on the lattice there 
is a spin that can be in one of two states, “up” or 
“down,” and that the energy of interaction between a 
neighboring pair of spins is —« if they are in the same 
direction and + if they are in opposite directions, so 
that all the states in which each spin is either up or 
down are eigenstates of the Hamiltonian. This situation 
exists in our case because there are no matrix elements 
of the spin between the states +3, and the +} states 
are unoccupied. 

A number of studies have been made of the face- 
centered cubic Ising ferromagnet, and expansions of 
the partition function have been developed for low 
and high temperatures. The low-temperature expansion 
in ascending powers of exp(—«/kT), has been given by 
Trefitz® to its twelfth term, but it is not sufficiently 


 E, Trefitz, Z. Physik 127, 373 (1950). 


convergent to be useful in calculating the entropy at 
the temperature reached by experiment. The high 
temperature expansion, in powers of u/kT, has been 
calculated to six terms by Trefftz, who used both 
series to plot the reciprocal of the specific heat as a 
function of temperature. The high- and low-temperature 
plots extrapolated to zero at the same critical tempera- 
ture, kT,=8.64u. Another method of approximation 
starting from the low-temperature end was used by 
Domb and Sykes who found k7,=9.66u, and esti- 
mated the entropy at the critical temperature to be 
In2—0.136. Our approximation gives kT,= 12u. 

Another method for finding the critical temperature 
was developed by Brown and Luttinger.!® They ex- 
panded the susceptibility above the critical tempera- 
ture in powers of u/kT and found the temperature at 
which 1/x was zero for each successive term added, and 
the sequence of roots was found to converge quite fast. 
This method cannot be applied directly to an anti- 
ferromagnet because the susceptibility does not become 
infinite at the critical point. However, the susceptibility 
of each sublattice does become infinite, and this sus- 
ceptibility is the same as the susceptibility in an applied 
field that acts at each lattice point along the principal 
axis of that particular lattice. This is the same thing as 
saying that in our similar Ising ferromagnet the di- 
rections labeled “up” and “down” are the same for all 
lattice points. Now, using the method of Brown and 
Luttinger,’ we find the first three roots of 1/x to be 
given by kT/u=12, 10.9 and 10.5, which suggests a 
kT./u in the neighborhood of 10. 
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Fic. 4. Susceptibility as a functitn of entropy. Theoretical 
curves are shown for two values of the exchange interaction. The 
experimental curve is taken from the work of Beun ef al.$ 


® “C. Domb and M. F. Sykes, Proc. Roy. Soc. (London) A235, 
247 (1956). 
16H. A, Brown and J. M. Luttinger, Phys. Rev. 100, 685 (1955). 





ANTIFERROMAGNETIC STATE IN CHROME 


The expansion for the actual susceptibility begins as 
follows: 


o ¢ u u\*? 46/43 
chee G)e} 
15 T kT kT 3 \RT 
and with kT=10 this is 0.37 7/7. Our approximation 
gives x=0.45 +/T. Thus the results from the inner 
‘field method appear to differ from those of the Ising 


approximations by about 20% in the critical tempera- 
ture and the susceptibility at that point. 


9. CONCLUSIONS 


For comparison with the experimental results, the 
foregoing formulas have been used in Fig. 4 to plot 
graphs of the susceptibility in zero field against the 
entropy, and in Figs. 2 and 3 the susceptibilities at 
constant entropy against the field. The series expansion 
of the susceptibility above the critical temperature has 
been made to join smoothly onto the susceptibility cal- 
culated on the internal field model by replacing 


a)“ Ge) 


(38) 


(39) 


1/6 r 6(6/kT) 72 
aa aes 
T \eT T f(3/kT) 


since these expressions are equivalent to the first power 
of r/T in the expansion. The entropy does not join 
smoothly because the expansion to the second power of 
7/T is not equivalent to the internal field model. Two 
curves are shown, one for »=0 and one for »= —0.19. 
The experimental curve below the critical pcint lies 
between the two, at v= —0.13. 

There is a discrepancy between the observed and 
various predicted values of the entropy at the critical 
point. Between T=0.1° and T, the whole susceptibility 
curve appears to be shifted towards much lower 
entropies than are predicted by the use of the high- 
temperature expansion. This shift could be caused by 
large exchange interactions of the right sign to add to 
the magnetic dipole interactions, and this could also 
account for the high-temperature specific heat tail 
being larger than can be accounted for by the magnetic 
interactions, but associated with this we should expect 
to find a much higher critical temperature, whereas the 
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observed one is, if anything, slightly lower than would 
be expected from the magnetic interactions alone. The 
low-temperature expansion of Domb and Sykes," 
however, predicts an entropy of In2—0.136 at the 
critical temperature that is almost as low as the ob- 
served one. 

The observed critical temperature lies in the region 
of 0.015°K—0.02°K,*:® the various Ising approxi- 
mations without exchange give T, from 0.017°K to 
0.02°K, and the inner field model gives 7,=0.024 
+0.032x. Thus the agreement between theory and 
experiment is best if the exchange interactions are small 
compared with the magnetic dipole interactions, and 
this agrees with the conclusions drawn by Baker and 
Bleaney'® from experiments on nearest-neighbor inter- 
actions in diluted chromium methylamine alum. 

Beun ef al.® made susceptibility measurements with 
the constant magnetic field making various angles with 
the cubic axes. At high magnetic fields and low tem- 
peratures they found a more complicated variation of 
X. with angle than the cos*@ dependence that would 
follow from a linear relationship between the magnetic 
moment and the field. x, was found to be a minimum 
when the field was along a cubic axis and a maximum 
when the field was along a face diagonal. These charac- 
teristics were duplicated by a calculation of x, in the 
normal region, with the temperature and field chosen 
so that the magnetic moments of the sublattices were 
partially saturated. It was found that the shape of the 
curve depends very little on whether the interactions 
between the ions are included or not, it is primarily an 
effect of the saturation and orientation of the ions in 
the crystal. 

We have assumed throughout that the whole crystal 
belongs to one domain, and this is probably one reason 
why only the broad outline of the behavior of the 
susceptibility is predicted correctly. In particular, as 
pointed out by Beun eé¢ al.,° the small remanent moment 
near the critical temperature can probably be ascribed 
to the magnetization in the domain walls. 
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Energy gain for electrons in many-valley semiconductors for any orientation of electric field is determined. 
The anisotropy of the hot electron problem is characterized for conditions appropriate at low temperatures 
where noncollective behavior of the spheroidal surfaces prevails; it is expected that germanium and silicon 
will not generally exhibit pronounced anisotropy. Electrons ought to accelerate most readily in the [110] 
and [211] directions of the former element and in the [100] and [110] of the latter. Anisotropy of the . 
collision time in germanium is shown not to affect the optimal energy gain directions in the limit of K’+ 
(K'=ratio of longitudinal to transverse collision frequencies), but K’—0 might produce a shift. The possible 
observation of the individual drift of injected electron pulses in the Haynes-Shockley experiment is discussed. 





INTRODUCTION 


RIOR to the elucidation of the many-valley nature 
of the band structure in germanium and silicon, 
Sclar et al.! estimated a theoretical value of the break- 
down field for germanium based upon the hot-electron 
theory.” More recently, Shibuya*® attempted a re-evalu- 
ation of the problem in the light of the established 
ellipsoidal energy surfaces,‘ finding an anisotropy for 
the field at which departure from Ohm’s law occurred. 
This paper describes a different approach, designed 
to characterize the anisotropy, which assumes that the 
individual minima of the energy surfaces contribute 
independently to the net current. Thus the investigation 
has validity in the domain where intervalley scattering 
is small compared to intravalley scattering; the treat- 
ment applies at low temperatures. Shibuya’s analysis, 
on the other hand, applies to the high-temperature 
situation in which the collective behavior of the 
multiple spheroidal energy surfaces prevails due to 
strong intervalley scattering. Indeed the implications 
of the noncollective behavior, upon which the present 
work is founded, will be discussed in terms of the 
Haynes-Shockley drift experiment. 

The study is first pursued without specific regard for 
the scattering influence on the directional energy gain 
in silicon and germanium. Then the effect of anisotropic 
scattering is examined for germanium, using the formu- 
lation of a collision tensor with identical form as the 
mass tensor. 


ELEMENTARY CONSIDERATIONS FOR 
GERMANIUM AND SILICON 


The directional energy gain in these semiconductors 
obtains from the simple relation 


(d/dt)(m-v)=gE, (1) 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology. 

1 Sclar, Burstein, and Davisson, Phys. Rev. 7 858(A) (1953). 

sW. Shockley, Bell System Tech. J. 30, 990 (1951). 

3M. Shibuya, Phys. Rev. 99, 1189 (1955 ¥ 

‘ Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 


which overtly neglects damping due to collisions, but, 
as will be shown subsequently, gives the identical 
findings as for isotropic scattering. While the mass 
tensor m has the diagonal form 


my, 0 0 
0 Me 0 
0 0 M3 


in the ellipsoidal reference frame, in general the compo- 
nent equations of motion derived from (1) entail the 
nondiagonal mass tensor: 
M 02+ M2)y+130,= gEz, 
M 202+ M22) +M23),= Ey, (2) 
m302+ Mo30y+- M3302 = gE.. 
Separation of the velocity components proceeds quite 
easily and typically for #, the relation is 


lL my 
v,= (qE/A) l, M22 
\lz Ma 


m3 
M23 > (3) 


M33| 


with similar expressions holding for +, and 0,. Here /; 
are the direction cosines for E and A is the determinant 
of the mass tensor. 

The energy relation 


3 
Win= 3 +s MiVN;, j= 1, 2, 3, 
i=] 


follows from 


t dx t @&x dx 
(pit, 
o dt 0 df dt 


d*y dx 
+f ont =r 


‘ @sda 
+f m\3-—— —dt. 

0 df dt 
Similar expressions hold for W, and W,, with Wxin 


=W.+W,+W,. Thus the kinetic energy gained is 
Wrin=3CEC/m*, (5) 
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ANISOTROPY OF HOT-ELECTRON PROBLEMS 


where the expression for the effective accelerative mass 
m* remains to be determined. 


A. m* for Germanium (111 Ellipsoids) 


In the reference frame defined by the cubic axes of 
the crystal, the mass tensor takes the form’ 


Meubic= $M2l| xl, (6) 

where 
11> 422=033=K+2, K=m,/ma, 
dy2=S3(K— ib), a43= So(K— 1), de3= $1 (K— 1). 
The S; take on the characteristic values of +1 according 
to the particular energy surface involved.® 

Then, making use of Eq. (3), the velocity relations 
can be explicitly evaluated. Thus for the x component 
there obtains 


(6a) 


gEt 
[(2K+1)h—(K—-1)(Sslo+Sels)] (7) 


me 


V2= 


with v, and v, derived from this by cyclic permutations 
of the indices.6 These results contain the condition 
v=0 at =0 which supposes that thermal energies are 
small enough to be neglected compared to the energy 
gain from the field. The calculation holds for low 
temperatures as pointed out earlier, since intervalley 
scattering is to be ignored, so the above restriction 
presents no additional limitation. 
Next the energy calculation leads to the finding 


27K? 
m* =————m», (8) 
F(K,I,) 


where the angularly dependent term included is 


F(K,l;)=9K[(2K+1)—2(K—1) (Sills 
+SoliWlst+Sshile)] (9) 


as required (8) properly reduces to the isotropic result 
for K=1. 


B. m* for Silicon (100 Ellipsoids) 


The three sets of spheroidal energy surfaces have the 
following form of the mass tensor in the cubic reference 
frame: 

ay 0 0 
Meubic= M2 0 a2 0 > 
0 0 as} 


where two of the a; are unity and the third has the 
value K, the array assuming three different complexions. 
The equivalent relation to (7) hence turns out to be 


Sia v1= (gEt/m2K)a2ash, (11) 


5 L. Gold and L. M. Roth, Phys. Rev. 103, 61 (1956). 

® Note the equivalence of 2,23 and %:z,y,2; the subscripts are 
chosen consistent with clarity, permuting of indices being aided 
by the numerical subscript. 


(10) 
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TABLE I. Expressions F(K) for the effective accelerative 
masses m*/m2 in some principal directions of a cubic crystal 
having 4-sets of spheroidal energy surfaces along the [111]. 
Numerical values of m*/m: for germanium based on K = 20. 








F(K) 


h ls Is Si S: Ss: F(K) K =20 





0 0 (all values) 3K/(2K +1) 
1/2 0 +1 +1 +41 3K/(K+2) 
1 


1/V3 1/3 


i 46 
1//2 73 
1/3 


1 
2 
1 
0 
1 
1 
1 
6 
1 
1 
1 


2/V6 1/6 1/76 


1 
1 
1 
1 
1 
1 
1 
1 
1 








where again the other velocity components obtain by 
cyclically permutting indices. The effective accelerative 
mass for silicon is found to be 


m* = Kme(d2a3l?+ aya3l2?+ aya"). (12) 


DIRECTIONAL ACCELERATIVE MASSES IN 
GERMANIUM AND SILICON 


Numerical computations have been performed for 
several high symmetry directions and detailed plots are 
offered for E rotation in the cardinal planes (100) and 
(110). 


A. Findings for Germanium, K =20 


A summary of the m*/mz values for the four-sets of 
ellipsoidal energy surfaces appears in Table I. With E 
oriented along the [100] directions (Ejoo), all surfaces 
manifest the identical m*/m.,; but the degeneracy is 
lifted for other directions of E as, for example, E21; 
displays three different m*/m:. The minimum effective 
accelerative mass occurs when E lies along the [110] 
and [ 211 | directions which correspond to the transverse 
mass components of the energy surfaces. These direc- 
tions represent the optimal orientation of the electric 
field for maximum energy gain. 

Depicted in Fig. 1(a) are the effective masses for E 
rotated in the (110) plane. Here /,;=/,=(1/v2) sind, 
l;=cos0, 0 being the angle between E and an [001] 
direction. The graphs derive from 


m* K-1 


3K oa 
—= (1+ sn) : 
m, 2K+1 2K+1 


3K K-1 
Mo, *-——|1-2(—— aa sin’? 
2K+1 2K+1 


(13a) 





—1 
+2 snd cos) . (13b) 


The circumstance E aligned in a (100) plane is 
graphed in Fig. 1(b), where /;=cos@, /.=sin@, 1;=0, 
6 now being the angle between E and a cube axis. 
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Fic. 1. Effective accelerative masses in germanium for isotropic 
or nonscattering case. Envelope of lowest values identifies par- 
ticular ellipsoidal energy surface most favorably oriented for 
maximum energy gain. (a) E located in a (110) plane where Eq. 
(13) holds. Note minimal mass values for 112 and 110 directions. 
(b) E in a (100) plane where now Eq. (14) applies. Minimal 
mass at 110 position. 


The curves originate from 


c~1 


my, s* 3K 
sin’ | 
2K+1 


ay 
m, 2K+i1 





(14) 


The envelope of the lowest points in Fig. 1 coincides 
with that ellipsoid surface most favorably oriented for 
maximal energy gain. 


B. Findings for Silicon, K=5.1 


As Table II shows, E along [100] direction experi- 
ences two values of m*/me, one of which is the minimum 
mass associated with the peak directional energy gain 
for electrons in silicon. Rotation of E in a (110) plane 
is characterized in Fig. 2(a) which depicts 


2K [ 2K “1 
sin?@+ cos] , 
K+1L K+1 (15) 


m3*/m2= K (cos*@+K sin’). 





= 
m,2° = 


For the (100) plane case, the corresponding results are 
m,*/m2= K(cos’*@+K sin), 
m2*/m2= K (sin*@+ K cos’@)-, 


m;*/m2=1, 


(16) 


which equations are plotted in Fig. 2(b). 


EFFECT OF ANISOTROPIC SCATTERING ON 
DIRECTIONAL ENERGY GAIN 


It is of interest to examine how the foregoing simple 
picture must be modified by the introduction of aniso- 
tropic intravalley scattering expressed by the tensor 


v1 O O 
v= }0 Vt 0 ’ 
0 0 Vt 


whose components v; and », are the longitudinal and 
transverse collision frequencies in the ellipsoidal refer- 
ence frame. Thus in place of Eq. (1), the equation of 
motion becomes 


d 
—(m-v)=qE—v-(m-y). (17) 
dt 


The general component form stemming.from (17) may 
be expressed as follows: 
M02 Mb y+ M1302 Midst Miedy + M1302 = qgE., 
m202+ MoV y+-Mo302+ MoV2t Moy t+ M232 = gEy, 
My302+-Mo3by+ M330 + pss t M320) t+h3302= GE. 


(18) 


TABLE II. Expressions F(K) for the effective accelerative 
masses m*/m2 in some principal directions of a cubic crystal 
having 3-sets of spheroidal energy surfaces along the [100]. 
Numerical values of m*/mz for silicon based on K=5.1. 








F(K) 





1 
sandal tale 
3K/(2K+1) 


3K/(K+2) 
6K/(5K+1) 











ANISOTROPY OF HOT-ELECTRON PROBLEMS 


It can be shown that for germanium the yj, are given 
by the tensor 


KK'+2 S3(KK’—1) S.(KK’—1) 
Vcubic= 3Mart S3(KK’—1) KK'+2 S,(KK’—1) ’ 
S2(KK'—1) S\(KK’'—1) KK'+2 
(19) 
K'=vi/", 


when the reference frame is defined by the crystal axes. 
The steady state or terminal velocity components then 
become 


E, ww wa: wun Ey 
Vz, 0= (g/d) Ey per peel, y0= (g/A)| m2 


2 M2 Mis ~E, 


M13 

E, M23}> 
M33 

(20) 
Mi2 
M22 
M23 


U2,0= (q/A) Mi2 
M13 


A=dety, 








or explicitly after some manipulation 


gE 


3m; 


1 
-——{h(2KK'+1) 


+12S3(1—-KK’) +1sS2(1-KK’)}, (21) 


with v,,, and »;,,, derived from this by cyclic permu- 
tation of the indices. Comparison with Eq. (7) for the 
undamped velocity reveals that the steady-state ve- 
locity is virtually the same with K’ appearing as a 
multiplicative factor. Hence relations (8) and (9) need 
only slight modification to apply for anisotropic scat- 
tering ; indeed, K’=1 reduces to the nonscattering case. 
Thus 

m* =[27K?K"?/F(K,K’ l;) |me, (22) 
where 


F(K,K’ J;) =9KK'[ (2KK’+1) 


+2(1—KK’)(Sslily+Selshit+Sibels)]. (23) 


In the limit of K’—>~, the effective masses for E 
confined to some direction in a (110) plane are given by 


m,*/m2= $(1+-3 sin)", 


mo, 3*/m2= 3[1— (4 sin’?@+V?2 sind cos) }"', (2) 
the behavior of which is graphed in Fig. 3(a). It is 
observed that the [112] and [110] minima still prevail 
and comparison with Fig. 1(a) (now recognized as 
representative of K’=1) shows that the anisotropy of 
the effective accelerative mass associated with the 
envelope of the lower most curves is not appreciably 
accentuated. Figure 3(b) indicates how K’=1/12 (a 
supposed reasonable value of the relative scattering 
times’) alters the situation. 

Passage to the other extreme K-—0 is no longer 
necessarily featured by the [110] and [112] directions 


7F. S. Ham, Phys. Rev. 100, 1656(A) (1955). 
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Fic. 2. Effective accelerative masses in silicon for isotropic or 
nonscattering case. (a) E positioned in a (110) plane where Eq. 
(15) applies. Envelope of lowest values identifies most favorably 
oriented energy surface for energy gain with the 100 and 110 
positions being optimal. (b) E in (100) plane with graphs obtained 
from Eq. (16). 
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being those of minimal effective mass; K’<1/20 
produces a shift in the minimal directions. 


APPLICATION OF THE EFFECTIVE ACCELERATIVE 
MASS FINDINGS TO THE HAYNES-SHOCKLEY 
DRIFT EXPERIMENT 


The fact that several effective masses may mani- 
fest themselves when an electric field is applied to 
germanium or silicon single crystals has interesting 
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Fic. 3. Influence of anisotropic scattering on effective acceler- 
ative masses in germanium. Plots for E in a (110) plane. (a) 
Limiting case of K’+>. (b) K’=1/12. 


implications for the Haynes-Shockley® type of drift 
experiment. At sufficiently low temperatures, where 
intervalley scattering does not mask the individual 


8 J. R. Haynes and W. Shockley, Phys. Rev. 75, 691 (1949). 


behavior of carriers belonging to each spheroidal energy 
surface, a maximum of four or three pulses should exist 
in germanium or silicon, respectively, when electrons 
are injected. 

Herring has given a rather detailed general discussion 
of inter- and intra-valley scattering. The latter scat- 
tering time 7; falls off as 7-' whereas the former 
scattering time 7,; exhibits a 7~! dependence. The 
relative contributions to the total scattering time r is 
depicted in Fig. 3 of Herring’s paper. Some quantitative 
idea of the relative scattering times may be gleaned 
from the fact that cyclotron resonance‘ (c.r.) for the 
individual ellipsoids can be observed at frequencies as 
high as the order of 10° Mc/sec, from which the 
inference 

THK Ti Ter. S 10-° sec 
is suggested. 

Clearly the selection of the [111] direction in 
germanium would enhance the likelihood of detecting 
the phenomenon; according to Table I, a 20/1 ratio 
for the effective masses ought to insure reasonable 
separation of the pulse arrival times. Furthermore, 
the faster electrons intrinsically exhibit a pulse ampli- 
tude three times that for the slower ones. 

The [100] direction in silicon, although optimal in 
this case, would not quite display the enhancement 
expected in germanium as Table II suggests. Here the 
ratio of the masses is about 5/1 and the speedier 
electrons have an intrinsic pulse amplitude only twice 
that of the slower ones. 

The possibilities of this type of investigation for 
securing information about scattering processes and 
band structure in solids are more or less self-evident. 
The literature in fact discloses that Harrick® undertook 
research of this nature, but unfortunately chose holes 
in germanium, looking for the separate pulses at room 
temperature in unoriented specimens. An analysis has 
been made by Rittner" to explain the negative result 
for holes in germanium on the basis of the relative 
strengths of inter- and intra-band scattering, neglecting 
anisotropy effects. The advantages of working with 
oriented samples in which electrons instead of holes are 
injected are such as to encourage a further search in the 
domain T—0. 
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The hyperfine separation Av(2S;D) of the metastable 2 25; state of the deuterium atom has been measured 
by an atomic-beam magnetic-resonance method that has been described previously. We found that Av(2S;D) 
= 40 924.439+0.020 kc/sec. From this result and the ground-state separation Av(1S;D) we obtain R(D) 
= Av(2S5;D)/Av(1S;D) =} (1.000 034 240.000 000 6). Comparison of this value with the corresponding 
quantity for hydrogen, R(H) =4(1.000 034 60.000 000 3), confirms within experimental error the theo- 


retical prediction that R(D)=R(H). 


INTRODUCTION 


ECENTLY the hyperfine separation Av(2S;H) of 

the 2S state of the hydrogen atom has been deter- 

mined.! The investigation resulted in the discovery of 

a small discrepancy AR, which has not yet been fully 

explained, between the experimental and theoretical 
values of the ratio R(H)=Av(2S ;H)/Av(1S;H). 

For reasons discussed in Sec. 18 of HRK, contribu- 
tions to R from nuclear-structure effects are expected 
to be of the order of a part in 10. Such an effect is too 
small to be observed with present techniques. A con- 
sideration of nuclear-structure effects alone leads to 


R(D)=R(H). (1) 


An experimental measurement of Av(2S;D) serves two 
purposes, to test the prediction that R(D)=R(H) and 
to provide an additional determination of AR. 

The relation R(D)=R(H) implies that the hfs 
anomaly between hydrogen and deuterium in the 1S 
state’ is equal to that in the 2S state. However, the 
latest theoretical discussion* of the anomaly does not 
fully account for the observed effect; therefore it ap- 
peared worthwhile to test the prediction R(D)=R(H). 
A determination of Av(2S;D) by the method of HRK 
is described in the present article; all other quantities 
entering into (1) are known. 

A theoretical value of R derived from the relativistic 
treatment of hfs of Breit‘ is given in HRK, 


Rtheor= $L1+$0?+0 (a‘) J. (2) 
Deviations of order a* from Rtneor presumably arise from 


quantum-electrodynamic effects, which are being 
evaluated.® 
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HYPERFINE STRUCTURE 


The deuterium atom has nearly the same fine 
structure as the hydrogen atom. The Lamb shift is 
1059 Mc/sec for D and 1058 Mc/sec for H. The hyper- 
fine separation Av(2S;D) is however only about 0.23 
that of hydrogen. Therefore the fractional precision of 
the final result for Av(2S;D) is less than that for 
Av(2S;H), because the magnetic-field dependence of 
the line most favorable for observation is increased 
markedly, and because the line width cannot readily be 
reduced in the ratio Av(D)/Av(H). 

In zero magnetic field there are two quantum states, 
F=$ and F=}. Ina magnetic field each level splits into 
2F+1 sublevels, whose energies are given by the 
Breit-Rabi formula® and are plotted in Fig. 1. These 
states are denoted by the indices 1---6. The symbols 
a and @ correspond to the notation of Lamb and 
Retherford’ for my=+} and my;=—} states, respec- 


‘ tively. For low magnetic field (H<AW/yo), we expand 


the Breit-Rabi formula to obtain expressions for the 
resonant frequencies of interest : 


v= Av+ AH+ BH’, 
vos= Av+ BH?—CH, 
v3e= Av+ BH?+CH, 
v33= Av— AH+ BH’, 


where B=85.26 (kc/sec) gauss~*, A=934 (kc/sec) 
gauss, and C=0.654 (kc/sec) gauss“. The approxi- 
mate value 40 924 kc/sec was used for Av(2S;D) in 
computing B. Terms in H*® and H‘ are negligible. 

All allowed transitions from any a to any £ state are 
observable by the present method. The best deter- 
mination of Av(2S;D) may be made from a measure- 
ment of the frequency of the center of the closely spaced 
doublet (2,5) (3,6), together with one of the frequency 
of a line with linear field dependence, here chosen to be 
(3,5). Any other field-dependent line would serve 
equally well for the determination of the field. The 
doublet, however, has the unique property that its 
central frequency has no term linearly dependent on 
field. 


(3) 


6G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
7™W. E. Lamb and R, C, Retherford, Phys. Rev. 79, 549 (1950). 
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Fic. 1. Zeeman splitting of the hyperfine structure of the 2S 
state of deuterium. The dashed lines show the energy levels when 
hfs is ignored. 


The doublet splitting of 2g7u0H/h is approximately 
200 cps at the field used in this experiment. Such a 
doublet is unresolved even at the highest resolutions 
attained in atomic-beam spectroscopy. Actually the 
mean frequency vz=%(vo5+v3) of the two lines is 
determined here. 

A possible uncertainty in the result is introduced 
because the matrix elements of the rf perturbation 
between the two pairs of states have the ratio (1+<)/ 
(1—x), where x= (gy—gr)uoH/hAv. Hence the transi- 
tion probabilities are unequal and have the same ratio 
at low rf amplitudes. The parameter x has a value of 1 
when H=14.6 gauss. In this experiment the effect of 
the differential probability is very small since x«=0.012. 


METHOD AND APPARATUS 


Both the method and the apparatus used in the 
present experiment were the same as those described 
previously (HRK). The frequency at which transitions 
occur in D is less by a factor of 4.3 than that at which 
they occur in H. Even though the hyperfine separation 
in D differs from that in H, the components of the 8 
level of the 2S, state cross the components of the e 
level of the 2P; state at almost the same magnetic field 
in D as in H. The decay length of atoms in the 8 states 
is very short for a considerable range of fields about 
575 gauss. Consequently it was not necessary to change 
the fields in the polarizing and analyzing magnets. 


The fractional quenching } has been defined in Sec. 14 
of HRK in terms of observable quantities. It is propor- 
tional and nearly equal to the ratio of the number of 
metastable atoms quenched by the rf to the number of 
metastable atoms in the beam. 


rf AND dc FIELDS 


The Collins 32V-3 transmitter,’ operated in the 
vicinity of 20.46 Mc/sec and followed by a frequency 
doubler, was used to generate rf power for inducing 
transitions. 

The two lines adjacent to the doublet under observa- 
tion are separated from it by about 160 kc/sec, and the 
line (1,6) is separated from the doublet by about 320 
kc/sec at the magnetic field used in these experiments. 
Therefore the rf signal had to be free from side bands, 
since such components of the rf signal might have 
induced transitions in lines other than the one under 
investigation and thus have led to a distortion or shift 
of the line. No side bands were observed within the 
frequency range of the whole spectrum AF=—1, 
Amr=0, +1. U 

The choice of field in the transition region is deter- 
mined by two requirements. The magnetostatic field 
must be so low that the term BH? in Eq. (3) can be 
determined accurately, even in the face of inevitable 
inhomogeneity in the field. On the other hand, the field 
must be sufficiently high so that overlap of the adjacent 
lines (2,6) and (3,5) does not distort the shape of the 
doublet under observation. Evidently these two require- 
ments are not consistent, and a compromise must be 
made. 

It is desirable to arrange the magnetostatic field in 
the rf quenchers so that it forms an angle of about 60° 
with the direction of the rf magnetic field which induces 
transitions. The o lines (2,6) and (3,5) may then be 
observed together with the doublet (2,5) (3,6) with 
no change in the externally imposed parameters except 
in the frequency and amplitude of the rf field. 

In actual fact the constant field in the rf quenchers 
was almost the same as that used by HRK, where the 
relative direction of the rf and static fields was found to 
be satisfactory and the static field was reasonably 
homogeneous. A comparison of Eq. (3) with Eq. (4) 
of HRK indicates that the quadratic term in D is 
fractionally about 17 times as great as the corresponding 
quantity in H. Therefore, to obtain the same fractional 
precision in Avy(D) as in Av(H), the magnetic fields 
must be determined with a precision 17 times as great. 
For example, an error of 0.001 gauss in the deterrhina- 
tion of the field of 0.170 gauss causes an absolute error 
of 29 cps in Av(D), or fractionally, 0.75 ppm; the same 
error in the field gives a fractional error of only about 
(0.05 ppm in Av(H). Nevertheless it was not believed to 
be worthwhile to reduce the field because of the danger 
of developing an overlap error. 


8 Manufactured by Collins Radio Company, Cedar Rapids, 
Towa. 
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LINE SHAPE AND INTENSITY 
Line Width 


Since the mass of the deuterium atom is twice that 
of the hydrogen atom, the deuterium atoms should 
have an average velocity 0.707 that of hydrogen atoms 
produced in a source at the same temperature. The 
width of the resonance line for D might therefore be 
expected to be 0.707 that for H. Since the metastable 
atoms recoil in the exciter, a unidirectional beam enter- 
ing the exciter leaves it with some distribution in recoil 
angle about some mean angle which depends on the 
velocity distribution in the incident beam. The mean 
recoil angle is smaller than in H, and the range of 
velocities corresponding to a given range of recoil 
angles is greater than in H, because of the increased 
mass of deuterium. In the adjustment of the apparatus 
the beam of normal atoms is directed into the exciter 
in such a way that the ratio of the flux of metastable 
atoms incident at the detector to the background 
signal is a maximum. The range of recoil angles is 
determined by the aperture in the second rf quencher. 
Hence the velocity distribution under observation is 
broader in D than in H. The width of the resonance line 
as extrapolated from measurements on H will therefore 
be increased. It is not possible to make an exact calcula- 
tion of this increase, especially since the apparatus is 
subject to empirical adjustments which have an effect 
on the line width. Typical observations on H were taken 
with a line width of 5.5 kc/sec. The line width observed 
for D, 4.8 kc/sec, is greater than the width of 3.9 kc/sec 
extrapolated from H. The discrepancy is considered to 
be reasonable. 

It will be noted that the rf resonances shown in Fig. 2 
have very nearly the same half-widths even though they 
are observed at rf amplitudes which differ by a factor of 
three. As the rf amplitude is reduced below the value at 
which the rf quenching is a maximum, a decrease in the 
half-width is to be expected since the transition proba- 
bility is then greater for atoms of low velocity. Ramsey® 
gives an example of such a reduction. In the present 
case, where the distribution in velocity is narrower than 
a Maxwellian distribution and where the total range in 
rf amplitude includes both those greater and less than 
the optimum amplitude, no large change in widths is 
to be expected. Without a detailed knowledge of the 
velocity distribution it is not possible to make a precise 
calculation of line width as a function of rf amplitude. 


Line Intensity 


The rf quenching depends on both the rf amplitude 
‘and the frequency. We define the peak quenching as the 
maximum quenching at the center of a resonance line 
as the rf amplitude is varied. 

If the states 1, 2, and 3 have equal populations, and 
if all a atoms have the’ same velocity, a peak quenching 


9N. F. Ramsey, Phys. Rev. 78, 695 (1950). 
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of 66% is predicted. On the other hand, if the velocity 
distribution were Maxwellian, the peak quenching 
would be about 50%. The observed peak quenching is 
45% (see Fig. 2). 

Several effects may cause an observed peak quenching 
less than the predicted value. The peak quenching is 
sensitive to the rf amplitude, and an adjustment of the 
amplitude to a value which deviates on either side from 
its optimum value will give a reduced peak quenching. 
The beam has a large cross-sectional area, and the rf 
amplitude is not wholly constant over the beam. Hence 
it is not possible to adjust the amplitude to its optimum 
value over the whole beam cross section, and the rf 
quenching will, for this reason alone, be less than its 
maximum value. 

The rf amplitude is always the same in the two 
quenchers. If the direction of the static field with 
respect to the direction of the rf field (whose direction 
in space is fixed by mechanical arrangements) were 
different in the two quenchers, the effective amplitude 
of the rf field in the two quenchers would be different, 
with a consequent reduction in the peak quenching. 
Even if this effect is significant, it does not introduce a 
systematic error in the calculation of BH’. 


PROCEDURE 


To determine the magnetic field, the field-dependent 
line (3,5) was traversed in 6 to 8 steps at predetermined 
frequencies. The quenching of the field-independent line 
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Fic. 2. Central peaks of the field-independent doublet (2,5) (3,6) 
at several typical rf amplitudes. 
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TABLE I. Results of all runs, deuterium. 
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® The phase (+) or (—) indicates that the sign of the phase error is different for the two conditions. 


(2,5) (3,6) was then measured at 12 preselected fre- 
quencies spaced approximately evenly about the two 
halfwidth points. For simplicity the points were taken 
in order of increasing or decreasing frequency. To avoid 
errors, caused by drift of excitation conditions during a 
traverse, in the determination of the line center to one 
part in a thousand of its width, traversals in opposite 
directions were taken in roughly equal numbers. No 
systematic effect depending on the direction of traverse 
was noted. The traverse of the (2,5) (3,6) line was 
followed by another traverse of the (3,5) line. A typical 
run consisted of seven determinations of vs, ; interspersed 
with six determination of v,. 

Figure 3 shows a typical set of data for the field- 
dependent line (3,5). The curves are separated by 
approximately half-hour intervals while the points are 
taken every 15 seconds. It is apparent that the data are 
subject to considerable fluctuation. We ascribe this to 
fluctuations in the magnetic field in the laboratory. 
These are easily observed as variations in galvanometer 
deflection when the frequency is adjusted to a point on 
the resonance curve where @ varies rapidly with »v. 
Fluctuations of about two milligauss were not un- 
common. The magnetic field used to evaluate BH? 


was taken to be the mean of the fields found before and 
after observation of the doublet. The center of the (3,5) 
line was found from a symmetrical resonance curve 
sketched through the observed points. 

The line (3,5) is single, and hence has a maximum 
intensity one-half that of the doublet (2,5) (3,6). 
Because of the fluctuations in the field the line was 
difficult to observe. Hence this line was observed only 
at an rf amplitude of 60 volts, where the line had a good 
intensity. It seems improbable that the frequency of the 
line (3,5) is sufficiently shifted with rf amplitude to 
have a significant effect on the correction term derived 
from it. 

The field-independent line (2,5) (3,6) was observed 
at several values of rf voltage, as shown in Table I. 
Resonance curves at several typical values of rf voltage 
are shown in Fig. 2. We note that the strongest Ramsey® 
pattern occurs at 60 volts rf; hence the preponderance 
of data were taken at that amplitude. The panoramic 
of the (2,5) (3,6) line in Fig. 4 shows the Ramsey line 
shape. The operating conditions were not kept as stable 
during the run taken to show several subsidiary maxima 
as during the precision runs in which only the central 
maximum was observed. 
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REDUCTION OF DATA 


For a single determination of v,, the ten line centers 
found by linear interpolation between the twelve 
observational points are averaged as in Eq. (5) of 
HRK. From this result is subtracted the quadratic 
correction corresponding to the average magnetic field 
for two traversals of the field-dependent line. This 
correction is of the order of 2000 cps. A sample reduction 
is shown in Table II. The resulting values of Av’ 
(primed because still subject to correction for systematic 
effects) are shown in Table I and plotted in Fig. 5. 

The presence of electrostatic fields in the region 
between the two rf quenchers would modify the value 
of Av(2S ;D) through the dc Stark effect. A study in the 
case of hydrogen (HRK, Sec. 15) showed that stray 
electrostatic fields were so small that the Stark effect 
was negligible. Although the apparatus in the present 
work was the same in all relevant details as that used 
for hydrogen, a search for possible dc Stark effect was 
undertaken. Again no effect was discerned, as discussed 
under Corrections C. A search indicated that the phase 
shift (HRK, Sec. 6) was negligible (Corrections F). 

Shifts of Av’ with V,; may arise from several causes. 
Ramsey’ has discussed the transition process in a system 
in which the rf field has a constant amplitude within the 
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Fic. 3. Typical field-dependent resonances (3,5). To indicate the 
extent to which the experimental value of Av depends on the meas- 
ured frequency of the line, the error in vss that produces an error 
of 100 cps in Av is indicated on the upper curve. 
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TABLE II. Sample reduction of data, field-independent 
line (2,5) (3,6). 
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rf quenchers and is zero elsewhere. The frequency of 
the resonance peaks is then determined by the fields in 
the precession region if the length of the rf quenchers is 
negligible compared with that of the precession region. 
In the present case this condition is not closely met, 
and the finite average value of (E,;)? in the quenchers 
will cause Av’ to decrease as E,; is increased through the 
coupling of the S and P states. In our case the oscillating 
field is not perfectly confined within the quenchers and 
the average value of (E,,)? in the precession region also 
serves to decrease Av’. 

Magnetic mixing of all the a and @ states occurs in the 
quenchers, since the line-width characteristic of an 
individual quencher is comparable with the line separa- 
tion. A dependence of Av’ on H;+ may thus occur. 

The Bloch-Siegert” effect is negligible for the case 
here considered. 

In traversing a quencher the metastable atom ex- 
periences a continuous range of rf amplitude rather than 
a rectangular pulse as postulated in Ramsey’s treatment 
of separated oscillating fields. The effect of the continu- 
ous variation has not been analyzed; it is conceivable 
that the line frequency may depend on rf amplitude. 

The combination of these effects causes the sign of 
the dependence of the line frequency on rf amplitude to 
be unknown. It is certain, however, that the best 
value of Av is obtained for vanishingly small values of 
the amplitude. 

The dependence of the frequency of the doublet (2,5) 
(3,6) on rf amplitude was investigated. The data were 
taken in the sequence shown in Table I. After the runs 
6, 7, 8, in which Av’ was measured at 80 volts rf, it 
appeared that Ay’ at 80 volts rf was significantly lower 
than at 60 volts rf. The observed decrease in Av’ ap- 
peared to be a real effect rather than a statistically 
fortuitous one, though the latter possibility is not 
excluded. However, the quantity of interest is the value 
of Av’ extrapolated to zero rf amplitude. Accordingly, 


10 This is discussed in a convenient form by N. F. Ramsey, 
Molecular Beams (Clarendon Press, Oxford, 1956), p. 122. 
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Fic. 4. Panoramic 
of the field-independ- 
ent doublet (2,5) 
(3,6) showing several 
subsidiary maxima 
in the Ramsey pat- 
tern. Since the ve- 
locity distribution is 
considerably sharper 
than a Maxwellian 
distribution, the sub- 
sidiary maxima are 
not damped as rap- 
idly as in Ramsey’s 
theoretically calcu- 
lated curve. 
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the remaining data (runs 9-12) were taken at a lower At 28 volts the rf quenching was considerably less than 
range of rf voltage, from 60 volts down to 28 volts, and at 60 volts. It did not seem to be worthwhile, in view of 
the drop in Ay’ at 80 volts was not further investigated. the rapidly decreasing precision with which the line 
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center could be found as the rf voltage was decreased, 
to obtain data at still lower voltages. 

Since we are unable to account quantitatively for the 
apparent drop in Av’ at 80 volts rf, we exclude these 
data from further consideration. The remaining 55 
values of Av’ are treated by the method of least-squares 
under two assumptions: (a) Av’ is the form Av’= Ayo’ 
+7(V++)? and (b) Av’ does not depend on V,;. Assump- 
tion (a) leads to a vlaue of 


Avo’ = 40 924.447+0.004 kc/sec. 


The associated value of y is +0.0031+0.0015 cps/volt?. 
Assumption (b) gives a value of 


Avo’ = 40 924.456+0.002 kc/sec. 


The stated uncertainties are the probable errors. 

We doubt that the slope y has a physical significance. 
For example, if the lowest value of Av’ at 28 volts is 
removed from the body of data, the slope is reduced 
to one-half of the stated value and has the same probable 
error. We also note that vy is positive rather than nega- 
tive as would be expected if the rf stark effect gave rise 
to a significant change in Av’. 

Since we cannot choose between (a) and (b), we take 
Avo’ to be the mean of the extremes of (a) and (b) with 
an uncertainty large enough to cover both. The resulting 
value of Avo’ is 


Avo’ = 40 924.451+0.008 kc/sec. 


It appears to us that the quoted uncertainty includes all 
reasonable interpretations of the data. The mean value 
of Av’ at each rf amplitude (except 64 volts) considered 
in the reduction of the data lies within the range quoted 
for Avo’. The discrepancy at 64 volts, where only three 
observations were made, lies within the sum of the 
uncertainties for Avo’ and for Av’ at 64 volts. 


CORRECTIONS AND UNCERTAINTIES 


(A) Statistical uncertainty—The spread in the data 
can be accounted for largely by the fluctuations of the 
magnetic field. Since they appeared to be random, their 
effect was reduced by the acquisition of a statistically 
significant body of data. 

(B) rf Stark effect—The rf Stark effect was dis- 
cussed in Appendix A of HRK. Since the experimental 
evidence is not clear, we assign an uncertainty large 
enough to cover the maximum effect consistent with the 
data. The systematic observation of the line center at 
low rf amplitudes has reduced the possibility that a 
significant error in the final result has been introduced 
by the ambiguity in our extrapolation to zero rf 
amplitude. 

(C) dc Stark effect—No systematic differences in the 
value of Av’ were found with the electrostatic shield 
(HRK, Sec. 10) present hot, cold, or absent. 

(D) Inhomogeneity of the magnetic field—Inhomo- 
geneity of the magnetostatic field gives rise to an error 
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which is rather large and uncertain, compared with that 
in hydrogen. The error occurs because a measurement 
of the field-dependent line yields the average value of 
H in the precession region. The quadratic correction, 
however, requires a knowledge of (H*), which in all 
reductions to this point we have assumed to be equal to 
(H)*. An exploration of the field with a flipcoil has 
indicated that the difference (H*)— (H)* yields a correc- 
tion of —10+5 cps. 

(E) Frequency standard.—The laboratory standard 
was reset to radio station WWV several times during a 
run. The error in an individual determination of Av’ is 
thus random in sign and magnitude and is already 
included in the statistical uncertainty. 

(F) Phase shift—The phase shift error is discussed 
in Sec. 14 of HRK. The value of Av’ was measured at 
60 volts rf for both phase settings. The mean values 
differ by 3.346 cps. An uncertainty of +3 cps must, 
however, be added to our result to include a possible 
uncompensated phase error, since a greater volume of 
data was taken with one phase than with the other. The 
phase error is here less than in HRK presumably because 
the circuit losses are smaller at lower frequency. 

(G) Overlap error —The effect of the two adjacent o 
lines on the central line cancels out because they are 
both equally separated from the line and have equal 





500 


Av' 


kc/sec 


40 924440 
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50 60 
VOLTS rf 


(v* scale) 


Fic. 5. Experimental values of Av(2S;D) as a function of rf 
amplitude. The upper of the two results plotted at V,,=0 is the 
experimental result after application of the corrections for 
systematic effects. The value of Avtneor has been calculated from 
Av(1S;D) and Rtheor. 
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transition probabilities. The effect of the x line (1,6) has 
given no observable asymmetry as measured by the 
depth of the two minima immediately adjacent to the 
central maximum of the (2,5) (3,6) line. We estimate, 
however, a correction of —3+3 cps. 

(H) Doublet error—The correction to Av for the 
unequal transition probabilities of the two doublet 
components (2,5) and (3,6) is +11 cps. The correc- 
tion is positive because the amplitude used was less 
than that required to give a maximum transition 
probability. 

(I) Asymmetry—The values of Ay’ obtained by 
averaging over the upper and lower halves of the field- 
independent line do not differ by a statistically signifi- 
cant amount. 

(J) Variation of rf voltage—The rf voltage is set at 
the same value, as observed on a GR-1800-A voltmeter, 
for each point. The uncontrolled fluctuations are 
random and average out in a large body of data. Since 
the rf quencher presents an inductive reactance to the 
transmission line, the current will vary as the frequency 
is varied. As the total variation in frequency is one part 
in ten thousand in traversing the line, neglect of the 
variation of current with frequency leads to negligible 
error. 

We take the sum of the uncertainties in the correc- 
tions rather than the root-square sum and obtain a 
total correction of —12+12 cps. 


RESULTS AND DISCUSSION 
We arrive at a final result, 
Av(2S ;D)= 40 924.439+0.020 kc/sec, 


where we have taken the sum of all the stated un- 
certainties. When this result is divided by the ground- 
state separation, 


Av(1S;D)=327 384.302+0.030 kc/sec, 


REICH, HEBERLE, AND KUSCH 


we obtain 
Rexp(D) = § (1.000 034 20.000 000 6). 


The result is to be compared with the previously re- 
ported value for hydrogen (HRK), 


Rexp(H) = } (1.000 034 60.000 000 3). 


In both cases, the stated uncertainty is considerably 
greater than its root-square value derived from all 
known sources of error. 
Since 
Rneor= $ (1.000 033 3), 


the discrepancy for deuterium, 
AR(D)= Rexp— Reneor= § (96) X 1077, 
while the discrepancy for hydrogen is (HRK) 
AR(H)=$(1343)X 10-7. 


In view of the method of assigning uncertainties this 
discrepancy is a real effect, though less precisely 
determined for D than for H. There is thus no evidence 
for a differential hyperfine structure anomaly for H and 
D between the 1S and 25 states. 

Tentative estimates by Mittleman of higher order 
quantum-electrodynamic terms indicate that the dis- 
crepancy is the same for hydrogen and deuterium to the 
order of accuracy attained in this experiment.® Calcula- 


tions by Dr. M. Mittleman of these effects are to be 
published shortly. 
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Ground-State Wave Functions for He 1 and H~ Obtained by the Superposition 
of Central Field Functions*f 


Louis C. GREEN, CAROLYN D. CHANDLER,{ AND ParriciA P. Rusu 
Strawbridge Observatory, Haverford College, Haverford, Pennsylvania 


(Received July 27, 1956) 


The ground-state wave functions of He 1 and H™ have been represented by the superposition of sym- 
metrized analytic central field wave functions for the configurations 1s*, 152s, 1s3s, 2p?, 2p3p, 3d?, and 4f?. 
The radial functions were taken to be the product of an exponential and a polynomial. The coefficients in 
the polynomials were chosen to insure the orthogonality of the one-electron wave functions. The parameters 
in the exponentials and the coefficients in the linear combinations of the wave functions for the different 
configurations were chosen so that the ground-state function gave the minimum energy. The resulting 
energies for He 1 and H~ are —5.79830 and —1.05190 respectively in units of the Rydberg for the corre- 
sponding atom. These results together with others are discussed. 





HE objective of the present work was to ascertain 
how effectively one can represent the ground- 
state wave functions of the two-electron systems, He 1 
and H-, by the superposition of a limited number of 
configurations, each of which is itself represented by a 
combination of one-electron central field wave functions 
with the proper symmetry. The flexibility available in 
the one-electron wave functions was employed to give 
the best ground-state function as judged by the energy. 
This is contrary to the more usual procedure of re- 
stricting the flexibility in such a way as to insure that 
the individual configurations, taken by themselves, 
yield energies close to the values found experimentally. 
Since the ground-state of both He1 and H- is a 'So 
of even parity and the coupling is Russell-Saunders, the 
only configurations which can contribute are those of 
the form nin’l. y’ was therefore taken in the form 


V'=Eleulrur) Pi" (cos0)), (1) 


where the P/‘(cos6) are the normalized Legendre poly- 
nomials of order / in the cosine of the angle, @, between 
the radius vectors of the two electrons. In this paper, 
a superscript V attached to the symbol for any function, 
for example P, indicates that the function is normalized. 
The ¢:(r1,r2) are given by the expressions 


i= ¥ clnln'lu® (nln'd, (2) 


n’=n 


where n=/+1 and m=3 for 1<2 and m=4 for /=3. 
The c(nl,n'l) are arbitrary constants chosen to give the 


*This research was supported in part by a grant from the 
Penrose Fund of the American Philosophical Society, in part by a 
grant from the National Science Foundation, and in part by 
contract N(onr) 1727(00) from the Office of Naval Research. 
The contract was administered by the University of Pennsylvania. 

t The calculations on which this research was based were carried 
out by the senior author at the Watson Scientific Computing 
Laboratory of the International Business Machines Corporation, 
Columbia University, New York, New York. 

t Now with the Eastman Kodak Company, Rochester, New 
York. 


minimum energy once the radial wave functions are 
selected. The w%(ni,n'l) are normalized, symmetrized 
products of the radial functions. The latter were taken 
in the form 

n—I-1 


RN (n,l) =N (n,D)r'He-a(n DZ (ler pm {a,r’} ’ (3) 
y= 


where NV (n,/) is the normalization constant, a(1s) is one 
but the remaining a(n,/) are parameters to be chosen to 
give the minimum energy, Z(1s) is the same for all 
radial functions and is also chosen to give minimum 
energy, do is one, and the remaining a, are chosen to 
make the R%(n,l) for a fixed / orthogonal after Z(1s) 
and the a(n,l) have been chosen. 

Table I contains those values of the parameters 
which yielded the lowest energy which was found for 
He 1 as successive additional angular components were 
included in the wave function. To the accuracy given, 
the addition of a later component did not lead to any 
change in the values of the parameters for the earlier 
components. The bottom line of Table I gives the 
energies in Rydbergs for the He atom. Table II con- 
tains the corresponding ¢(nl/,n’l). Similar information 
for H— is contained in Tables III and IV. 

Several comments should be made on the results 
given in the tables. First, the energy obtained for the 
spherically symmetric component alone in the case of 
He1, —5.75468 Ryedc, compares favorably with the 
minimum energy available from this component of an 
exact wave function, —5.75839 Ryde, as estimated by 
Green et al. 

It is also interesting to note that if all the c(nl,n’l) 
except c(1s,1s) and c(1s,2s) are set equal to zero, one 
obtains an energy of —5.754 RyeAc for Het by using 
the radial wave functions defined by Eq. (3); whereas 
if a 1s? and a 2s? configuration made from these func- 
tions are superposed, the lowest energy is —5.722 Ruehe. 
These results are contrary to what might be expected 


1 Green, Lewis, Mulder, Wyeth, and Woll, Phys. Rev. 93, 273 
(1954). 
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TABLE I. Values of the parameters giving the lowest energy for He 1 as successive additional angular components 
of the wave function are considered. 








Po and 2p? 
Parameters of Pi 


Poand P: 


Po, Pi, 
and P: 





Z(1s) : 2.19 
a(2s) : 0.77 
a(3s) d 1.40 
a(2p) 1.1 
a(3p) 

a(3d) 

a(4f) 


Energy in units 


of Ruehc — 5.75468 — 5.79376 


2.19 
0.77 


— 5.79382 


2.19 
0.77 


40 
R | 
0 
7 


— 5.79748 


— 5.79830 


—5.79241 








TABLE IT. Values of the c(nl,n’l) for He 1 for the choice of parameters given in Table I. 








Po and 2p? 
Coefficients Po of Pi 


Poand Pi 


Po, Pi, 
and P: 


Po, Pi, Ps, 
and P; 


Po, Pi, P2, 
and P3 





c(1s,1s) +0.928854 +0.928155 
c(1s,2s) —0.370392 —0.366801 
c(1s,3s) +0.006358 +0.005476 


c(2p,2p) 
c(2p,3p) 
c(3d,3d) 
c(47,4f) 


—0.062887 


+0.928326 
—0.366542 
+0.005433 
—0.061827 
— 0.002339 


+0.928466 
—0.366177 
+0.005313 
—0.060740 
—0.002383 
—0.011902 


+0.928485 
—0.366148 
+0.005291 
— 0.060489 
—0.002426 
—0.011738 
— 0.004634 


+0.937779 
—0.325219 
+0.103441 
—0.061425 
—0.011475 
—0.013594 
—0.003559 








TABLE III. Values of the parameters giving the lowest energy for H~ as successive additional angular components 
of the wave function are considered. 





Parameters 








Poand 2p? 


of Pi 


Poand P: 


Po, Pi, 
and P: 


Po, Pi, Ps, 
and P; 





Z(1s) 
a(2s) 
a(3s) 
a(2p) 
a(3p) 
a(3d) 
a(4f) 


Energy in unity 
of Ruyhe 


— 1.02741 


1.04 
0.64 
0.425 
0.9 


— 1.05002 


— 1.05016 


1.04 
0.64 
0.425 
9 


0 
1.0 
1.4 


— 1.05161 


1.04 
0.64 
0.425 
0.9 


— 1.05190 





Coefficients 





TABLE IV. Values of the c(nl,n'l) for H~ for the choice of parameters given in Table ITI. 








Po 


Po and 2p? 
of Pi 


Poand Pi 


Po, Pi, 
and P: 


Po, Pi, Pa, 
and P3 


and P3 





c(1s,1s) 
¢(1s,2s) 
c(1s,3s) 
c(2p,2p) 
c(2p,3p) 
¢(3d,3d) 
(4,47) 


+0.687154 
—0.688051 
+0.233248 


+0.738830 
—0.644999 
+0.156048 
—0.117287 


+0.740970 
— 0.643471 
+0.154429 
—0.114049 
— 0.007386 


+0.744010 
—0.641725 
+0.148321 
—0.110608 
—0.007746 
—0.018569 


+0.744655 
— 0.641339 
+0.147092 
—0.110077 
—0.007732 
—0.018072 
—0.005779 


+0.856498 
—0.456002 
+0.205792 
—0.124520 
—0.005093 
—0.023544 
— 0.006108 











on the basis of the experience of Taylor and Parr with 
the symmetrized exponential? and Mulliken’s demon- 
stration that this function is identical with the super- 
position of a 1s* and a 2s? configuration.’ 

The last columns of Tables I through IV give the 
results for He 1 and H~ when all the a(m,/) are set equal 
to one. 

The lowest energy which was found for Her when 
four angular components were included in the wave 
functions was —5.79830 Rydc. This value for the 
total energy may be compared with —5.723 Ryde, the 

G. R. Taylor and R. G. Parr, Proc. Natl. Acad. Sci. U. S. 38, 


952) 


“2 
154 (1 4 
*R. S. Mulliken, Proc. Natl. Acad. Sci. U. S. 38, 160 (1952). 


value given by the Hartree-Fock wave function,‘ with 
—5.79486 Ru-hc, the value obtained by Taylor and 
Parr, who superposed 2”, 3d?, and 4/? configurations 
on the symmetrized exponential,’ and with —5.80756 
Ryde, the experimental value.® 

The lowest energy which was found for H~ when four 


4W.S. Wilson, Phys. Rev. 48, 536 (1935). 

5 To compute the experimental value of the total energy, the 
ionization energy of He 1 was taken to be the value of G. Herzberg 
and R. Zbinden [unpublished, quoted by S. Chandrasekhar and 
G. Herzberg, Phys. Rev. 98, 1050 (1955)]. The values of the 
ionization energy of He u and Rue in cm were taken from Char- 
lotte E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949), pp. 4, 6. 
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angular components of the wave function were included 
was — 1.05190 Ryhc. In the absence of any experimental 
value of the necessary accuracy for the total energy, 
one may compare the present result with Henrich’s 
theoretical value of — 1.05512 Ruhc.® 

The specific wave functions employed in the present 
case do not yield values of the energy comparable to 
those given by wave functions of the Hylleraas type 
which include the interelectron distance, riz, explicitly. 
On the other hand, they are constructed from one- 
electron central field wave functions and are therefore 
on a basis closely related to the main body of theoretical 
and experimental spectroscopy and offer more immedi- 
ate possibilities for interpretation and generalization. 
The success of the present work indicates the desira- 


6 L. R. Henrich, Astrophys. J. 99, 59 (1944). 
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bility of trying much the same approach for more 
complicated structures than He 1 and H-. 
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Reaction N'*(p,p’y~)N™ 


J. K. Barr, H. O. Coun, J. D. Kincton, anv H. B. WILLARD 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received September 13, 1956) 


The yield of the 2.31-Mev gamma rays resulting from the inelastic scattering of protons by N™, leaving 
the residual nucleus in its first excited state, has been measured for bombarding energies ranging from 2.5 
to 5.1 Mev. Four levels were found at energies of excitation in the compound nucleus O** of.11.00, 11.08, 
11.83, and 11.91 Mev, having experimental widths of 90, 25, 80, and 70 kev, respectively. Angular distri- 
butions of the gamma rays taken at the resonances were isotropic, in agreement with the previous assignment 


of spin 0 to the 2.31-Mev state in N™. 


INTRODUCTION 


HE existence of states in N™ excited by inelastic 
proton scattering has been shown by various 
workers! who observed the inelastically scattered 
protons. The Massachusetts Institute of Technology 
group” has measured the level energy of the lowest state 
as 2.313+0.005 Mev. Preliminary work at this labora- 
tory by use of thick lead nitrate targets showed a rather 
intense gamma ray of about 2.3-Mev energy. When a 
thin nitrogen target was recently made available, the 
gamma-ray yield curve was measured to locate possible 
levels in the O'* compound nucleus. 


EXPERIMENTAL PROCEDURE 


A thin, stable target of nitrogen was produced by 
bombarding a disk of clean, 7-mil tantalum with the 
100-kev molecular nitrogen beam from the Oak Ridge 
National Laboratory heavy ion Cockcroft-Walton 
accelerator. This target had a total of about 10 atoms 
of nitrogen distributed over an area of somewhat less 


1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
2 Bockelman, Browne, Buechner, and Sperduto, Phys. Rev. 92, 


665 (1953). 


than one square cm. Target thickness is estimated to be 
less than 3 kev at 3.0-Mev proton energy, from calcu- 
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Fic. 1. Inelastic scattering gamma-ray spectrum as seen by 
3-inch by 3-inch NaI crystal. Bombarding proton energy was 
3,91 Mev. 





AND WILLARD 


Z 
i} 
be 
oO 
Zz 
nm 


COHN, 


BAIR, 





“SQOUBUOSAI INO} 94} Iv9U JO UO SALI BUIUILZ 9Y} JO UOI}NQL}sSIp IepNZue ay} Moys 
S}VSUI YT, “Burydeq 49B1e} wN[ejuUe} 94} Sutpsequiog Aq poinsvoul se punoiZyIeq Juasaidal sa[suvi4} sy “Avil VUIMIES AVW-[¢"Z 94} JO VAIN PIIIA “7 “OY 


(A9W) ADYIN3S NOLOYd 
Sv ob vb 2b Ov se 9€ ve ze oe 82 92 


° 
° 
° 


8 


& 8 
31V8 LNNOD BALLVI3Y 
8 


31Ve LNNOD 3ALLV13u 


8 8 
31V8 LNNOD 3ALLVT3e 
ae 


REACTION 


lation of the range in tantalum of the incident nitrogen 
particles. No reduction in the amount of nitrogen 
present on this target was noticed in the course of the 
experiment. 

Protons from the Oak Ridge National Laboratory 
5.5-Mv Van de Graaff accelerator were analyzed by a 
90° magnet giving less than 0.1% energy resolution. 
Energy calibration is believed to be accurate to +0.2% 
relative to the Li’(~,m)Be’ threshold.* Beam currents 
used during the experiment were from 1.0 to 2.0 
microamperes. 

The gamma rays were detected by a sodium iodide 
(Tl) crystal, 3 inches in diameter and 3 inches high, 
mounted on a 3-inch photomultiplier tube, DuMont 
type K1197. Pulses from the photomultiplier were 
amplified by means of conventional electronic tech- 
niques and recorded with a 20-channel pulse-height 
analyzer. For the yield curve and angular distributions 
given here, the analyzer was adjusted to cover only 
the region of the full-energy peak, the datum plotted 
being the reading of the peak channel, and the highest 
three channels in the peak, respectively. 

Figure 1 shows the differential pulse-height spectrum 
for the gamma rays from the reaction N"(p,p’7)N™ at 
a bombarding proton energy of 3.91 Mev. The full- 
energy peak at about 104 pulse-height units corresponds 
to a gamma-ray energy of 2.31 Mev +1% as deter- 
mined by comparison to the known Cs’, Co™, and 
ThC” gamma rays. The three usual single-crystal 
peaks, all corresponding to the one gamma ray, are 
observed. 

Figure 2 shows the yield of the 2.31-Mev gamma ray 
taken with the detector at 90° to the proton beam and 
25 cm from the target. The triangle points indicate 
background measured by bombarding the reverse side 
of the target. Spectra taken at proton energies below 
and above the two highest resonances show that the 
general rise upon which the two resonances are super- 
imposed does consist of the same radiation as the 
resonances themselves. A yield curve (not shown) taken 
at 0° to the target differed in no essential feature from 
the 90° yield. The inserts on Fig. 2 show the angular 
distribution of the gamma rays at the four resonances. 
For these data the crystal was located 46 cm from the 
target. 


3 Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955). 
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TABLE I. Levels observed in the O'* compound nucleus. £, is 
the incoming proton energy, I’, the estimated experimental width, 
and E,x, the energy of excitation in the O8 compound nucleus. 








Ep r Eex 
Mev Mev 


3.910+0.008 90 
4.000+0.008 25 
4.80 +0.02 80 
4.890+0.010 - 70 





11.00 
11.08 
11.83 
11.91 








A gas target was used to measure the absolute cross 
section for production of the 2.31-Mev gamma rays 
at the 3.91-Mev resonance. Entrance to the gas cell 
was through a 0.05-mil nickel foil, and the cell length 
was 1.09 cm. Measurements were made for both air and 
nitrogen and for pressures ranging from 0.2 to 0.7 
atmosphere, measured by a mercury manometer. 
Corrections were made for the target resolution. For 
each determination, the integrated number of counts 
in the full energy peak of the spectrum was used together 
with the crystal efficiency curves of Lazar ef al.,‘ to 
obtain the gamma-ray source strength. The beam 
current integrator was calibrated by standard tech- 
niques before and after the cross-section determination. 
The differential cross section so determined was 
3.90-++0.6 millibarns per steradian at 90°. 


RESULTS AND DISCUSSION 


Proton energies, experimental widths, and excitation 
energies in the O'® compound nucleus are listed in 
Table I. Since the angular distributions correlate the 
incoming protons with gamma rays from a spin-zero 
state, no knowledge of the nature of the levels in O'* 
can be obtained. However, the fact that the distributions 
are isotropic for all four levels can be considered a 
confirmation of the previously assigned zero spin! of the 
2.31-Mev state in N™. 
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Isotopic-Spin* Selection Rule Violation in the O'*(d,a)N'* Reaction} 


Corne.ius P. Brownet 
Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received September 11, 1956) 


The O'*(d,a) N™ reaction has been observed to proceed to the first excited state of N™ in violation of the 
isotopic-spin selection rule. The yields of this alpha group and the alpha groups leading to the ground state 
and second excited state have been measured from 5.5- to 7.5-Mev bombarding energy. At 7.03 Mev, the 
angular distributions of the three groups have been measured from 15 to 130 degrees. An absolute cross 
section has been obtained by comparison with the known proton elastic scattering from O'*. The observed 
isotopic-spin selection rule violation is of the order of magnitude predicted by theory on the basis of Coulomb- 


force mixing of states of different isotopic spin. 





I. INTRODUCTION 


N the assumption of charge independence of 
nuclear forces, an isotopic spin quantum number, 
T, may be defined such that 2T+1 is the number of 
possible isotopic spin states for a given space and spin 
configuration, and the component 7z=} (number of 
protons-number of neutrons) indicates the particular 
isobar in question. In a nuclear reaction, the total 
isotopic spin should be conserved, and hence a selection 
rule should apply. The O'*(d,a) N™ reaction is one of the 
classical examples of the operation of this selection 
rule.’ Because the ground state of O'*, the deuteron, 
and the alpha particle each has T=0, if the total T is 
to be conserved, the only states in N™ that can be 
formed in this reaction are those with T=0. 

Experiments at many energies and angles of obser- 
vation? have failed to show the first state in N™ at 
2.31-Mev excitation, and this has been explained by 
assuming the state to have T=1. Other evidence that 
the first excited state has T=1 comes from its position 
corresponding to the ground states of the neighboring 
isobars, C'* and O", and from the fact that it is not 
observed with inelastic deuteron scattering.* 

A failure of the selection rule might be caused either 
by a lack of charge independence of nuclear forces or 
by an isotopic spin impurity of the nuclear states 
arising from operation of Coulomb and magnetic 
forces. 

The selection rule violation reported here was 
discovered through the appearance of an unknown 


spin is much to be preferred over the old isotopic-spin for this 
quantum number which distinguishes isobars. At the request of 
the editor the old term is used here to conform to the rules of 
this Journal. 

t This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now at the University of Notre Dame, Notre Dame, Indiana. 

1R. K. Adair, Phys. Rev. 87, 1041 (1952). 

?Van de Graaff, Sperduto, Buechner, and Enge, Phys. Rev. 
86, 966 (1952); Craig, Donahue, and Jones, Phys. Rev. 88, 808 
(1952); A. Ashmore and J. F. Raffle, Proc. Phys. Soc. (London) 
A64, 296 (1952); Burrows, Powell, and Rotblat, Proc. Roy. Soc. 
(London) A209, 478 (1951); Freemantle, Gibson, Prowse, and 
Rotblat, Phys. Rev. 92, 1268 (1953). 

* Bockelman, Browne, Buechner, and Sperduto, Phys. Rev. 
92, 665 (1953). 


group of alpha particles from the deuteron bombard- 
ment of a target of magnesium evaporated onto 
Formvar. A preliminary identification of the group as 
coming from the O!*(d,a)N“ reaction was reported in a 
paper on the Mg**(d,a)Na” reaction, and many of the 
results presented here were briefly reported later.® 


II. PROCEDURE 


Deuterons from the MIT-ONR electrostatic 
accelerator were used to bombard targets of magnesium, 
lithium, iron, and silicon dioxide all evaporated onto 
Formvar. Natural oxidation of the first three elements 
gave a usable amount of oxygen in the targets. The 
alpha particles from the targets were analyzed with 
the MIT broad-range spectrograph.® 

For the identification runs, the angular distributions, 
and the yield curve of the first and second excited-state 
groups, nuclear-track plates were used for recording 
the alpha particles. For the yield curve of the ground- 
state group, a scintillation counter mounted at a fixed 
position on the focal surface was used in addition to the 
nuclear plates. 

The position on the plate of every group used in the 
data was accurately measured, and the Q value for 
O'*(d,a)N™ was calculated. This served to confirm 
the identification of the group. The SiO, targets were 
used for most of the data; therefore, calculations were 
made for the Si**(d,a)Al’* reaction, using the known 
Q values to assure that no alpha groups from this 
reaction overlapped the oxygen groups in question. 
This was always true for the low-intensity forbidden 
group. In the case of the intense second excited-state 
group, there is a possibility of overlap of groups corre- 
sponding to excitations in Al’* above the known levels. 
The groups seen in the neighborhood of the group from 
oxygen are all of about equal size and much smaller 
than the group from oxygen at all bombarding energies 
used. It is estimated therefore that any overlapping 
group could contribute at most 5% to the observed 
intensity of the second excited-state group. 


4C. P. Browne and W. C. Cobb, Phys. Rev. 99, 644(A) (1955). 

5C. P. Browne, Phys. Rev. 100, 1253(A) (1955). 

6C. P. Browne and W. W. Buechner, Rev. Sci. Instr. (to be 
published). 
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DEUTERONS ON SiOz TARGET 





Fic. 1. Alpha- 
particle groups ob- 
served at 30 degrees 
from a SiO2 target 
bombarded with 
deuterons. Plots are 
shown of exposures 
made at the five 
different energies in- 
dicated on the draw- 
ing. All groups were 
counted only on the 
exposure at 6.50 
Mev. The numbered 
groups arise from the 
O'* (d,a)N™ reaction, 
leading to the ground 
state and first and 
second excited states, 
respectively. The 
other groups arise 
from the Si®® (da) Al?* 
reaction. 
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Identification 


In order to prove that the observed alpha groups 
actually came from the oxygen and not some other 
material in the target, two procedures were used. 

First, the ratio of the intensity of the unknown group 
to the O'*(d,a)N™ ground-state group was measured at 
90 degrees and 7.0-Mev deuteron energy for LiOH 
targets and two oxidized magnesium targets made at 
different times. This ratio was constant within the 
experimental error (20%). 

Second, the excitation energy of the state in N™ was 
calculated, using the measured Q value for the known 
ground-state group and the measured Q values for 
the unknown group, assuming the latter to be from the 
O'*(d,a)N™ reaction. This was done for thirty-five 
runs on silicon-dioxide and iron-oxide targets at 
energies from 5.5 to 7.5 Mev and angles from 15 to 130 
degrees. Typical results are shown in Table I. The 
constancy of the excitation rather than its absolute 
value is the important thing for identification. The 
fact that the alphas passed through the target backing 
at 30 degrees accounts for the small discrepancy with 
the known excitation energy of 2.313 Mev.’ The results 
shown in Table I give conclusive identification of the 
group, because an error of one mass unit in assignment 
of the nucleus responsible would have caused a dis- 
crepancy of 11 kev in excitation between the 5.5- and 
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7.5-Mev runs. Since the nearest possible contaminant 
mass is two mass units away, the discrepancy would be 
22 kev, which is well outside the experimental error. 

Figure 1 shows a typical set of plots of number of 
alpha particles versus trajectory radius for a series of 
energies. Most of the peaks arise from the Si?*(d,a)Al?® 
reaction, but the strongest groups are the O'*(d,a)N™ 
groups leading to the ground state and second excited 
state (both T=0). The forbidden group, marked by 
(1) on the plot, leading to the first excited state is 
clearly seen at most of the energies but obviously 
varies in intensity. An analysis of the silicon reaction 
will appear soon.’ 


TABLE I. Data for identification of the forbidden group. 








Excitation 
in N% (Mev) 


2.321 
2.322 
2.320 
2.321 
2.323 
2.320 
2.321 
2.313 
2.319 
2.322 
2.318 
2.318 


Deuteron 
energy 


5.50 
6.00 
6.25 
6.50 
6.72 
7.01 
7.50 
7.03 
7.03 
7.03 
7.03 
7.03 


Angle 


30° 
30° 
30° 
30° 
30° 
30° 
30° 
15° 
30° 
50° 
70° 
80° 











re. P. Browne (to be published). 
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Fic. 2. Yield of alpha particles from the reaction O"*(d,«)N™ as a function of bombarding energy. The yields of the groups 
leading to the ground state and to the first and second excited states are shown. For the ground state, both a scintillation counter 
and nuclear-track plates were used to record the alphas, as indicated by the various symbols. The other two groups were recorded 


on the plates. 


Yield Curves 


The SiO, targets were used to measure the yield of 
the ground-state group at a laboratory angle of 30 
degrees with bombarding energies ranging from 5.5 to 
7.5 Mev. From 5.7 to 7.4 Mev, points were taken every 
20 kev, using a scintillation counter to count the alphas. 
The amplified pulses were fed to two scalers with biases 
set to give a single channel. Pulses from any proton 
groups having the same momentum as the alphas were 
approximately twice as high and fell outside the channel. 
Pulses from deuterons were about the same height and 
were counted with the alphas. Slit-edge scattering of 
the incident beam gave a small deuteron background at 
all momenta, but this background along with back- 
ground caused by gamma rays and neutrons was 
counted and subtracted from the total counts. 

The gross structure of the yield function was 
measured with a series of runs using nuclear-track 
plates for recording. These were taken every 250 kev 
and at more frequent intervals over part of the range. 
As alpha-particle tracks could be distinguished from 


deuteron or neutron recoil tracks, the background was 
essentially zero. With the plates, it was practical to use 
long exposure times and obtain a sufficient number 
of tracks to make statistical uncertainties negligible. 
The plate data were used for normalization of the 
different counter runs, so that, in a sense, the counter 
data served as an interpolation between the plate data 
points of the yield curve. The results are shown as the 
curve labeled “ground state” in Fig. 2. The various 
symbols indicate different runs with plates and counter 
as noted on the figure. 

Once the ground-state yield was measured, the yield 
of the groups leading to the first and second excited 
states could be plotted from the ratios of the intensities 
of these groups to the ground-state group. Since the 
three groups appeared on a single plate, the only 
uncertainty in the ratios, aside from statistical, is the 
small uncertainty (+3%) in the variation of solid 
angle of the spectrograph as a function of position on 
the plate. The resulting yield curves are plotted in 
Fig. 2. 
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Judging from the structure of the ground-state yield, 
it is felt that the second-excited-state yield would show 
many fluctuations if measured at smaller energy 
intervals. For this reason, the dashed curve drawn 
through the data points should be considered only a 
rough approximation to the true yield curve. It serves, 
however, to give the order of magnitude relative to the 
other groups. For the reason stated under “Discussion” 
it is thought that the forbidden-group yield probably 
does not fluctuate more rapidly than shown. Figure 3 
shows the forbidden-group yield plotted on a larger 
scale to emphasize the resonance structure. 


Angular Distripution 


The yields of the three alpha groups were measured 
as a function of angle from 15 to 130 degrees at a 
bombarding energy of 7.03 Mev. This energy was 
chosen because it appears from the yield curve to give a 
maximum intensity for the forbidden group. Nuclear 
plates were used for recording, and, as in the case of 
the yield curve, the ground-state distribution was first 
plotted and then the yield of the other groups was 
plotted from the measured ratios of intensities. Repeat 
runs were made to check target stability. 

The SiO, targets were used for all the data except 
the yield of the forbidden group at angles greater than 
70 degrees. In this case, the iron-oxide target was used 
to avoid confusion with alpha groups from silicon. The 
results are shown in Fig. 4, where the relative differential 
yield in the center-of-mass system is plotted against 
center-of-mass angle. 


Absolute Cross Section 


In order to convert the measured angular distri- 
bution to cross section, the yield from the (d,a) reaction 
was compared with the known yield® of elastically 
scattered protons from the same target. With the 
target fixed, the proton yield and the alpha yield were 
successively measured at 131.7 degrees (lab), by using 





o 


o's (d,ce) N'4* 


Yield of Alpha Porticles 
e- 


~m 








1 1 
70 75 
Deuteron Energy (Mev) 





Fic. 3. Yield of alphas to the first excited state of N“ (forbidden 
group) as a function of energy. The same data shown in Fig. 2 
are plotted on a larger scale to show the resonance structure. 


8F, J. Eppling, Ph.D. thesis, University of Wisconsin (un- 
published), and private communication. 
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Fic. 4. Angular distribution of alpha particles from the 
O!*(d,a)N™ reaction leading to the ground state and first two 
excited states. The left-hand ordinate scale is in arbitrary units; 
the right-hand scale is absolute cross section, based on the known 
O!*(p,p)O"* cross section. 


an H,* beam energy of 6.00 Mev and a deuteron energy 
of 7.03 Mev. An exposure was then made to check the 
contamination of the H;* ions in the deuteron beam. 
Next, the yield of alphas at 30 degrees and 6.00 Mev 
was measured, and, finally, a second measurement of 
proton yield at 131.7 degrees was made. 

At a laboratory angle of 30 degrees and 6.00-Mev 
bombarding energy, the center-of-mass cross section 
was found to be 14.6 millibarns per steradian, while at 
131.7. degrees and 7.03-Mev bombarding energy, 
%o.m,= 3.69 millibarns per steradian. The result of the 
131.7-degree measurement has been used to label the 
right-hand ordinate scale in Fig. 4. 

Using the angular distribution curve to give a ratio 
between cross sections at 131.7 degrees and 30 degrees 
and the yield curve to give a ratio between 7.03 and 
6.00 Mev at 30 degrees, a ratio of the yield at 131.7 
degrees and 7.03 Mev to the yield at 30 degrees and 
6.00 Mev may be obtained to compare with the ratio 
measured directly as stated above. The agreement is 
about 1%, indicating excellent over-all consistency in 
the data. The ratios of the (d,a) cross section to the 
(p,p) cross section are felt to be good to about 10%, 
and the latter is known to better than 2%.8 


III. DISCUSSION 


From the yield curve, it is obvious that, although the 
O'®(d,a)N“ reaction can lead to the first excited state 
of N™, the yield to this state is much less than the yield 
to the ground state or second excited state. The 
angular distribution suggests that the ratios of the 
total cross sections are even smaller than the ratio of 
the differential cross sections measured at 30 degrees. 
Of course, the angular distribution would be expected 
to change with energy, so that one gets a quantitative 
comparison of cross section at only one energy even 
from the present data. 

The curves show that measurements taken at only 
one energy and angle give little information on the 
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validity of the selection rule. In fact, the most desirable 
data would be total cross sections for each group as a 
function of energy. 

The present data, however, give a good estimate of 
the order of magnitude of the violation of the selection 
rule. Over the range of angles covered at 7.03-Mev 
bombarding energy, the average yield of the forbidden 
group is about 7% of the average yield of the ground- 
state group. From the yield curve, it is seen that this 
energy is at a maximum in the forbidden group yield 
and near a minimum in the ground-state yield. so that 
on the average the intensity of the forbidden group is 
only a few percent of the intensity of the allowed 
groups. 

To attempt to explain the appearance of the for- 
bidden group, one must consider the isotopic spin 
purity of the initial state, intermediate state, and final 
state. It has been suggested by Lane’ that a breakdown 
of the selection rule might be expected in cases where 
the compound system was in a sufficiently highly excited 
state to have appreciable overlapping of states of 
different isotopic spin and yet existed long enough as a 
system to permit Coulomb forces to mix the states. The 
excitation energy of F'* ranges from 12.4 Mev to 14.2 
Mev in the present experiment, which is in the region 
where this process might be expected. This does not, 
however, explain the resonance-like yield of the for- 
bidden group as seen in Fig. 3. 

It seems probable that T=1 levels exist in F'® at 
energies corresponding to the maxima of the forbidden 
group yield. Once formed, such a level would decay 
preferentially to the T=1 state of N“ rather than to the 
T=0 state. It is perhaps suggestive that the allowed 
group yields tend to be lower near the maxima of the 
forbidden group. Of course, one expects an abundance 
of T=0 levels in this region of the compound nucleus. 
The varying widths, spins, and parities of these levels 
will give complicated angular distributions and yield 
functions tending to mask the effect of the T=1 levels 
on the allowed groups. 


* A. Lane (to be published). 
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It is to be noted that the angular distributions of the 
allowed groups are complicated, but the distribution of 
the forbidden group is reasonably symmetric about 90 
degrees, consistent with the hypothesis of a single 
T=1 level being responsible for the appearance at this 
bombarding energy. 

The question of the formation of the T= 1 level in the 
first place is still to be explained. An estimate of the 
extent to which Coulomb forces may be expected to 
mix 7=1 and T=0 states of O'* may be obtained from 
MacDonald’s”." calculations. Using the Fermi gas 
model and an estimate of 13 Mev for the spacing 
between the ground state and the first T=1 state with 
the same real spin and parity as the ground state, 
MacDonald” finds an isotopic spin impurity of about 
2% for the ground state. Using jj coupling shell-model 
wave functions and an energy difference of 16 Mev, the 
impurity is given" as 0.67%. Similarly, the impurity 
for the ground state of N™ is calculated as 0.3%, and 
it is expected that the impurity of the low-lying excited 
states will be of nearly the same magnitude. The 
isotopic spin impurity of the more highly excited 
intermediate states in F'* is probably much larger. 

It is seen that the expected impurity of the initial 
and final state is of the order of magnitude of the 
observed violation of the selection rule. Certainly, then, 
the combination of these Coulomb-force impurities 
with mixing in the intermediate state gives sufficient 
reason for the appearance of the forbidden group. 

The present results, therefore, in no way contradict 
the hypothesis of charge independence of nuclear forces. 

The author wishes to thank Miss Estelle Freedman 
and Miss Sylvia Darrow, who faithfully counted more 
than half a million alpha-particle tracks in the nuclear 
emulsions. Mr. David Douglass did most of the work 
on reducing the track-count data to the final plot for 
the angular distribution. The SiO. targets were pre- 
pared by Dr. C. K. Bockelman. 


10 W. M. MacDonald, Phys. Rev. 100, 51 (1955). 
4 W. M. MacDonald, Phys. Rev. 101, 271 (1956). 
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Thin targets of silicon dioxide on Formvar were bombarded with deuterons in order to study the yield 
of deuterons elastically scattered from O"*. The incident deuteron energy was varied in approximately 20-kev 
steps from 4.6 to 7.2 Mev for observations at 130 degrees, and from 4.6 to 7.0 Mev for observations at 90 
degrees. The absolute cross section was determined by comparisons with the known O"* elastic proton cross 
section. The yield shows resonant structure; in particular, at least eight maxima occur at 130 degrees, and 
five of these appear at 90 degrees. The resonances are not isolated but indicate overlapping levels. 


I. INTRODUCTION 


HE F'* nucleus has been investigated previously 
by several reactions involving deuterons incident 
on O!*, Stratton ef al.! obtained the absolute cross sec- 
tions and excitation functions for O'*(d,p)O'” and 
O'*(d,p)O""* up to 10.9-Mev excitation. These same 
reactions have also been observed by Heydenburg and 
Inglis? up to an excitation of 10.4 Mev. The yield of 
F"’ from the reaction O'*(d,n)F" has been obtained by 
Newson’ and by Bonner‘ up to an excitation of 11.9 
Mev. Previous reliable level assignments? extend up to 
about 10.8-Mev excitation in F"*. 

Browne® has examined the O'*(d,a)N" reaction from 
an excitation in F'* of 12.4 to 14.2 Mev, obtaining 
the yield of alpha particles to the ground state and to 
the first and second excited states of N“. These data 
do not show discrete level structure but apparently 
show dense overlapping levels. The reactions O'*(d,a)N™ 
and O'*(d,d)O'* involve only particles of zero isotopic 
spin and, hence, should excite only those levels in 
F's that have isotopic spin zero, provided that the 
isotopic-spin selection rule holds. The (d,a) reaction, 
however, does go to the first excited (T=1) state of 
N", and the yield shows a resonance-like behavior 
suggesting T= 1 levels in F'’. To test this hypothesis, it 
would be of interest to investigate the yield of this 
forbidden group in a region of narrow isolated levels. 

It was the purpose of the present experiment to use 
the elastic scattering of deuterons from O"* to investi- 


t This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Most of these results were taken from a thesis submitted by 
the author to the Massachusetts Institute of Technology in 
partial fulfillment of the requirements for the degree of Master of 
Science in Physics under the Naval Postgraduate Training 
Program. 

t Lieutenant, U. S. Navy. 

1 Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 

1955). 
. 2N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 
1948). 
‘ 3 4 W. Newson, Phys. Rev. 51, 624 (1937). 
4T. W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 (1951). 
5 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
®C. P. Browne, Phys. Rev. 100, 1253 (1955); Phys. Rev. 104, 
1598 (1956), preceding paper. 


gate the level structure of F'* in the region of excitation 
covered by Browne and then to continue the investi- 
gation down to a lower excitation where it was hoped 
the dense overlapping level structure might be resolved 
into well-defined isolated levels. Level positions and 
widths might then be determined. 


II. EQUIPMENT AND PROCEDURE 


The source of deuterons used in this work was the 
MIT-ONR Van de Graaff generator. Bombarding 
energies from 4.6 to 7.2 Mev were used corresponding 
to excitations of 11.6 to 13.9 Mev in F'*. The slit 
systems of the beam deflecting magnet were adjusted 
to limit the deuteron energy spread to about 0.1%. 

Deuterons scattered at 90 degrees or at 130 degrees 
were detected with a scintillation counter installed at a 
fixed radius in the broad-range magnetic spectrograph.” 
The spectrograph and counter slits determined the 
solid angle which was about 3.6X 10~ steradian. 

The scintillation counter consisted of a polished 
CsI(T1) crystal 0.8-mm thick cemented with Araldite 
to the face of an RCA 6199 multiplier phototube. The 
tube was operated at — 500 volts bias and fed a standard 
Los Alamos Model 100 preamplifier-amplifier com- 
bination. The resultant pulses were counted by two 
scale-of-64 counters. The discriminators of these two 
scalers were adjusted to give a single channel that 
recorded deuterons and discriminated against protons 
having the same momentum as the elastic deuteron 
group. The proton background never exceeded 10% 
of the deuteron yield. Alpha-particle background 
coincident with the O"* elastic deuteron group would 
give approximately the same pulse heights as the 
deuterons and would be counted with them. Nuclear- 
track plates were exposed in the spectrograph at several 
points on the yield curve and the alpha background 
counted. This background was less than half a percent 
of the deuteron group. A lead shield of approximately 
3m geometry and average thickness of 3 cm reduced 
gamma background intensity at the crystal sufficiently 
so that no counting correction was necessary for gamma 
background. 


7™C. P. Browne and W. W. Buechner, Rev. Sci. Instr. (to be 
published). 
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Fic. 1. Center-of-mass differential cross section for the elastic scattering of deuterons from O"* vs laboratory deuteron 
momentum (Bp) and energy at 130- and 90-degree laboratory angles (135.5 and 97.2 degrees center of mass). The solid 
lines are best fits to the thinner target data. Classical 90-degree Rutherford cross section is shown as a dotted line. The 
numbered arrows mark peaks listed in Table II. The point above the 130-degree curve at Ez=5.449 Mev was observed 
with a target of about 12-kev thickness and must be regarded as an unexplained counting anomaly, since it occurred on 


only one of the four runs over this point. 


The deuteron beam passing through the target was 
collected by a Faraday cup with a secondary electron 
suppressor biased to —300 volts. An electronic inte- 
grator® was used to measure the beam charge collected 
by the Faraday cup. Two targets of SiO. evaporated 
onto Formvar were used, which had thicknesses such 
that the energy spread of the scattered deuterons was 
14 and 24 kev, respectively, including the effect of 
beam inhomogeneity. The energy spread was deter- 
mined at 6.25-Mev incident energy from the width of 
the elastic groups recorded on nuclear-track plates 
in the spectrograph, using the known spectrograph 
dispersion. All energy determinations are based on the 
polonium alpha-particle calibration of the broad-range 
magnetic spectrograph and subsequent calibration of 
the deflecting magnet. 

Data were taken by observing the number of counts 
per 20 micro-coulombs of incident deuterons in the 
case of the 130-degree runs and 100 micro-coulombs at 
90 degrees for a given incident energy. The input energy 
was changed in 20-kev steps, and the spectrograph field 
was changed to keep the deuteron group centered on 
the counter. Experience in taking momentum distri- 
butions, by varying the spectrograph field with a fixed 


8H. A. Enge, Rev. Sci. Instr. 23, 509 (1952). 


input energy, showed that the width of the deuteron 
group was sufficiently narrow compared with the 
counter slit to allow adequately for the slight un- 
certainty in the position of the group caused by un- 
certainty in input enérgy. Thus, it was possible to use 
the value calculated for the spectrograph field for each 
input energy without taking numerous momentum 
distributions. 

Target stability and over-all consistency of the 
counter data were checked by exposing nuclear-track 
plates at eleven input energies spaced along the yield 
curve. 

The relative yield was converted into an absolute 
cross section by comparison with the cross section for 
elastic scattering of protons from O'* measured by 
Eppling.® The comparison of the deuteron and the 
proton elastic yields was made by using nuclear-track 
plates in the spectrograph. 


III. RESULTS 


Figure 1 shows the yield curves obtained at 130 
degrees and at 90 degrees. For elastic scattering, the 
conversion factor between the laboratory and center- 


ad te Eppling, Ph.D. thesis, University of Wisconsin (1953) 
(unpublished) and private communication. 





ELASTIC SCATTERING OF DEUTERONS BY QO! 


TABLE I. Cross-section ratios for various bombarding energies 
and the two angles of observation. The first number in the 
parentheses is the laboratory deuteron energy in Mev, while the 
second number is the center-of-mass angle of the scattered 
deuteron. 








a (5.449, 97.2) /o (5.449, 135.5) =0.178+0.007 
@ (6.360, 97.2)/0(6.203, 135.5) =0.201+0.008 
@ (6.795, 97.2)/o(6.203, 135.5) =0.423+0.017 








of-mass systems is independent of energy, so that the 
yield curve may conveniently be plotted as center-of- 
mass differential cross section versus laboratory deu- 
teron energy. The center-of-mass angles in this experi- 
ment are 135.5 degrees and 97.2 degrees. 

For the 130-degree runs, both targets were used and 
all experimental points are shown. The curve, however, 
is drawn through the points obtained with the thinner 
target. Several runs were required to cover the energy 
range, but a sufficient overlap was made to permit 
normalization where necessary. The track-plate data 
were taken in a single run and are seen to agree with 
the counter data. Three runs sufficed for the 90-degree 
curve, and no normalization was necessary. 

The ratio of the yields at the two angles was deter- 
mined at several points using nuclear-track plates. The 
values determined are given in Table I: 

The results of the cross-section determinations are 
as follows: 


Oc.m= 14.1+0.7 millibarns/steradian at Eg 
= 6.203 Mevis» and 135.5°%.m., 


Oo.m.=59.3+3.0 millibarns/steradian at Ez 
=5.449 Mevian and 135.5%. m. 


These values are based on the following values for the 
proton elastic cross section determined by Eppling.® 


e.m.=95 millibarns/steradian at E, 
= 2.999 Mevia, and 122.2° .m., 


Oc.m,.= 93 millibarns/steradian at E, 
=2.999 Meviap and 134.4% m.. 


The cross-section scale assigned in Fig. 1 is based on the 
value of 14.1 millibarns/steradian at 135.5 degrees and 
Ei= 6.203 Mev. 

At 130 degrees, the cross section displays eight 
prominent maxima listed in Table II. In addition to 
the sharp peaks, there appears to be a broad resonance 
at 5.5-Mev deuteron energy, with an estimated width of 
750 kev. 

The cross section at 90 degrees is seen to vary about 
the Rutherford cross section. The maxima that occur 
are summarized in Table II, adjacent to those maxima 
at 130 degrees to which they appear to correspond. 
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TABLE II. List of observed resonance peaks with the 
corresponding excitation energy in F"*. 








135.54°e.m. 
Ea Excitation Ea 
in Mev in Fis in Mev 
+10 kev Mev +10 kev 


4.756 11.751 4.818 
5.084 12.042 (5.133) 
5.617* 12.516 . 

5.771 12.653 
6.088 12.934 
6.401 13.212 
6.566 13.359 
6.735 13.509 


97.24°o.m. 

Excitation 
in F's 
Mev 
11.806 

(12.086) 
12.688 
12.958 





5.788 
6.115 


CNAME WH 


(13.562) 


(6.795) 








IV. ERRORS 


If one assumes a Poisson distribution, the relative 
errors arising from the counting are shown directly on 
Fig. 1. For the curve at 130 degrees, the standard 
deviations shown are representative rather than 
exhaustive because of space limitations. All points at 
130 degrees have a standard deviation of 5% or less 
from the counting errors. 

The curves at the two angles are self-consistent to 
the standard deviations shown. The errors caused by 
current integration are considered negligible compared 
with counting errors. 

The cross sections determined are subject to two 
dominant sources of error: target contamination and 
beam contamination. Target contamination results 
when the target chamber is brought to atmospheric 
pressure while changing angles and is noticed as an 
apparent increase in oxygen content of 3 to 10%. 
Beam contamination consisted of 0 to 9% deuteron 
content of the 6-Mev molecular hydrogen beam used to 
measure the 3-Mev yield of protons from the reaction 
O'*(p,p)O"*. In assigning the cross section to the yield 
data, 4.5% deuteron contamination was assumed, and 
each yield ratio was the mean of several to correct the 
target contamination to the first order. 

The cross sections read from the figure are estimated 
to have an absolute error of +15% at 130 degrees and 
+20% at 90 degrees. For small stepwise changes in 
beam energy, as used in this experiment, energy 
differences are known to 0.1%. The absolute error is 
estimated to be +0.2%. 

The resolution of the excitation function is considered 
to be 40 kev, since data were taken at intervals of about 
20 kev. 


V. DISCUSSION 


The cross-section curves display structure that 
indicates compound-nucleus effects and undoubtedly 
interference effects between potential and Coulomb 
scattering. It is to be noted that, if the peaks listed in 
Table II for the 97.2-degree (c.m.) curve actually arise 
from the same levels as those listed for the 135.5-degree 
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(c.m.) curve, the energy for the peak at 97.2 degrees 
is higher in each case. Such an effect might be expected 
on the basis of interference effects. 

The work of Browne on the O'*(d,a)N™ reactions 
shows some correlation of the resonance structure with 
the present work. Again, however, as the yield appears 
to come from many overlapping levels, a comparison 
is difficult. 

Rather than to attempt an analysis of the present 
work with its apparent overlapping resonance structure 
and its lack of information on level widths, it seems 
more reasonable to extend both the elastic scattering 
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and (d,a) work to lower excitation energies. At the 
lower energies, a comparison might also be made with 
the (d,p) work of references 1 and 2. 

The authors wish to express their gratitude to Pro- 
fessor W. W. Buechner for the opportunities, advice, 
and encouragement he has given during their stay at 
the High Voltage Laboratory. To Dr. C. P. Browne for 
suggesting the problem and for his continuing advice 
and encouragement during the course of this work, they 
express their deepest appreciation. In addition, they 
acknowledge the considerable assistance provided by 
all the members of the High Voltage Laboratory staff. 
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If the imaginary part of the complex square-well potential is adjusted to produce the correct-sized giant 
resonances in the total cross sections of light nuclei, it is found to be too large to do the same for heavy 
nuclei and too small throughout most of the range of mass numbers to produce a suitable zero-energy 
strength function. Damping of giant resonances from optical potentials can generally be correlated with that 
of a zero-energy scattering amplitude, and the square well defects mentioned can all be studied with analytic 
simplicity at zero energy. When total cross-section data matching is performed for a square-well or a diffuse- 
edged potential, the imaginary part will be much less dependent on mass number if it is concentrated into 
a surface layer. However, once the parameters of any reasonable spherically symmetric potential have 
been determined from matching total cross sections, a general relationship prohibits complete experimental 
agreement with the zero energy strength function. For certain potentials, disregarding the data for those 
nuclei known to be distorted does result in excellent agreement. 


I. INTRODUCTION 


N “optical model” represents by a complex 

single-particle potential the interaction of an 
incident neutron with a target nucleus. The case in 
which the wavelength of the incident neutron is much 
larger than nuclear dimensions will be treated here. 
Since only S-wave scattering occurs and only one exit 
channel is determined, all the very low-energy impli- 
cations of a model with a spherically symmetric po- 
tential can be studied through the real and imaginary 
parts of a single element of the resulting diagonal 
derivative matrix, 


ay 
@®(R) = RretiRim = l¥/—] 
Tr 


where the radius R is a distance outside of which the 
potential vanishes and ¥(r,R) is the solution to the 
radial wave equation, 


#? dy 
———+(V—E)y=0. 


2m dr? 


(1) 


’ 
r=R 


(2) 


Like y, the potential V(r,R) will depend in general on 
both R and r since each nuclide could conceivably have 


a different interaction: Several advantages result from 
working with the quantity ® rather the dimensionless 
logarithmic derivative, R/®, or the “potential scat- 
tering length,’! R— ®Rre. 

A comparison of the ® of the model with properties 
of nuclei (for which ® is always real and usually not 
diagonal) can be accomplished through the interpre- 
tation of Feshbach, Porter, and Weisskopf,! who show 
that at very low energy 

Rim= ah (2m) T ,°/D, (3) 
where I’,.°/D, the “strength function,’” is the average 
ratio of the reduced level width, I’,.°=I',£-}, to spacing 
D at the epithermal energy £, which turns out to be 
negligible in Eq. (2). The general equations of scatter- 
ing! yield for the “shape-elastic’” and “compound 
nucleus formation” cross sections in the zero-energy 


limit : 
ose= 4a Qim’+ (R- Rre)* |, (4) 
o-=4rQin/k, (5) 
where & is the incident wave number. Since the strength 


1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
2 Lane, Thomas, and Wigner, Phys. Rev 98, 693 (1955). 
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function can be measured directly, a particular Rre 
could in principle be determined from the total cross 
section at some low energy once the sign of the scat- 
tering length has been obtained from a coherent 
scattering experiment.’ 

im? can nearly always be neglected in Eq. (4), and 
it would thus be expected that some general properties 
of shape-elastic scattering at all energies could, for 
various models, be correlated with the behavior of Rr 
rather independently of 1m. Likewise, Eq. (5) implies 
an over-all trend relationship between ®im and a-. 
Therefore, it is felt that by examining various potentials 
in the zero energy limit, not only is experimental 
comparison with low-energy quantities possible, but 
that some important general features of scattering at 
all energies may first be predicted from a comparatively 
simple analysis. 

The success of optical models has been established 
before its complete interpretation in terms of funda- 
mental interactions, and improvements may still be 
sought somewhat independently of this important but 
unsettled subject. Here, the primary concern will be a 
maximum amount of experimental agreement at zero 
energy for various potentials, whose plausibility will be 
judged largely by their simplicity and constancy of 
parameters. A detailed physical interpretation of the 
effects of the different complex potentials will be 
attempted in order to inspire promising new forms and 
avoid excessive blind calculations. 


II. COMPLEX SQUARE-WELL POTENTIAL 


Figure 1 shows K® calculated from the complex 
square-well potential! in which 


V(r,R)= —Vo(1+ié), 
and K is defined by 
aK = (2mV)}. (7) 


r<K, (6) 


The total cross-section curves! imply that Vo equals 
about 42 Mev for all elements and energies, and &, 
which increases with energy, for the first few Mev has 
a value of 0.05 for medium weight nuclei but really 
should decrease continually with radius to about 0.03 
for KR> 3m. Also plotted are the experimental values‘ 
of K@®tm with Vo=42 Mev and the nuclear radius 
obtained from a formula® found to be generally success- 
ful for neutron scattering, 


R= (1.26A*+0.70)X 10-8 cm. (8) 


K@im happens to be numerically equal to T,°/D in 
units of 10 ev-}. 

Rim from the complex square well is seen to be 
usually too small except at a maximum, where it is too 
large; the calculated o, is known to be generally 


3R. K. Adair, Phys. Rev. 94, 737 (1954). 
‘ Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955). 
5 W. S. Emmerich, Phys. Rev. 98, 1148 (1955). 
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KR =e0a! +100 


a--= €=,03 














Complex square well. Finite-energy calculations imply 
that ~ should decrease with R. 


deficient at nonzero energies, and according to Eq. (5) 
an over-all increase in o, would also improve ®im. 
Increasing £ forces Rim toward the experimental values, 
but this step excessively damps down the giant reso- 
nances in their dependence on both energy and mass 
number, and it also damps down Rre. 

In general, no matter how the imaginary part is 
distributed throughout a potential, its effect is absorp- 
tion, and a consequent suppression of the fluctuations 
of all the above quantities must result. Because of the 
close relation between osz and Rre, the amplitude of 
the latter should quite generally be expected to measure 
the relative fluctuations of the former for various ranges 
of the values of R. If the form of a potential is not too 
different from a complex square well and produces 
nearly the same Re, it would even seem likely also to 
produce similar shape-elastic cross sections at nonzero 
energies. An example would be a potential with a 
constant real part, which primarily locates the positions 
of the giant resonances, and an r-dependent imaginary 
part, controlling their size. 

In judging a model at zero energy, nottoomuch 
detailed information should be inferred from the uncer- 
tain experimental data? on Rre. However, the total 
cross sections of the complex square well at nonzero 
energies are mostly shape elastic and can be made to 
reproduce the experimental trends reasonably well; it 
would seem advisable then for an improved potential 
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to duplicate closely the Rx. of the square well. In 
short, the zero-energy goals for an improved potential 
are: (1) that it be not very different from a complex 
square well, (2) that the experimental values of @im 
be reproduced, and (3) that ®x. equal that of the set 
of complex square wells whose imaginary part decreases 
with increasing mass number at the correct rate. 


III. SURFACE-ABSORBING POTENTIALS 


It would seem that the imaginary part of the complex 
square well would not have to decrease with increasing 
mass number if absorption could occur only near the 
surface, for then the absorbing volume would increase 
as the square of the nuclear radius rather than as the 
cube. 

Therefore, let us consider models in which the po- 
tential is real throughout a spherical “core” and com- 
plex within a surface layer enclosing this core: 


V(r,R) is real for r<R,=R-t, 
V(r,R) is complex for R.<r<R, 


where R, is the radius of the core and ‘=R—R, is the 
thickness of the surface layer. 

Let us further assume that for all nuclei the surface 
layer has a constant thickness and the same functional 
form of the potential : 


t is independent of R; 


for R.<r<R, V(r,R)=V(s), (9) 
where s=r—R,. 
Within the surface layer, Eq. (2) can be transformed 


to : ay 
—— — + V(s)\p=0, 


2m ds? 


(10) 


which itself implies no R dependence. Thus R can 
affect the solution only in determining boundary 
conditions, and 


¥(s,R)= A(R) y(s)+B(R)0(s), 


(11) 


where ¢ and @ are two linearly independent solutions of 
Eq. (10). At s=0, the reciprocal logarithmic derivative 
of y is equated to ®., the value ® would assume if 
there were no surface layer, and at s=¢ the reciprocal 
logarithmic derivative is set equal to ®, which we are 
seeking. The quantities A and B can be eliminated by 
equating their ratio, which occurs in each of these 
equations. There results 
BR. 


R=at . 
1+7R. 


(12) 


where the (complex) a, 8, y depend only on the values 
and derivatives of g and 6 at s=0 and ¢ but mot on the 
nuclear radius R. a, 8, and y depend only on the surface 
potential, and ®, depends only on the core potential. 
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®, is real when the core is, and if the core is also a 
square well, 


K@.=tanKR,. (13) 


Rre and Rrm will then both be perfectly periodic in R. 
By using the total cross-section curves of reference 1 to 
estimate the rate at which £ should decrease with R, 
and then referring to Fig. 1 to investigate how such a 
variation of £ would affect Rre, one finds that all the 
peaks of Rp should indeed have nearly the same height. 

Regardless of the form of the core potential, ® can 
be considered as a function only of ®, as R varies. 
When &, is real, for each cycle that it traverses, the 
following “®-point relationship” holds as can easily be 
verified after separating the real and imaginary parts 
of Eq. (12); a “point” means a particular value of ®.: 

Rre has a maximum and a minimum whose values are 


Rree= MpRe+A, 


and at these points the two values of Rim both equal 
Mim. @tim has a maximum and a minimum whose 
values are 

Gims>= Mim+ A, 


and at these points the two values of Rp. both equal 
Mre. 

Mre, Mim, A, and the values of the points can, of 
course, all be expressed explicitly in terms of a, 6, y 
and are extremely convenient to calculate when testing 
various potentials. For example, 


A= —}4 || /imaginary part of +. (14) 


It has been assumed that as R increases through the 
range of nuclear radii, ®, actually traverses in each 
cycle an interval containing all the points specified in 
the relationship. Unless the form of the core potential 
depends very strongly on R, a nonvanishing extremum 
of the wave function would be expected to occur at 
r=R, for some values of R. Then the ®-point relation 
must be fulfilled® because between these values of R, 
®, will traverse all the real numbers as in Eq. (13). 
The possibility that the nuclear interaction could be 
represented by a real core potential for which the 
®-point relation is invalid seems extremely unlikely 
because the nearly cyclic property of Rre in Fig. 1 
would then have to be due to a sensitive and probably 
even periodic dependence on R by the parameters of 
the potential itself, and even so the experimental 
values of the nonzero energy giant resonances could 
hardly be expected to occur. Figure 2 illustrates the 
®-point relationship for a real square-well core and a 
surface layer consisting of a pure imaginary delta 
function whose Rre- has been adjusted by setting w= §. 


®It may seem that the ®-point relationship is violated when 
the surface potential is real so that Rim=0 “everywhere.” This 
anomaly occurs because when R.= —1/y, Rre= © ; however, at 
this (and only this) one value of R., Rim— ~ also as the imaginary 
part of the surface vanishes. Equation (14) remains valid through- 
out the limiting process. 





ZERO-ENERGY SCATTERING OF NEUTRONS 


® in this case has been obtained by integrating the 
wave equation across the surface layer; this just has 
the effect of subtracting iw from the logarithmic 
derivative at the inside of the layer. 

Although the &-point relationship is exact only for 
a real core, it is approximately still true when the core 
is a square well with a small imaginary part. This can 
be shown by noting that in each cycle the ® of the 
complex square well resembles that of a surface delta 
function and even more closely that of certain other 
type layers. Therefore, according to Eq. (12), a surface 
layer around a complex square well would give nearly 
the same ® as the same layer around some other layer. 
These two layers form a composite layer and so must 
obey the ®-point relationship. 

The &-point relationship implies that the difference 
between the maximum and minimum values of Rpe 
equals that of Rim, and so violates the second goal of 
Sec. II at least around KR=(3})x. It is absolutely 
impossible to correct this defect by altering V(s), but 
the experimental disagreement is over a small interval 
in R, and an explanation has been offered!‘ in terms 
of the shape of these nuclei being distorted. What we 
have done is to show that this can be the only reasonable 
optical explanation of the discrepancy. Since we shall 
continue to restrict our considerations to spherically 
symmetric potentials, it would seem wise to revise our 
goal to be that of raising the flat minimum of the ®im 
in Fig. 2 to the experimental values while leaving Rre 
unchanged and allowing the necessary increase in ®im+ 
to occur. We shall consider only the case in which the 
core is a real square well in keeping with the first goal 
of Sec. II. 

It turns out that simply a complex constant for V(s) 
fails to satisfy our revised second goal, but it is possible, 
even without calculation, to demonstrate how another 
potential succeeds. Consider a potential of the form 


V (s)= — Vol 1+iwid(Ks)+ iw (Ks—4a)] 
for Ks<43nr 
=0 for Ks>4nr=Ki, 


(15) 


where w, and w» are constants. The wave function can 
be pictured as proceeding out from the origin propor- 
tional to sinKr as far as the potential stays constant. 
When KR=(n+4)zx, where n is an integer, the wave 
function vanishes at the location of the first delta 
function in Eq. (15) and thus continues past as a 
sine wave unaffected by the presence or value of w. 
According to Fig. 2, for these particular values of R, 
® is given by 


K@re= 0; K@im = 1/we. (16) 
Let us set w2=1/7 and picture w, increasing from zero. 
® initially is given by Fig. 2 (with w changed to 1/7). 
However, as w; becomes infinite, the wave function at 
s=0, and thus ®,, both vanish for all values of R. 
Equation (12) shows that ® approaches a, a constant 
































Fic. 2. Any cycle of the ® from a surface delta function, 
V(s)=—iwV (Ks), as a particular example of the ®-point 
relationship. 


independent of R, and this constant must be given by 
Eq. (16). Thus, increasing w; gradually lifts Qim— from 
zero to the value of Eq. (16). The process is stopped 
when K®im—~1, the experimental value. The ®&-point 
relationship assures us that Rr, will have the correct 
amplitude. 

The above process depends on a partial barrier effect 
of the inner delta function and absorption by the one 
outside. More plausible models can be formed by 
replacing the two delta functions by a single absorbing 
partial barrier of finite thickness beneath the outside 
surface and also a barrier plus absorption to the outside 
surface. Figure 3 shows several potentials that all give 
results similar to those shown in Fig. 4, which actually 
comes from the last potential in this series. Only the 
imaginary part in the surface is shown; the real part is 
equal to that of the core. 

If Ki did not equal $7 in Eq. (15), ® would still 
become independent of R as w; became infinite, and 
the constant values ® would take for various values of 
tare given by Fig. 2 with ¢ replacing R and w» replacing 
w. With w, large but finite, the values of ® equal to 
Mx. and Mj» approximately still follow the behavior 
of Fig. 2 as a function of ¢. This qualitative reasoning 
helped to adjust the potentials of Fig. 3 to make Mp. 
vanish, so that Re would look like that of a complex 
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Fic. 3. Imaginary parts of various surface potentials which 
will yield Fig. 4 when the core is a real square well equal to the 
real part of the surface potential. 


square well. It is not apparent, however, that the 
surface-absorbing potential which would give the best 
nonzero energy cross sections does have a vanishing 
Mp, at zero energy, nor that its Qim and Rpe are as 
symmetric as in Fig. 4, though still obeying the ®-point 
relation. 


IV. DIFFUSING THE SURFACE 


The effect of rounding the outside edge of a complex 
square-well potential is to multiply’’* ® by |7/T»|?, 
the factor by which the one-dimensional transmission 
coefficient of the edge has been increased when it 
separates two infinite regions of constant real potential. 
That is, if an incident plane wave, exp(iKr), emerges 
from r=— ©, then that part of the wave transmitted 
toward r=+o is T exp(ikr). Equating boundary 
conditions leads to the result that 


T Ke 


= ; (17) 
To K+i7 

A simple way of explaining the existence of the 
constant factor before ® is to note that if absorptive 
effects were neglected, the logarithmic derivative of the 
wave function at the outside boundary of the diffuse- 
edged potential would be the same as for a square well 
with a smaller depth. For a square well there is a 
functional relationship only between KR and KR and 


7J. M. C. Scott, Phil. Mag. 45, 441, 751, 1322 (1954). 
®D. C. Peaslee, Bull. Am. Phys. Soc. Ser. IT, 1, 135 (1956). 


no further dependence between the individual factors 
in each quantity. Thus, for each R of a square well, 
there corresponds for the diffuse edge a larger R and 
an & multiplying that of a square well by a number 
greater than unity. 

By redefining the nuclear radius as extending to a 
point on the diffuse edge nearer the core, the lateral 
shift of ® can be compensated, and by increasing & the 
amplitude of Rre can be reduced back. An increased & 
has two beneficial consequences: ®im— is further raised 
toward the experimental values by the increased 
damping, and a transmission coefficient twice that of a 
square well gives, with £=0.04, excellent agreement® 
for ®im except near KR=(3})x; the other effect is 
that increasing the imaginary part causes the fluctu- 
ations of RRe to be decreased by a slightly smaller 
factor for heavy nuclei than for light nuclei. 

Even for a diffuse edge, however, the size of the 
fluctuations does decrease with radius, and it seems 
likely that the imaginary part of the potential should 
still be concentrated to the surface in order to keep the 
strength of the absorption from depending on mass 
number. The possibility suggests itself that a surface- 
absorbing diffuse-edged potential does not require an 
internal barrier to raise Rim— above the value of the 
complex square well, and that therefore the imaginary 
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Fic. 4. Any cycle of the ® from the last potential of Fig. 3. The 
minimum value of Rim has risen above that of Fig. 2. 
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part can be located at the outside surface of the po- 
tential rather than a distance beneath it. 

Although such a potential is hard to treat analyti- 
cally, it must obey the ®-point relationship, and Fig. 5 
shows the behavior of My, and A as calculated exactly 
by the NORC computer from a potential whose real 
part is diffuse in the surface and whose imaginary part 
is proportional to the derivative of the real part. It is 
seen that good values for Mj, and A do indeed exist 
simultaneously. 


V. APPLICATION TO ENERGIES HIGHER 
THAN ZERO 


Recent numerical calculations® of total cross sections 
and o, from these potentials for the first few Mev 
indicate that: (1) the best fits for the potentials of 
Figs. 3 and 5 occur when @ looks like that in Fig. 4; 
(2) all these potentials give an excellent fit for o, even 
though the complex square well failed, and by increasing 
a, the total cross sections were raised and also improved ; 
(3) all the potentials of Fig. 3 give nearly the same 
results; (4) the potentials of Fig. 5, as at zero energy, 
produce broader giant resonances than the complex 
square well while the potentials of Fig. 3 do not; (5) 
these broader giant resonances and other slight changes 
occurring for the diffuse edge are in themselves im- 
provements; (6) a diffuse edge with the imaginary 
part spread throughout the volume and gradually 
decreasing with mass number gives the same results 
as when the absorption is concentrated to the surface. 


VI. SUMMARY 


The complex square-well potential, even with a 
diffuse surface affixed, requires an imaginary part that 
decreases with increasing mass number. This defect 
can be studied at zero energy and can be corrected by 
restricting the absorption to the surface. Another flaw 
of the complex square well is that it implies too low a 
probability of forming a compound nucleus. Either 


® Performed in collaboration with W. S. Emmerich. 
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Fic. 5. Mtm and A for a diffuse absorbing surface: V (r) = — Vo for 
r<R.; V(s)=—Vo(1—idrd/ds) [exp (s/r) — (s/r) J“ for r> Re. 


rounding the surface, or placing a concentration of 
absorption just beneath it, or a combination, removes 
the flaw except near KR= (3})m at zero energy. Near 
KR= (3})x, no reasonable spherically symmetric po- 
tential will be able to produce the zero-energy strength 
function, but these nuclei are in fact believed to be 
distorted. 
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The lifetimes of the first excited states of B” and Al® have been measured by a recoil technique which 
incorporates coincidence counting. Recoil nuclei are produced in a unique manner which facilitates an 
accurate determination of the recoil velocity. Corrections to the velocity for target thickness were investi- 
gated experimentally. Lifetimes of (8.5+-2.0)X10-" sec and (3.0+0.5)X10~ sec were obtained for the 


first excited states of B*° and Al*, respectively. 





INTRODUCTION 


HE recoil motion imparted to a nucleus in a nu- 
clear reaction or disintegration has been utilized 
by a number of investigators’ in the measurements of 
nuclear lifetimes in the range 10~* to 10" sec. As has 
been discussed by Devons et al., the various techniques 
fall into two categories: (1) a direct measurement of the 
mean distance traversed by the recoiling nuclei before 
radiating, and (2) observations on the Doppler energy 
shift produced by the recoil motion. The direct method 
has been used successfully for lifetimes down to about 
10-" sec; with the techniques involving the Doppler 
shift, the range has been extended to about 10~" sec. 
In this paper we describe a method for determining 
the mean distance traveled by a group of excited nuclei 
before radiating. The technique was devised in order to 
obtain greater sensitivity and to provide for a more 
straightforward determination of the recoil velocity 
than achieved in previous experiments. The method has 
been used to measure the lifetimes of the first excited 
states in B" and Al**. In addition, a negative result was 
obtained for the first excited state in Li’ indicating, as 
expected, a lifetime too short for a technique involving 
a direct measurement of distance. 


METHOD 


The technique in its most useful form is illustrated 
in Fig. 1. In this application the radiation is preceded 
by the emission of a heavy particle. Consider, for ex- 
ample, a (d,py) process. The thin target is oriented so 
that the beam traverses the backing (if a backing is 
required) before entering the active target. Recoil 
nuclei are therefore free to leave the target and travel 
in vacuum in the forward hemisphere. The state under 
study is isolated by observing (p-y) coincidences. This 

Tt Assisted by a contract with the U. S. Atomic Energy 
Commission. 

* Present address: Argonne National Laboratory, Lemont, 
Illinois. 

1J. C. Jacobsen, Phil. Mag. 47, 23 (1924); Nature 120, 874 
(1927); A. W. Barton, Phil. Mag. 2, 1273 (1926). 

?L. G. Elliot and R. E. Bell, Phys. Rev. 74, 1869 (1948) ; 76, 
168 (1949); Rasmussen, Lauritsen, and Lauritsen, Phys. Rev. 
75, 199 (1949). 

3 Devons, Hereward, and Lindsey, Nature 164, 586 (1949); 
J. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953). 

* Devons, Manning, and Bunbury, Proc. Phys. Soc. (London) 
A68, 18 (1955). 


mode of detection provides two advantages: (1) re- 
coiling, excited nuclei are produced in a unique manner 
so that the recoil velocity can be computed simply and 
accurately, and (2) the protons can be detected in a 
backward direction so that one utilizes only those re- 
coils traveling in the forward direction and having the 
maximum velocity. The proton counter, therefore, is 
placed at 180° to the beam. The coincident gamma rays 
emitted by the forward moving nuclei are detected in a 
counter mounted at 0° to the beam. Between the target 
and the gamma counter a movable recoil stopper is 
inserted. The function of the stopper is to control 
mechanically the range of the recoil nuclei. As the 
stopper is moved the source of gamma radiation is 
effectively displaced resulting in a change in solid angle 
of detection. This change in yield can be easily related 
to the mean distance traveled by the excited nuclei 
which in turn is a function of the lifetime. 

The method is not restricted to disintegrations in 
which the radiation is preceded by emission of heavy 
particles. In the B" problem, for example, it was more 
convenient to detect gamma-gamma rather than 
neutron-gamma coincidences. Since the gamma-gamma 
process is itself preceded by neutron emission the re- 
coils are not unidirectional, and it is necessary to know 
their angular distribution in order to interpret the 
measurements accurately. 

There is in principle no need to confine the method to 
the use of coincidence detection. If the radiation under 
observation can be detected without excessive back- 
ground and if the velocity distribution of the recoils is 
known, the technique of obtaining the yield of radia- 
tion as a function of recoil stopper position can be 
applied directly. Two possible applications of this 
direct approach would be to a (p,y) capture process or 


STOPPER 


PARTICLE RECOIL 
PARTICLE CONE CONE | GAMMA 


COUNTER } COUNTER 
tia, SO TARGET \ af 


BEAM __ 


Fic. 1. Schematic 
diagram of the meth- 
od, illustrating the 
notation. In addi- 
tion, b=radius of 
gamma counter and 
é6=mean _ distance 
traversed by a recoil 
during its mean life. 
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to a (p,my) reaction just above threshold, where p 
might be any heavy particle. In both these cases the 
excited nuclei are projected forward and it might easily 
be possible to isolate the radiation under study by 
straightforward energy discrimination in the gamma- 
ray detector. 

In order to determine the optimum experimental 
conditions for the proposed technique, we may use 
expressions derived under the simplifying assumption 
of a point source and ideal collimation. It is also con- 
venient here to assume that the gamma-ray counter 
can be represented by an ideal circular aperture having 
constant efficiency over its area. The notation used is 
given in Fig. 1. 

If there are No nuclei with constant velocity V being 
produced per sec at the source, then the number of 
these nuclei which travel a distance at least s before 
radiating is given by 


N=Noe!*= Noe=*!*, 


where r is the mean life and 6= Vr the mean distance 
traveled by the excited nuclei. The counting rate from 
nucléi caught on the stopper is therefore 


Y,(s) = 2mNoe~*/8{1—[1+87/(c—s)? 3}. (1) 


The expression within the curly brackets (times 27) 
gives the solid angle subtended by the gamma counter 
at the stopper, a distance c—s away, where 6 is the 
radius of the counter. The counting rate from nuclei 
which decay before reaching the stopper is obtained by 
an integration 


Y ,(s)= (2mNo/8) f 1 —[1+8/(c—2) Pax. (2) 


The total yield, Y(s)=Y,+Y,, is a sensitive function 





Fic. 2. Theoreti- ” 
cal curves illustrat- 
ing the sensitivity of 
the method as a 
function of various 
parameters. 


R=Y(c)/Y(0). 
R'=Y (0.8c)/Y (0). 
B=b/é and y=c/5. 











B'* AND Al?® 


RECOIL TARGET CHAMBER 
(TOP VIEW ) 


lucite light pipe 
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| target 
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forget 
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recoil 
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/ PARTICLE COUNTER 
(SIDE VIEW) 


Fic. 3. View of the target chamber. The light 
particle counter, with a beam hole passing throug 
shown. 


ipe for the 
it, is also 


of the stopper position s, provided the parameters } 
and ¢ are properly chosen. 

It is convenient to use the mean distance, 6= Vr, as 
a unit for measuring counter size and distance: B=b/6 
and y=c/6. We also define R= Y(c)/Y (0). A measure- 
ment of this ratio is the simplest way of obtaining 
information from which the lifetime may be deduced. 

For any given set of conditions, R is increased by 
making 6 as small as possible, as shown in Fig. 2, the 
only limitation being one of maintaining sufficient 
intensity. In practice values of 8 between one and three 
have been used. The optimum value of y depends on 
B as well as being limited by the necessity of maintain- 
ing an adequate counting rate. For 0.02<8<3, Risa 
maximum for y>~2, as illustrated in Fig. 2. For 6>3, 
one obtains roughly y-~@ as the optimum condition. In 
general, these values of y are readily obtained 
experimentally. 

In practice it is not possible to measure VY (c). If a 
scintillating crystal is used for the gamma counter, the 
effective aperture is within the crystal, and the stopper 
position is limited by the front face of the crystal, as 
well as by the thickness of the stopper itself. For this 
reason it is desirable to use crystal detectors which are 
as thin as possible, the only limitation being that of 
maintaining an adequate counting efficiency. The effect 
of crystal thickness on the ratio R can be seen in Fig. 2. 
Fortunately, the requirement of thinness is compatible 
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with keeping background from neutrons and high- 
energy gamma radiation at a minimum. 

The stopper should be inert to the beam and as thin 
as possible to allow maximum displacement. In addition 
to stopping the recoil nuclei, it should also absorb the 
particles in the beam and all charged particles from 
the reaction as well. On the other hand, the stopper 
must be fairly transparent to the radiation emitted by 
the recoil nuclei, a requirement which is not always 
trivial when very low-energy radiations are studied. 

A point source and ideal collimation of the recoils are 
not attainable experimentally. Under conditions for 
which the active spot on the stopper does not greatly 
exceed in area the aperture of the gamma counter, the 
simplified formulas given above are not greatly in error 
and the necessary corrections can be made in fairly 
straightforward fashion.’ More importantly, good colli- 
mation is desirable for maximizing the ratio R and in 





PROTON SPECTRUM 
Fic. 4. Coincidence 
A spectra obtained with 
the Al?7(d,p)Al* reac- 
tion. The proton spec- 
trum was recorded with 
\} the gamma channel set 
on 32 kev. The gamma 
spectrum was recorded 
with the proton channel 
on 6.0 Mev. The proton 
group at 5.0 Mev repre- 
sents an _ unresolved 
doublet. The  coinci- 
dence response for this 
doublet arises from cas- 
cades through the 32- 
kev state. The lifetime 
data were obtained with 
the proton channel set 
on the 6.0-Mev group. 
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reducing the effect of an unknown anisotropy in the 
directional distribution of the recoils. 

The dependence of the recoil velocity on the angle of 
emission of the recoil is easily calculated. The velocity 
in the vacuum, however, depends also on the amount of 
target material previously traversed by the recoil 
particle, and hence on the angle of emission as well as 
on the depth in the target at which the reaction occurred. 
The velocity distribution is further affected by scatter- 
ing of the recoil before leaving the target. These effects 
of target thickness introduce the largest uncertainty 
into the lifetime measurement, since so little is known 
of the passage of heavy ions through various media. 
Insofar as it was possible, energy loss data were ac- 
cumulated from the literature and reasonable extrapola- 
tions were made to the problem at hand. In addition, 
the measurements were carried out on targets of several 

5 Formulas for an extended source may be found in B. P. 
Burtt, Nucleonics 5, 28 (1949); Calvin, Heidelberger, Reid, 


Tolbert, and Yankwich, Jsotopic Carbon (John Wiley and Sons, 
Inc., New York, 1949). 
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Fic. 5. Coincidence yield as a function of stopper position for 
the B" recoils. The curves are calculated using the point source 
approximation. 


different thicknesses and the results were compared 
with the energy loss data. 


EXPERIMENTAL ARRANGEMENT 


The target chamber is shown in Fig. 3. The incoming 
beam, collimated to a diameter of about 0.25 cm, passes 
through a hole in a vertical light pipe. The light pipe 
has an oblique end, to which is attached the scintillating 


v 


TABLE I. Measured ratios and corresponding values of the mean 
distance 6 for the first excited state of B™. 








Counter 
distance é 
cm R cm 


0.15 1.48+0.09 0.13 +0.05 
0.15 1.43+0.14 0.11 +0.06 
0.16 1.24+0.06 0.05 +0.02 
0.17 1.38+0.22 0.09 +0.07 
0.25 1.41+0.11 0.09 +0.03 
0.25 1.330.12 0.07 +0.03 
0.25 1.54+0.08 0.12 +0.03 
0.25 1.54+0.08 0.12 +0.03 
0.26 1.330.07 0.07 +0.02 
0.27 1.52+0.14 0.12 +0.04 
0.27 1.45+0.14 

0.27 1.60+0.13 

0.45 1.42+0.16 


Target 
thickness 
A 





3800 


0.04 +0.01 
0.03 +0.01 
Av=0.035+0.01 


0.16 
0.24 


1.18+0.05 
1.09+0.06 


Thick target 1.02+0.19 0.00 +0.04 
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crystal for detection of the charged particles (in the 
Al** problem). The target holder could be rotated from 
outside the chamber so that several targets could be 
used without breaking vacuum. The recoil stopper con- 
sists of 0.5 mil of nickel foil to stop the beam and then 
14 mils of aluminum foil to protect the gamma counter 
from energetic charged particles. This stopper absorbs 
about 20% of the 32-kev radiation encountered in the 
Als problem. The scintillating crystal for detection of 
the gamma radiation is mounted behind the stopper in a 
well in a Lucite light pipe. The recoil stopper could be 
moved from outside the chamber by means of a pre- 
cision screw, equipped with a scale and vernier which 
were accurate to about 0.05 mm. The target itself 
could also be displaced horizontally so that the crystal 
to target distance could be varied. 





| 
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/ 
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/ 
aa 


J 0.44 

Fic. 6. Coinci- 
dence yield as a func- 
tion of stopper posi- 
tion for the Al 
recoils. 
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The B"” nuclei were produced by means of the 
Be®(d,n)B'™* (7)B™* reaction, at Ez=0.85 Mev. The 
neutron angular distribution has been measured at this 
energy.® The targets were unsupported beryllium foils, 
either 15 or 30 microinches, The detector for 720-kev 
radiation from the first excited state was a Nal(TI) 
crystal, approximately 2.2 mm thick and 6 mm in 
diameter. Coincidences were obtained between this 
radiation and the preceding 2.86-Mev gamma ray, 
which was detected with a NaI(TI) crystal, 2 in. thick 
and 1.5 in. in diameter, mounted outside the target 
chamber. 

The Al’ recoils were produced with the Al?’ (d,p) Al?** 
reaction at Eg=1.2 Mev. Aluminum targets of thick- 
ness 500, 1000, 2000, and 4000 A were evaporated on 
nickel foils 1000 A thick. The scintillator for 32-kev 


6 Pruitt, Swartz, and Hanna, Phys. Rev. 92, 1456 (1953); 
Green, Scanlon, and Willmott, Phil. Mag. 44, 919 (1953). 
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Fic. 7. The measured ratio R as a function of target to counter 
distance for Al? recoils. 


radiation from the first excited state was a Nal(TI) 
crystal, 0.5 mm thick and 9 mm in diameter. In this 
reaction, p-y coincidences were detected. The proton 
counter was a KI(TI) crystal about 0.5 mm thick 
mounted on the oblique end of the light pipe. Energy 
discrimination was obtained with single channel dis- 
criminators, the outputs of which were analyzed in a 
coincidence circuit with a resolving time of about 10-7 
sec. A monitor for accidental coincidences was also 
provided. Before each run, coincidence spectra were 
obtained in order to select the desired coincidences. 
Two such spectra are shown in Fig. 4. 


RESULTS 


The results for B” are given in Fig. 5 and Table I. 
The curves in the figure and the values of 6 in the 
table were computed with the point-source relationship : 
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Fic. 8. Observed values of 6 plotted against target thickness 
(in angstroms) for the Al?8 and B” problems. An error of 20% has 
been assigned to each foil thickness. The curves are based on 
available energy loss data and on the indicated value of the 
lifetime. 
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TABLE II. Measured ratios and corresponding values of the mean 
distance 6 for the first excited states of Al**. 








Counter 
distance 5 
cm R cm 


1.00 3.90+0.55 0.630.14 
1.00 3.40+0.55 0.51+0.14 
0.57+0.10 


0.750.16 
0.44+0.03 
0.50+0.08 


Target 
thickness 
A 





500 


3.50+0.25 
3.00+0.12 


0.73 
0.95 


1.12+0.07 
1.42+0.09 
2.05+0.11 
2.70+0.16 
2.74+0.19 


0.10 
0.20 
0.40 
0.60 
1.00 

0.41+0.06 


0.40+0.04 
0.30+0.03 
0.22+0.03 
0.30+0.06 


0.03+0.04 
0.08+0.04 
0.05+0.02 
—0.03+0.03 
0.030.03 


2.85+0.23 
2.22+0.15 
1.74+0.15 


0.95 
0.95 
1.00 
1.00 


1.07+0.11 
1.20+0.12 
1.12+-0.04 
0.93+0.06 

Av= 








(1) plus (2). The average values of 6 from Table I are 
plotted against target thickness in Fig. 8. The curve in 
Fig. 8 was derived in the following manner. The ve- 
locity distribution of the recoils was computed from the 
associated neutron distribution,’ and an approximate 
range-energy relationship for B" particles was con- 
structed by accumulating data for other nuclei’ and 
making reasonable interpolations. An effective forward 
velocity for the recoils was calculated, as a function of 
target thickness, by numerical integration, taking into 
account deviations from the point source formula. By 
using 6= Vr and a value of 7=8.5X 10" sec, the curve 
in Fig. 8 was obtained. In selecting a value of the life- 
time to fit the data, more reliance was placed on the 
datum for the thinner targets. Many more runs under 
varying conditions were made with the thin targets. 
In addition, in our experience the buildup of surface 
layers of carbon was slower on the thinner foils. In 
general a fresh target was used after every run or two. 

The value of (8.52) X 10-" sec is in good agreement 
with the result, (72) 10-" sec, obtained by Thirion 
and Telegdi,*’ who used quite a different technique to 
determine the mean distance traversed by the recoils. 
As pointed out by these authors, the lifetime is com- 


™P. M. S. Blackett and D. S. Lees, Proc. Roy. Soc. (London) 
A134, 658 (1932); N. Feather, Proc. Roy. Soc. (London) A141, 
194 (1933); R. L. Anthony, Phys. Rev. 50, 726 (1936); J. T. 
McCarthy, Phys. Rev. 53, 30 (1938); W. Hansen and’G. A. 
Wrenshall, Phys. Rev. 57, 750 (1940) ; G. A. Wrenshall, Phys. 
Rev. 57, 1095 (1940). 
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patible with estimates based on the independent- 
particle model. 

The Al” results are displayed in Figs. 6, 7, and 8 and 
in Table II. The treatment of the data is very similar 
to that for B™. Since 6 turned out to be greater for 
Al’, it was possible to carry out the series of measure- 
ments depicted in Fig. 7. The agreement between these 
data and the theoretical curve would be improved if 
departures from the point source formula were in- 
cluded. It was also possible to obtain measurements for 
a greater variety of target thicknesses. Since energy 
loss data for particles as heavy as aluminum were not 
available, a range-energy curve, having the same func- 
tional dependence on velocity as for B", was adapted 
to fit the Al’* data in Fig. 8. As the Al** recoils were 
confined to a 20° cone, the collimation was considerably 
better than for the B"” recoils, and the distribution 
within the cone was assumed isotropic. Deviations from 
the point source formula, however, were comparable 
in the two cases, since the stopper was moved farther 
from the target and closer to the gamma counter in the 
Al’® runs. 

The internal conversion coefficient for the 32-kev 
transition is less than one,’ indicating either dipole or 


TABLE III. Measured ratios for the first excited state of Li’. 








Counter 

distance 
cm R 
0.1 0.95+0.12 
0.6 1.00+0.15 














quadrupole radiation. From a study of the angular dis- 
tributions in the Al’’(d, p)A Al’, AP’** reactions,® agree- 
ment is obtained with spin and parity assignments of 
3+ and 2+ for the ground and first excited states of Al’, 
respectively. The radiation is therefore either M1 or 
E2. The measured value of the lifetime, r=3.010~° 
sec, is compatible with the assumption of M1 radiation 
in estimates” of the lifetime (~10~ sec) based on the 
independent-particle model. 

In Table III is given briefly the outcome of an 
attempt to determine the lifetime of the first excited 
state in Li’, as a test of the method. As expected, the 
technique fails in this case because the lifetime (~10-" 
sec) is too short.? 

We would like to acknowledge the assistance of Mr. 
P. W. Milich in operating the Van de Graaff generator. 
We are grateful also to Mr. William G. Fastic for his 
skillful preparation of the aluminum targets. 
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® Enge, Buechner, Sperduto, and Mazari, Bull. Am. Phys. Soc. 


Ser. II, 1, 212 (1956). 
wV.'F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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The wave functions, normalization constants, and certain important diagonal matrix elements have 
been calculated for the diffuse boundary potentials previously described. By taking advantage of the 
variety of well parameter combinations which give rise to the dimensionless potentials and by utilizing a 
simple perturbation method, one may extend the usefulness of these wave functions to a large variety of 
potentials, and it should be possible to generate approximate independent-particle-model wave functions 
for any proton or neutron state in any nuclear species with A >10. 

Relative spin-orbit energy coefficients are calculated for a Thomas-type energy. The requirement that 
large energy discontinuities exist at the magic numbers. NV = 20, 28, 50, 82, and 126 restricts the spin-orbit 
term to be about 45 times the Thomas expression. 

The radii of neutron and proton orbitals are calculated, the latter being obtained after consideration is 
given to an attractive proton potential which is needed to account for the general trends of proton binding 
energies. Radii of neutron and proton distributions are also calculated. It is found that the equivalent 
uniform radii are R,=1.30A! and R,=1.24A! (in units of 10- cm). These are to be compared with an 
equivalent nuclear force radius Ry=.1.38A!. The attractive nuclear anomaly leads one to expect a thin 


(0-0.4) neutron membrane around nuclei. 





I. WAVE FUNCTIONS AND RELATED INTEGRALS 


HE approximate dimensionless radial wave func- 
tions for the diffuse boundary potential described 
in a previous work! are given by 


Gi=A pus (ep) = @ipjile'p) p< 
Ge=AJ n{k expl(1—p)/25]} p21 (1) 


where @;= A ;(2e’/x)!. To determine the normalization 
constants the values of integrals of the form 


and 


oe f wT 2(kx)dx (2) 


are needed. These have been evaluated for integral and 
fractional orders by use of available tables of Bessel 
functions? and the formulas of Lommel and Schlafli.’ 
Graphs of the slowly varying ratios 


Sn(k)=1n(R,1)/T nh, =f), (3) 


T (Rk) =In(k,3)/Tn(k, —1) (4) 
and 
Ra(k)=In(k,3)/Tn(k,1) (S) 


are particularly helpful for interpolation at nonintegral 
orders.{ 


* The results of this paper were presented at the 1956 Annual 
Meeting of the American Physical Society in New York [Bull. 
Am. Phys. Soc. Ser. II, 1, 16 (1956) ]. 

t This investigation was supported by a grant from the U. S. 
Atomic Energy Commission. 

1A, E. S. Green, Phys. Rev. 102, 1325 (1956). The notation of 
this paper will be used here. 

2. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945). 

3G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, New York, 1948). 

4Tables of Spherical Bessel Functions (Columbia University 
Press, New York, 1947). 

t Graphs of the functions J,7(k), In(k,—1), Tn(k), Sn(k), and 
R,(k) for various values of m and & of interest are available in 


Certain definite integrals which arise in connection 
with the evaluation of the external portion of various 
diagonal matrix elements may be transformed to the 
form 


b= f x" f[p(x) Jn? (kx)dx, (6) 


where 
p(x)=1—26 Inzx. 


Such integrals have been approximated by letting 
flp(x) ]= cot c1x?+cox*+ residual. (7) 


Values of ¢o, ¢1, and ¢, may be obtained by requiring 
that the residual vanishes at x=1, 3 and 4 conditions 
which usually insure the smallness of the residual in the 
intermediate region. The rapid vanishing of a~'J,,?(kx) 
as x—0 for the usual values of n~1.5 and k~2 takes 
care of the neighborhood of x=0. 

The values of @,? and A,? for the n, k, and e’ deter- 
mined in reference 1 are presented in Fig. 1 and Fig. 2. 
The probability of finding a nucleon beyond p= 1 arises 
in many calculations. It is given by 


P.=25A21,(k, —1), (8) 
and is presented in Fig. 3. 


II. SPIN-ORBIT PERTURBATION 


In almost all recent independent-particle-model 
studies of bound states,* a spin-orbit energy is assumed 


Document number 5071, ADI Auxiliary Publications Project, 
Photoduplication Service, Library of Congress, Washington 25, 
D. C. A copy may be secured by remitting $3.75 for photoprints 
or $2.00 for 35-mm microfilm. Advance payment is required. 
Make checks or money orders payable to: Chief, Photoduplication 
Service, Library of Congress. 

5M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), p. 236. 
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Fic. 1. Internal normalization constants. 


having the form 
Wo= —Bl- s/h?, (9) 


where @ is a constant of the order of one Mev. Despite 
the qualitative successes obtained by introducing such 
an energy, it is unsatisfactory to note that one finds no 
basis for an energy of this type in theoretical studies 
of electrodynamics or in meson theory. However, an 
energy term which does appear among the relativistic 
terms both in electrodynamics and in meson theory is 
the well-known Thomas-Frenkel energy, 


10V1-s 
Sie. 


: ‘ (10) 
r or h? 


where @,, is here taken as a natural unit of length associ- 
ated with this spin-orbit effect. The magnitude of a,, 
and the negative sign are as yet unaccounted for in 
meson theoretical studies. Equation (9) may be deduced 
from Eq. (10) if one assumes the three-dimensional 
harmonic oscillator potential. However, this potential 
is a highly unrealistic one, particularly in the neighbor- 
hood of the nuclear surface. The potential assumed in 
this work not only is realistic, but it also permits the 
utilization of Eq. (10) as the spin-orbit energy. The 
spin-orbit radial function in this case is 


§(r) = — (@s0?/dr) Vo exp[—(r—a)/d], r>a, (11) 


S. GREEN 


and ¢(r)=0 for r<a. Since states of like / are widely 
separated in this model, sufficient accuracy may be 
attained if one uses in place of 8 in Eq. (9) 


(E(r)) = — (Gso?/76) V 925A? 


x f (x2p—!)a-"J,2(ka)dx. (12) 


When one replaces x?/p by a polynomial of the type 
given by Eq. (7), the spin-orbit splitting coefficient 
becomes 


(E(r)) = — (de?/076) V oP Lco(5) +01 (6) Sn (R) 
+c2(5)T,(k)]. (13) 


Figure 4 presents graphs of these splitting factors for 
@so= 1 (in units of 10—'* cm) for the various states. The 
extensive variation of these splitting factors with A 
and from state to state is noteworthy, particularly in 
view of the fact that in most previous studies a single 
constant has been used. The general shapes of these 
curves are quite reasonable when they are viewed as 
the overlap between a series of probability distributions 
and a surface “window curve.” Indeed, such shapes 
might be expected even for rounded-off potential wells. 
In an effort to determine a,. empirically, an investiga- 
tion has been made of the positions of various states in 
the neighborhood of the neutron magic numbers 20, 28, 
52, 82, and 126. These are shown in Fig. 5 as functions 
of dso”. A careful examination of this diagram indicates 
that a,.” cannot range very far from 1 and still generate 
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Fic. 3. External probabilities. 


all of the magic numbers. The locations of the states at 
N=20 and N=126 particularly restrict the value of 
aso2. The latter effect may, however, be due to the 
rather high location of the 3p state relative to the 17 
state and may indicate a need for a slight change in well 
shape in this region. In any event, it would appear 
that the convenient choice of d,.~1 does yield the 
magic numbers and apparently is as good as any other 
possibility. If the spin-orbit term were strictly the 
Thomas-Frenkel relativistic effect, one would have 
h?/2m*c?=0.022X 10-*6 cm? in place of a... Thus our 
spin-orbit coefficient is about 45 times larger than that 
called for by the relativistic effect. 

It might be noted that the sizes of the predicted dis- 
continuities in Fig. 5 are somewhat larger than the 
experimentally determined values which range from 
1-3 Mev. However, it must be remembered that any 
further splitting of the energy states, such as are caused 
by aspherical distortions or interparticle couplings, will 
tend to reduce the sizes of energy discontinuities. Thus, 
it is to be expected that the discontinuities derived from 
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Fic. 4. Spin-orbit splitting factors. 


a strict central independent-particle-model will be some- 
what larger than the actual discontinuities. 

The neutron energy levels when spin-orbit splitting 
with ad,.=1 is permitted are shown in Fig. 6. The 
locations of last neutrons and protons in beta-stable 
nuclei are also shown in Fig. 6, for the assumption that 
no additional perturbations act upon them. 


III. RADII OF NUCLEAR ORBITALS 


One of the important orbital parameters that enters 
into many calculations of nuclear fine structure and 
electromagnetic transitions is the expectation value of r? 
for various single-particle orbitals. On the basis of the 
wave functions developed in the previous section, 


a? f p*ji?('p)dp+26A,? 


0 


(=a 


1 

x f x 'p?J 2 (kx)dx } (14) 
0 

where the second integral has been obtained by the use 

of Eq. (11). If one uses the polynomial method for p? 

in the second integral, it follows that to a good approxi- 
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Fic. 5. Magic number discontinuities vs d,,°. 


mation 
(r?)a*= (1— P.) Rix (€’) 

+PLfo(5)+fi(6)Sn(k)+ fo(5)T,.(k) J. 
The values of (r?)a~? obtained from this formula are 
plotted in Fig. 7. It is interesting to compare these 


radii with the harmonic-oscillator radii® which are 
given by 


(15) 


(r*) nian ?=[2(n—1)+1+$], 


where a,= (h/mw)! is the natural length associated with 
the harmonic oscillator. Equation (16) implies that, for 
any harmonic oscillator (i.e., nucleus), the radii of states 
belonging to the same oscillator number, V=2(n—1)+/, 
should be identical. This is clearly not the case for the 
radii derived from this realistic potential, although a 
tendency towards the harmonic oscillator grouping 
occurs among the particular states which are just filling 
in any mass region. (For example, the 2s and 1d radii 
near A~30; the 2p and 1f levels near A~60; the 3s, 
2d, and 1g levels near A~100; and the 39, 2f, and 1h 
levels near A~180.) This grouping tendency may well 
account for the efficacy of the harmonic oscillator 
potential as a starting point in deriving magic numbers 
and in other ordering considerations. The departures 
from the harmonic-oscillator groupings suggest, how- 
ever, that the convenient and widely used harmonic- 
oscillator wave functions must be used with considerable 
caution in calculations involving nuclear transitions. 
A more detailed study of this question is under way. 
The spin-orbit effect also influences nuclear radii 
acting to draw in the state i=/+43 and push out the 
state i=/—}. An approximate estimate of the changes 
in radii may be made by the method of equivalent A 


~ 6 This: comparison has been motivated in part by a suggestion 
by Dr. C. D. Schwartz. The writer would like to acknowledge the 
helpfulness of this correspondence. 
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described in reference 1. Letting 
AA =2(2m/h?*) a0? (1- s/h?) f E(r)rdr, (17) 
0 


it follows simply that 


AA=1.9291dA/dS, im/+4, 
=—1,929(I+1)dA/dS, i=I-}. (18) 


The values of (r?/a?) as a function of A for various 
nuclear orbitals are shown in Fig. 8. The central line 
here represents the radius of the uniform part of the 
well. To give some idea as to the scale, two heavy solid 
lines have been plotted corresponding to points 1X 10~-* 
cm on the outside and inside of the boundary. The 
triangles on this diagram indicate the radii of the last 
neutrons determined in Fig. 6. The solid circles denote 
the location of the last protons under the assumption 
that no additional forces act upon protons. The open 
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Fic. 6. Nuclear energy levels. The locations of last neutrons in 
beta-stable nuclei are indicated by squares. The location of the 
last protons, if no extra force acted upon them, are indicated by 
circles. The curve labeled »,(r-) indicates the major correction 
associated with classical Coulomb perturbation. 
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circles represent the shifted radii of these protons under 
the assumption that the net perturbation conforms to 
that inferred empirically in the next section. 


IV. RADII OF NEUTRON AND PROTON 
DISTRIBUTIONS 
In view of the analysis given in the previous paper, 
approximate eigenvalues for protons may be obtained 
simply from those for neutrons by 


W=W(A+AA)[14+20-(da/dA)AA] 
+(Z—1)e?/(a+d). 


This may be placed in the form 
W=W[A+ (Z—1)EJ[14+ (Z—1)n + (2-15, 


where £, n, and ¢ are the functions plotted in Fig. 9. 
With the aid of these functions, one may find approxi- 
mate eigenfunctions and eigenvalues for all values of Z 
associated with an isobar. 

Perhaps one of the most interesting questions which 
may be investigated with the aid of the wave functions 
developed in this paper is the question of the radius of 
the neutron and proton distributions. For neutrons, 
these may be calculated in the following way. Choosing 
a particular A and an N corresponding to a nucleus 
near the line of beta stability, one places these V 
neutrons in the lowest states given in Fig. 6 which are 
permitted by the exclusion principle. The radii of these 
states are then obtained from Fig. 8. The root-mean- 
square radius of the neutron distribution (R,) then 


follows from ’ 
R,=aLN DZ; (p*);}}. (21) 


Such calculations have been carried out for nuclei with 
mass numbers 25, 50, ---, 250. Similar calculations 
have also been carried out for the proton distributions. 
To clarify the influence of the various perturbations 
upon the proton distribution, the calculations have 
been made under the assumptions: (a) that no per- 
turbation acts upon the protons (R,,), (b) that only the 
Coulomb perturbation acts upon the protons (Rc), and 
(c) that the Coulomb and anomalous potentials act 
upon the protons (R,). The fact that the radii so calcu- 
lated conform fairly closely to R=1.0A* has been 
exploited to provide an enlarged and convenient repre- 
sentation of the results. Thus the radius residuals 
defined by 


(19) 


(20) 


#= (R—1.000A!) (22) 


are shown in Fig. 10 for the selected values of A. Also 
shown on this curve are functions of the form *=mA!+b 
which have been fitted by least squares in each of the 
four cases. These lines correspond to 


R,,=1.0009A?+-0.0434 ~ 1.00924}, 
R,=0.9147A*+0.2428~ 0.96164}, 
R,,=0.9495A!+-0.1719~0.9827A}, 


Re=0.9737A!+0.1524~ 1.0031}. (23) 
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Fic. 7. Nuclear radii (i.e., expectation of r*/a*) 
for various orbitals. 


The expressions on the extreme right correspond to the 
results which are obtained when one fits the residuals 
by least squares to a function of the restricted type 
#=mA}. 

The radii of the equivalent uniform distributions are 
used most frequently as parameters to characterize 
radii of neutron and proton distributions. These may 
be obtained by multiplying the rms radii by (5/3)!. 
The equivalent radii so obtained are 


R,~1.303A!, R,~1.241A}. 
The unshifted and Coulomb-shifted radii are 
R,~1.269A!, Re~1.295A}. 


(24) 


(25) 


These results not only indicate that the proton distri- 
bution is smaller than the neutron distribution, but also 
suggest in detail the origin of this effect. In part, the 
effect is associated with the existence of a neutron 
excess in beta-stable nuclei as indicated by the com- 
parison of R, with R,. This tendency of the neutron 
excess to enlarge the radius of the neutron distribution 
has previously been noted by Johnson and Teller.’ 
A comparison of R¢ and R, indicates that if the proton 
and neutron nuclear potentials were the same and the 
protons felt, in addition, only the Coulomb perturba- 
tion, they would be “pushed out” until the proton 
radius was almost identical with the neutron radius. 
This is contrary to the Johnson-Teller argument. The 
proton potential anomaly, however, pulls the proton 
distribution in from Re to R, and leads to a surface 
layer of neutrons. This is in agreement with the Johnson- 


™M. H. Johnson and E. Teller, Phys. Rev. 93, 2 (1954). 
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Fic. 8. Nuclear radii when spin-orbit splitting is included. The squares represent the radii of the orbitals of the last neutrons in beta 
stable nuclei. The open circles represent the radii of last protons under the assumption that only the nuclear potential acts upon them. 
The closed circles give the proton radii after all perturbations have acted. 


Teller conclusion, although the analysis here suggests 
the neutron membrane is only about 0—0.4X 10—-" cm 
thick. The thickness might be obtained directly from 
Fig. 10 by multiplying the distance *,—7, by (5/3)! 
1.291. The fact that proton radii given by R»=1.241A? 
are only slightly larger than the radii obtained from 
u-mesonic x-ray studies,* high-energy electron scat- 
tering, and Coulomb-energy calculations” is quite 
satisfying in view of the fact that these experimental 
data were not used at all in arriving at the phenomeno- 
logical potentials. 

If one wishes to compare the radius of the potential 
well with the radii of the distributions, one is confronted 
with the problem of choosing an appropriate radius 
parameter to assign to this diffuse boundary potential. 
From the standpoint of the locations of the 3s and 4s 
wave maxima, the equivalent square-well radius might 
be taken as Emmerich’s function, 


Ry=1.26A!+-0.7 ~1.40A}, (26) 


where in the right-hand expression the constant has 


®V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 

* Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 
(1953). 

” A. E. S. Green, Phys. Rev. 95, 1006 (1954). 


been incorporated into the A? term to produce agree- 
ment at A=125. Alternatively, one might use the 
definition of equivalent square-well radii based upon 
the perturbation method previously described. This 
leads to 


(27) 


R?=Vo"'X2 f V (r)rdr. 
0 


These have been calculated and found to conform 
fairly well to 


Ry=1.29A*+0.45~1.38A}. (28) 


Another convenient well radius utilized by Drell in 
a recent study" is the distance at which the potential 
falls to about 14 Mev. According to this model, 


Ry=1.32A!+0.25 ~ 1.37A}. (29) 


The slight difference between these well radii is probably 
not as significant as the fact that all of them are appreci- 
ably larger than the distribution radii. This is quite 
satisfactory from the standpoint of a number of experi- 
mental observations as well as from the standpoint of 
meson theory of nuclear forces. In this latter connection, 


1S, D. Drell, Phys. Rev. 100, 97 (1955). 
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it might be worth calling attention to the small differ- 
ences in the radii found here and those assumed in 
Drell’s recent analysis of the relationship between 
nuclear radii and nuclear forces. Drell’s work is based 
upon the assumption that the neutron and proton 
distributions both have radii equivalent to a 1.20A! 
uniform distribution and that the nuclear force radius 
is given by 1.40A}, Drell finds that to account for these 
radii the forces must then meet rather stringent require- 
ments which are not met by recent meson-theoretically 
deduced potentials. Without making a detailed analysis, 
one might expect on the basis of Drell’s work that, if 
the radii were as deduced here, the forces which would 
have to account for these radii would not have to meet 
such stringent requirements. Yet it would be difficult to 
detect experimentally such small changes as characterize 
the results arrived at here and the assumed radii in 
Drell’s analysis. 


V. DISCUSSION AND CONCLUSION 


One might comment at length upon a vast number of 
fine details of the energy levels and the radii presented 
in Figs. 6 and 8. However one must recognize at the 
outset that other independent-particle-model effects 
and interparticle interactions will influence such fine 
details. Probably the foremost among the independent- 
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particle-model effects are the aspherical distortions 
associated with many nuclei and the detailed well- 
shape changes associated with the hills and valleys of 
the nuclear distribution as one adds nucleons into 
successive orbitals. Exploratory density studies” show 
that, while the nuclear distribution roughly follows the 
shape of a diffuse boundary well, the departures are 
quite appreciable in certain regions of NV and Z. Some 
smoothing of these predicted independent-particle- 
model densities might be expected as a result of inter- 
particle interactions, although, the recent Hartree calcu- 
lation of Rotenberg" indicates that hills and valleys 
still persist. Accordingly, there is a limit to detailed 
agreement which may be expected from any simple 
static potential whose parameters vary monotonically 
with A. The simple potential which underlies this work 
is probably not very far from this limit. 

It is rather interesting to compare this potential 
with the Wood-Saxon potential employing the param- 
eters proposed by Lawson, Mark, and Ross.'® Figure 11 
illustrates the close correspondence between these two 
potentials as compared with the real potential used in 
the cloudy-crystal-ball model for neutron scattering.!®-!” 
The spin-orbit energies arrived at in these two studies 
are also in good agreement (40, as compared to 45 times 
the Thomas energy). Since Lawson’s group used de- 
tailed energy level considerations to fix the parameters 
and a differential analyzer to obtain solutions, the 


2K. Lee and A. E. S. Green, Phys. Rev. hon 1627(A) (1955). 

13M. Rotenberg, Phys. Rev. 100, 439 (1955). 

™R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

u — Ross, and Mark, Bull. Am. Phys. Soc. Ser. 4,17 
(1956 

16 Weisskopf, Porter, and Feshbach, Proceedings of the Interna- 
tional Conference on the Peaceful Uses of Ae Energy, 1955 
ey Nations, New York, 1956), Vol. 2, 

W. S. Emmerich, Phys. Rev. 98, 148(A ‘(i958). 
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agreements are rather satisfying. The rounded edge of 
the Wood-Saxon potential is undoubtedly a meritorious 
feature which compensates for the fact that it must be 
handled by numerical methods (particularly for groups 
with access to mathematical machines). However, when 
consideration is given to the detailed departures of any 
self-consistent field from either well form, it is doubtful 
whether the rounded edge is very important. The out- 
standing advantages of the potential form used here 
are the convenient analytical properties of the wave 
functions and the fact that tables of spherical Bessel 
functions are widely available for handling calculations 
in the interior region where accuracy in treatment of 
the centrifugal energy is essential. With such tables 
and with the figures presented in this and the previous 
paper, it should be possible to generate approximate 
wave functions for any proton or neutron state in any 
nuclear species with A> 10. It should also be possible 
to obtain approximate wave functions for wells having 
somewhat different combinations of parameters by 
taking advantage of the variety of well parameter 
combinations which lead to the dimensionless potentials 
employed in this study. The approximate wave func- 
tions derived here are applicable to all dimensionless 
exponentially diffuse potential wells having a boundary 
at p=1, a depth parameter e* ranging up to about 112,'* 
and a diffuseness parameter 6 which is tied to the depth 
parameter by the relation 6=1.389¢ 7. Since ¢€ is 
defined by 


€=1.8334?—1.111, (30) 


one may consider A as being simply the index to a 
particular dimensionless well. Even greater versatility 
is provided by the approximate method based upon 
square well equivalents. This technique permits the use 
of the wave functions associated with a given index A 
even for wells whose diffuseness and depth parameters 
depart from the above well depth-diffuseness parameter 


18 Tn connection with recent applications particularly to velocity 
dependent potentials the eigenvalues and eigenfunctions have 
recently been calculated for eo? extending to 140. 
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relation, provided the altered combination preserves 
the well strength, 
S=eo?(1+25+ 28). (31) 


To illustrate these points in part, suppose it is 
desirable to shrink the equivalent proton distribution 
radius in order to provide more exact agreement with 
the experimentally determined u-mesonic, x-ray, elec- 
tron scattering, and Coulomb energy radii. A 3% re- 
duction in the assumed radius function would change 
the radius coefficient to 1.204. To preserve the assumed 
A value location of the 3s and 4s scattering maxima, 
one could increase Vo by 6% to 42.4 Mev and decrease 
the diffuseness distance by 3% to 0.97. The effect of all 
these changes would be to increase the predicted 
binding energies by 6%, an increase which could not be 
ruled out at this time. 

A number of other considerations indicate the de- 
sirability of maintaining the flexibility inherent in this 
model. For example, the known aspherical distortions 
of nuclei near A~170 make somewhat questionable its 
choice as the best A value at which to fix the 4s central 
field resonance. To bring into agreement the fall-off 
lengths of predicted and observed nuclear charge distri- 
butions may require some final focusing of the param- 
eters. Furthermore, many theoretical considerations 
such as the possible velocity dependence of the potential, 
exchange effects, interparticle interactions, etc., may 
eventually make it advisable to shift to other combina- 
tions of well parameters which are embraced by the 
approximate solutions presented here. An investigation 
of these questions is underway. 

It might be remarked in closing that the literature in 
nuclear physics provides an abundant list and docu- 
mentation of reasons why the independent-particle- 
model should not work. However, in view of its recent 
impressive successes as a guide to the understanding 
of the nucleus, perhaps it is no longer necessary to 
restate these reservations when pursuing an effort such 
as this which endeavors to realize the maximum 
capabilities of the independent-particle model to pro- 
vide a description of nuclear phenomena. 
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The approximate wave functions developed in a previous study are applied to a survey of the proton and 
nucleon densities. The proton densities in six representative nuclei (each assumed to be spherically sym- 
metrical) are calculated and compared with densities inferred from the systematics of the Stanford electron 
scattering experiments. Apart from a small systematic discrepancy in radii which may readily be removed 
by a slight readjustment of potential parameters, the theoretical and experimentally inferred proton densities 
are in general conformity. The theoretical densities, however, display a fine structure not present in the 
smoothed densities which have been used in interpreting the electron scattering experiments. 

The total theoretical nucleon densities also show a similar but less pronounced fine structure. In the six 
cases studied, it is found that the nuclear potentials extend significantly beyond the total nucleon densities. 
A discussion of the possible physical significance of the density-potential differences is given. 





1, INTRODUCTION 


HE relationships of the neutron and proton den- 
sity distributions with each other and with the 
effective potentials acting upon protons and neutrons 
are of considerable importance to the understanding of 
nuclear phenomena. Indeed a number of very recent 
theoretical studies! have been devoted largely to the 
implications of various models or assumptions upon 
these relationships. The purpose of this paper is to 
present a survey of nucleon densities as they arise out 
of an independent-particle model of the nucleus based 
upon a particular family of diffuse-boundary potentials.® 
These potentials have been inferred primarily from the 
systematics of experimental neutron and proton last- 
particle binding energies and certain restricted neutron 
scattering energy information. Accordingly, the com- 
parison between experiment and theoretically inferred 
densities should provide an essentially independent 
test of this model. By taking advantage of the flexibility 
inherent to this particular diffuse boundary model, it is 
possible to explore the consequence of various adjust- 
ments of the well parameters which characterize this 
independent-particle model. 


2. THE PROTON DENSITIES 


The particle density associated with any of the wave 
functions developed in a previous paper® are given by 


d= (4ra'p?)-1G?, (1) 


where a is the radius of the inner uniform region of 
potential, p is the dimensionless distance parameter, 


* Supported by a grant from the U. S. Atomic Energy Com- 
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4M. Rotenberg, Phys. Rev. 100, 439 (1955). 
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and G is the dimensionless radial wave function. Such 
densities have been computed for the occupied states of 
nuclei with mass numbers 25, 50, 100, 150, 200, and 250. 
The dimensionless proton wave functions were com- 
puted under the assumption that these nuclei contain 
12, 23, 44, 62, 80, and 98 protons, respectively, and 
that these protons are, acted upon by the Coulomb 
potential and an attractive anomaly in addition to the 
potential seen by neutrons. It was assumed that the 
neutrons and protons occupied the lowest available 
energy levels. (See Fig. 8, reference 5.) For these density 
calculations spin-orbit coupling has been neglected. 

The total proton densities obtained by summing such 
individual-proton densities are shown in Fig. 1 (solid 
curves). Also shown in Fig. 1 (dashed curves) are 
Fermi-type charge distributions based upon parameters 
interpolated from seven experimentally determined 
charge distributions by Hahn, Ravenhall, and Hof- 
stadter.? The interpolation was carried out in the 
following way. Their surface thickness parameter ¢ was 
assumed uniformly to be 2.4 (all distances in 10-" cm). 
Their radius parameters c, for their seven experi- 
mentally studied spherical nuclei, were fitted by least 
squares, yielding a function 


c= 1.138A!—0.280. (2) 


This relationship was then used to calculate c’s for our 
six representative nuclei. The ¢ and ¢ for each A in 
conjunction with the assumed Fermi-type distribution, 
give rise to the dashed curves shown in Fig. 1. 

In examining Fig. 1, one is first struck with the 
interesting manner in which the theoretical curves 
interweave the experimental curves. The agreement is 
fairly good, particularly in the region of rapid falloff. 
While the central densities disagree rather substantially, 
this need not be regarded too seriously since the experi- 
mental measurements actually determine r? times the 
charge density. A relatively small change in either the 
assumed theoretical radius parameter a or the experi- 


7Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 
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Fic. 1. Proton densities vs radius. The solid curves are proton 
density distributions for mass numbers 25, 50, 100, 150, 200, and 
250 calculated on the basis of the family of potentials arrived at in 
an earlier work (reference 5). The dashed curves are density 
curves inferred from the Stanford electron scattering experiments. 
To avoid overlap, the curves for successive mass numbers are 
shifted upwards by 0.03 scale units. The heavy markers denote 
the ordinates at which the scale is broken. The dotted line for 
mass number 250 represents a density curve with a radius param- 
eter 5% smaller than the radius parameter extrapolated from the 
Stanford experimental results. 


mental radius parameter c can be used to greatly 
improve the agreement. For example, a 5% expansion 
of c would result in about a 15% decrease in the central 
density. This effect of a change in c for mass number 250 
is illustrated by the dotted curve on the top of Fig. 1. 
Alternatively, one might readily bring the theoretical 
distributions into closer conjunctions with the experi- 
mentally inferred distributions by contracting the 
radius parameter a. Small second-order effects in shape 
are associated with the change in either c or a, but it 
would appear that current experimental and theoretical 
work are not yet sufficiently accurate to permit judg- 
ment on the basis of such fine details if there is approxi- 
mate conformity as to the manner of the density falloff. 
For example, the apparent tendency of the theoretical 
densities to rise somewhat more rapidly as one proceeds 
inwardly, than the experimentally inferred densities is 
undoubtedly compensated for by the hollowness which 
develops after the peak of the theoretical densities. At 
the wavelengths available in the Stanford experiments, 
it is expected that such a hollow would appear as an 


enhanced surface thickness and a smaller radius if the 
experimental interpretation were predicated upon a 
Fermi-type distribution. 

In view of the general conformity of the theoretical 
and experimental densities, it appears that a comparison 
of the equivalent radii would be the best quantitative 
test of the theory relative to the experimental results. 
Fortunately such calculations can be carried out directly 
for the experimentally investigated nuclei without 
undertaking the laborious density calculations.* The 
results are given in Table I. For greater realism, the 
theoretical radii have been calculated with the assump- 
tion of spin orbit coupling to the extent found necessary 
in reference 6. An inquiry indicates that spin orbit 
coupling influences proton radii only slightly (~1%) 
tending to cause positive radius corrections (i.e., the 
introduction of spin-orbit coupling expands the pre- 
dicted radius) more often than negative. 

It should be clear from the table that the over-all 
agreement between the seven predicted radii with the 
reported experimental radii is remarkably good. Because 
the discrepancy tends to change from negative to 
positive with increasing A, the radius difference extrapo- 
lates to about 4-5% in the neighborhood of A= 250. 
Unfortunately the nonspherica! character of these very 
heavy nuclei makes it difficult to assess whether this 
discrepancy would actually become this large. A very 
simple parameter readjustment which would readily 
wipe out the trend of the discrepancy would involve 
decreasing the magnitude of the two constants appear- 
ing in our inner radius function a= 1.32A!—0.8. If the 
readjustment is made so that the change vanishes in 
the middle weight region (e.g., 1.32—+1.28, 0.80.6) the 
essential characteristics of our family of potentials 
would scarcely be changed. It is perhaps premature to 
bother with such minor readjustments at this stage. 
Instead, it might be well to examine the possible in- 
fluences of a number of our assumptions upon the 
theoretical radii and hence the nuclear densities. 

The proton distributions shown in Fig. 1 have been 
obtained with the assumption of a proton potential 
anomaly of a particular form [see Eq. (31), reference 5]. 
One might reasonably well question whether the as- 
sumption of other types of anomalies consistent with 
proton binding energies would serve to pull in the 
protons more effectively. Since the entire effect of the 
assumed proton anomaly resulted only in a shrinkage 
of the equivalent uniform proton radius by about 4.3%, 
it does not appear that allowable alterations in the 
anomaly would greatly change matters. However, in 
the absence of a complete understanding as to the origin 
of the anomaly, this possibility cannot be ruled out. 

This work has been based upon a family of static 


8 The choice of nuclei for detailed density studies was made 
before the Stanford experiments were reported. To achieve 
greater precision, it is intended to carry out calculations for the 
experimentally investigated nuclei with the aid of the Oak Ridge 
National Laboratory Oracle. 
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potentia!s, and hence the possibility that the velocity 
dependence of the potential’ might occasion a con- 
siderable modification of the density functions is 
worthy of consideration. In current theories in which 
velocity-dependent potentials are used, a deeper static 
potential is also introduced to insure the calculation of 
reasonable total binding energies. The principle effects 
of the velocity dependent term are generally taken into 
account by the use of a reduced mass. Now our studies 
indicate that for short-range potentials, the combination 


S*=4h-? f m*V*(r)rdr, (3) 
0 


primarily governs the quantum-mechanical problem. 
If in employing velocity-dependent potentials, one in- 
sists on holding last-particle binding energies at approxi- 
mately their experimental values, one is sharply re- 
stricted as to the combinations of m* and V* that can 
be permitted. The allowed combinations are such as to 
hold S* quite close to the values of S obtained for our 
static well. The same results are indicated in the work 
of Brueckner ef al.° where a static well depth of 68 Mev 
is associated with a reduced-mass ratio of the order 
of 0.6. The effective V at the normal mass is thus of the 
order of 41 (as compared to our 40). Since the dimen- 
sionless wave functions are rather insensitive to small 
changes in the strength of the well (except for the 
excited energy states), it should be clear that the 
dimensionless wave functions for the velocity-dependent 
potential will not differ greatly from the corresponding 
dimensionless wave functions for the static potentials 
which we have investigated. To translate dimensionless 
wave function into actual wave function is simply a 
matter of scaling involving the assignment of a radius 
parameter. Accordingly, unless the introduction of 
velocity-dependent potentials is accompanied by a sub- 
stantial change in the radius, one would not expect 
large changes in the wave functions relative to those 
computed with a static potential. As yet, the Brueckner 
theory is unclear as to fine details in the neighborhood 
of the nuclear surface and the Johnson-Teller theory” 
requires special treatment in this region. 


TABLE I. Comparison of equivalent uniform radii. 








R (theor) 100(R: —Rez)/Rez 
4.37 
4.64 
4.85 
6.03 
6.14 
7.12 
7.28 


Nucleus R (exp) 
20Ca” 
o3V5 


27Co® 











® Brueckner, Eden, and Francis, Phys. Rev. 100, 891 (1955). 
1M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 
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Fic. 2. Total particle densities and potentials vs radius. The 
solid curves are calculated total particle densities. The dashed 
curves represent the form of the potential functions which underly 
this work. The heavy markers indicate ordinates at which the 
scale is broken by 0.06 scale units. 


3. TOTAL DENSITIES AND THE NUCLEAR POTENTIAL 


Using the neutron densities computed at the un- 
shifted values of A together with the proton densities 
discussed in the previous section, the total densities for 
the six hypothetical nuclei have been obtained. The 
results are shown in Fig. 2 by solid curves. Also shown 
on this figure is a series of functions proportional to our 
potential function with the constant chosen to yield an 
average of the six theoretical densities in their almost 
uniform region. 

The deviations of the total particle densities from 
the family of potential functions may be of considerable 
physical significance. One notes that the density func- 
tions show marked hills and valleys as compared with 
the simple family of potential functions. If the potential 
function were altered to have hills and valleys following 
the density function, this would have a marked differ- 
ential effect on nuclear energy levels. In actuality, one 
has little reason to expect the potential function to be 
self-consistent with the density function in the sense 
of direct proportionality. A more reasonable approach 
following the ideas of the simplest form of meson theory 
would be to assume 


V2V —a,-2V =4rgd(r), (4) 
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TABLE IT. Squares of radii calculated from functions 
graphed in Fig. 2. 








(r2)e —(r2)a 


7.89 
7.99 
8.67 
9.24 
10.36 
11.12 


{re (r?)a 


17.23 9.34 
22.08 14.09 
30.19 21.52 
37.14 27.90 
43.38 33.02 
49.15 38.03 











where d(r) is the total nucleon density, a,=m,c/h is 
the natural length of the nuclear force meson, and g is 
the meson-nucleon coupling constant. It is perhaps well 
known that if this simple equation were taken literally 
and used in a complete self-consistent field calculation, 
it would lead to nuclear collapse. To prevent this 
nuclear collapse, it will be necessary to invoke some 
alteration in the V vs d connection equivalent to the 
presence of many-body forces, short range repulsions or 
exchange forces. However, one might feel safe to utilize 
Eq. (4) for considerations related to the nuclear surface. 
Let us now assume that 


d(r)= —[V(r)/4aga,*]+n(r). (5) 


It follows that 
n(r)= (44g) 'V°V. (6) 


Granting physically reasonable boundary conditions on 
V(r), the volume integral of (7) must vanish and 
hence 


A=4e f rd(r)dr= -(o.4¢ f r’V(r)dr. (7) 


When this is used, it is easy to show that 


(= (oe f AAV dr Z f rvar| (8) 


Integrating by parts and using the natural length of 
the x meson, one finds that for any V 


(r*)y— (r?)a= 6a? 11.97. (9) 


The quantities (r?),, (r?)g and the difference have been 
calculated for the potential and density curves shown 
in Fig. 2 and are presented in Table IT. While the calcu- 
lated differences are not found to be constant, it is 
gratifying that they are reasonably close to what is 
expected from meson theory with the + meson as the 
nuclear-force particle. The differences might possibly 
be explained when one considers the short-range modifi- 
cations of Eq. (4) needed to explain nuclear saturation. 


4, CONCLUSIONS 


It has been shown that the family of potentials in- 
ferred from particle binding energy and neutron scatter- 
ing considerations in a previous study leads to proton 
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densities which agree in general nature with proton 
densities inferred directly from electron scattering ex- 
periments. A small systematic discrepancy in radii can 
readily be removed by a slight readjustment of the 
constants in our radius function. It would be of con- 
siderable interest to perform electron scattering meas- 
urements with still higher resolution to determine 
whether the actual proton distributions exhibit such 
fine structure as is predicted by this theoretical model. 

Recently, Ross, Mark, and Lawson"! have studied a 
number of consequences of a Fermi- or Woods-Saxon- 
type diffuse potential with the aid of a differential 
analyzer. Since the two investigations agree in the 
main, it is of heuristic interest to concentrate on the 
differences between the two studies. For the specific 
case of Au’ which they investigate in detail, they find 
it necessary to reduce their radius parameter by 8% 
and considerably increase their diffuseness length (de- 
crease their a by 30%). It is clear that the changes 
needed in our potential parameters to optimize the 
agreement with the electron scattering results are 
considerably smaller. Accordingly, the possibility is 
raised that the extra attraction just inside the “surface” 
afforded by our potential may actually be advantageous, 
a fortuitous circumstance in view of the fact that the 
form was chosen because it permits of analytical treat- 
ment. Alternatively, it may be that our use of particle 
binding energy systematics instead of specific particle 
binding energies and detailed energy level considera- 
tions is a safer basis for inferring potential parameters 
when working with smooth potential functions. 

Ross, Mark, and Lawson note in their study “that 
the nucleon density follows reasonably well the form 
of the potential.” In this work, concern has been given 
primarily to the departures of the density and potential 
functions since it is believed these departures are of 
considerable physical significance. In particular, the 
fact (see Fig. 2) that our potential functions consistently 
extend beyond the deduced density functions has a 
simple explanation in terms of an elementary form of 
meson theory. 

One might at this stage profitably speculate as to 
the character of the self-consistent nuclear potential 
(in the Hartree sense). Let us assume that an appropri- 
ate modification of Eq. (4) or its integral equivalent? is 
found which prevents nuclear collapse. If the V vs d 
connection has a form even remotely resembling what 
is expected from meson theory, then one would expect, 
on the basis of experience with atomic Hartree fields, 
that the self-consistent potential will also display local 
variations similar to but probably smaller than those 
exhibited by the density functions in Fig. 2. Such 
fluctuations would be expected to influence significantly 
energy level ordering, surface diffuseness, radii, and 
other detailed nuclear properties. It is not unlikely that 


1 Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 
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observed departures of the radius and surface param- 
eters of the seven spherical nuclei by Hahn, Ravenhall, 
and Hofstadter, studied from smooth functions repre- 
senting their general trends, are related to such fluctua- 
tions. If this is the case, it must be expected that the 
task of arriving at a general quantitative theory for 
predicting nuclear energy levels will be a truly for- 
midable one, involving much greater complexities than 
those of self-consistent atomic field calculations. One 
might reasonably hope, however, that by starting with 
wave functions and potentials similar to those which 
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underly this work, the convergence of such calculations 
would be rapid. 
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tion of the manuscript. One of us (A.G.) would also 
like to express his appreciation to the Oak Ridge 
National Laboratory for their hospitality during the 
summer of 1956 when the final parts of this work were 
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The half-life of Th? has been calculated by determining an absolute gamma-disintegration rate for Tl’ 
in equilibrium with Th? for three old thorium nitrate salts and one natural thorite sample. The branching 
ratio, a/(a+ 8), for Bi#?, a necessary parameter in the calculation, was also measured. The half-life of Th 
was found to be 1.4210" years within an estimated error of 5%, which is essentially in agreement with 
the presently accepted value. The branching ratio, a/(a+ 8), of Bi#* was found to be 0.3624-0.006, about 


7.4% higher than the currently accepted value. 


INTRODUCTION 


T is well known that the geologic ages of rocks and 

minerals calculated from the Pb*8/Th ratio are 
generally lower by a considerable amount than the 
ages of the same specimens calculated from the 
Pb”*/U*8 or Pb*?/U> ratios. Although some of the 
discrepancies are probably due to inadequate tech- 
niques used to measure the ratios, recent age determi- 
nations of all three of the above ratios by several 
workers show that the Pb”*/U*8 and Pb”’/U™® ages 
agree very well, whereas the Pb™*/Th* ages are 
generally low. 

For these reasons we have undertaken a redetermi- 
nation of the half-life of thorium, whose currently 
accepted value of 1.3910" years was measured by 
Kovarik and Adams! in 1938 using an absolute alpha- 
counting technique. In this work an absolute gamma-ray 
disintegration rate was determined for Tl?’ in secular 
equilibrium with Th. Correction for the branching 
ratio gave the disintegration rate of thorium from which 
the half-life could be calculated. 


MATERIALS 


Four different samples were used to make the determi- 
nations. Unlike the method of Kovarik and Adams, 


t Publication authorized by the Director, U. S. Geological 


Survey. 
1A, Kovarik and N. Adams, Phys. Rev. 34, 413 (1938). 


the methods used here do not require a complete 
knowledge of the history of the sample. The only 
requirement is that the sample be in radioactive 
equilibrium with its disintegration products. The 
thorium series will be in equilibrium to better than 
99% in 35 years. It was therefore necessary to obtain 
thorium salts that were at least 35 years old for this 
method. The following samples were used in these 
experiments: 

No. 2a: Thorium nitrate (Eimer and Amend, Inc.) 
purchased by the U. S. Geological Survey before 1905 
and probably prepared in the early 1900’s. 

No. 3ab: Thorite from Wet Mountain area, Custer 
County, Colorado. This material was extremely fresh 
and showed no signs of alteration. It is thought to be 
of early Tertiary age. 

No. 4a: Thorium nitrate (Messrs. Thorium, Ltd., 
London). This salt was reported by Davidson? of the 
Geological Survey and Museum of Great Britain to 
have been prepared in Germany about 1906 or earlier. 

No. 5a: Thorium nitrate (Welsbach). This salt was 
purchased by the National Bureau of Standards in 
1922, but it was probably prepared several years before 
that date. 

For the purpose of this work, these four samples were 
considered to be in equilibrium; however, the results of 


2 C. F. Davidson (private communication). 
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Fic. 1. Alpha spectrum of Bi*-Po*? deposit. 
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the half-life determinations on the thorite sample, No. 
3ab, did not compare with the other three samples. 
Subsequent radiochemical analysis of Ra” in equi- 
librium with the Th indicated that 9.5% of the radium 
had been lost. The final half-life calculations have been 
corrected for this loss. Spectrographic analyses of the 
four samples are shown in Table I. 

The average thorium content of the nitrate samples 
was determined by weighing the samples after ignition 
to thorium oxide or by precipitation of thorium hy- 
droxide from solutions of the salts followed by ignition 
to the oxide and weighing. The average analyses, in 
percent, for thorium of samples 2a, 4a, and 5a were 
(41.78+0.1)%, (41.4240.2)%, and (41.81+0.1)%, 
respectively. The thorite sample was analyzed after 
precipitation of thorium as the peroxynitrate* followed 
by ignition to the oxide. The thorium content of sample 
3ab was (40.8+-0.2)%. 


BRANCHING RATIO 


As the present method of measuring the half-life 
depends in a critical way on the fraction of transitions 
from Bi?” which decay through Tl’, it was necessary 





to determine this fraction. A piece of platinum sheet 
was suspended over about 600 grams of shelf thorium 
nitrate for about 12 hours. The active deposit of Bi?” 
on the platinum was used as the source. This was placed 
in a 2m” alpha-proportional counter large enough so 
that the entire path length of the highest energy 
particles was contained within the counting volume. 
The source was collimated with a ;-inch brass plate 
drilled with a large number of holes 0.06 inch in 
diameter. The chamber had a 3-mil wire center electrode 
operated at 1500 volts with 10% methane-argon 
counting gas, and the output after amplification was 
fed into a multichannel pulse analyzer suitably modified 
to respond to the “‘long’’ pulses from the chamber. The 
two alpha peaks of Bi? and Po” corrected for back- 
ground are shown in Fig. 1. The ratio a/(a+) in the 
decay of Bi*’ determined from the peak areas, is 
0.362+0.006. This is about 7.4% larger than the value 
of 0.337 obtained by Kovarik and Adams.! 


EXPERIMENTAL METHOD 


The intensity of the 2.62-Mev gamma ray (100%) 
from Tl°8 was measured using a cylindrical crystal of 
NalI(T]) three inches in diameter and three inches high. 
The sources were placed on the axis of the cylinder 
about 9.5 cm above the top face of the crystal. A 
polystyrene absorber, 1300 mg/cm? thick, was placed 
between source and crystal to insure absorption of all 
beta rays emitted in the thorium series. 

The sources consisted of plastic cylindrical capsules, 
about 1 cm in diameter, filled with thorium salts, 
sealed, and stored several weeks to insure equilibrium 
in the thorium series. The maximum height of any of 
these sources was 1.3 cm, and the geometry was 
accurately defined by assuming that the source was 
concentrated at the center. 

Figure 2 shows a typical pulse-height spectrum 
obtained from a sample of Th(NOs),4 placed at 3.0 cm 
from the crystal. The expression used for calculating 
the intensity of the 2.62-Mev gamma rays, (2.62), 
from the measured peak areas, P(2.62), was 


P(2.62) 





1(2.62 


er(Ey) and ep(E,) are the total and peak efficiencies of 
the crystal, respectively, for gamma-ray energy £). 
The methods used for the determination of er and ep 
as a function of energy has been described elsewhere.‘ 
In brief, the total efficiency for a given solid angle, Q, 


*F. S. Grimaldi and C. H. Warshaw, U. S. Geol. Survey Bull. 
1006, 165 (1954). 

‘Bell, Davis, and Lazar, Oak Ridge National Laboratory 
tise ORNL-1974, 1955 (unpublished); Nucleonics 14, 52 


2 Tep(2.62)0[ 1 — er(0.582)2fo.s 


s2— €r(0.510)Pfo,s10— €r (0.860) 2fo.s60] 





subtended by the crystal at the source is given by 


2 
era= f (1—e-**) dx. 
0 


A numerical integration has been carried out with the 
assistance of the Mathematics Panel at Oak Ridge 
National Laboratory, and er has been determined for 
various energies and positions of the source above the 
crystal, 
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ep(E,), the probability that a gamma ray will be 
detected and give a full-sized pulse if it strikes the 
crystal, was obtained in the following manner: the 
pulse-height spectrum from a number of radioactive 
sources which emit only one gamma ray was obtained 
with a cylindrical NaI crystal, and the areas under the 
full energy peak and total spectrum were evaluated. 
The ratio, R, of peak area to total area, when multiplied 
by er is just ep. Care was taken, in the measurement of 
R, that extraneous effects that might distort the 
response of the crystal to the pure gamma rays, e.g., 
scattered radiation from the surroundings, brems- 
strahlung, etc., was reduced to an absolute minimum. 
The curve of R vs energy was extended to higher 
energies by using sources which emit only two gamma 
rays. The contribution of the lower energy radiation 
was subtracted from the total spectrum by measuring 
its peak area and making use of the value of R at its 
energy. A check on these values has been obtained by 
beta-gamma coincidence measurements and by determi- 
nations of R for single gamma rays obtainable from 
inelastic proton scattering in Si?® and B". The peak 
efficiency for 2.62-Mev gamma rays with the source 
placed 9.3 cm from the face of the crystal is 0.096. 

The expression in the brackets in the denominator of 
the equation takes into account the coincident summing 
which occurs between cascade gamma rays. The factor, 
fy, is defined as the ratio of the intensity of the gamma 
rays with energy E, to the 2.62-Mev gamma-ray 
intensity. The values of f, used were those given by 
Elliott et al. Although other gamma rays cascade with 
the 2.62-Mev gamma ray, their intensities are too small 
to contribute appreciably to the intensity of the 2.62- 
Mev transition. 

The factor, 7, is inserted to take into account the 
interaction of the gamma rays with the polystyrene 
absorbers and any self-absorption in the source. For 
sources at distances large compared to the dimensions 


TABLE I. Spectrographic analyses of the thorium samples. 








3ab 4a* 5a 
Thorite Th(NOs)s Th(NOs)s 
Th, Si Th Th 
Fe, Ca, Ba 
Cu, Y, Ce, Nd 
Al 
Sr, Sm, Dy, 
Pb, Mg, Mn, 
La, Zr, Gd 

.- La Si 


V, Er, Yb, Be tee Fe 
eee Mg Mg 


2a 
Percent Th(NOs) 
Over 10 Th 
5-10 Sat 
1-5 
0.5-1.0 
0.1-0.5 
0.05-0.1 
0.01-0.05 





La, Si, V Fe,Si Ca 
0.005-0.01 
0.001-0.005 


0.0005-0.001 
0.0001-0.0005 


Fe, B 
Mg 








® Radium analysis by the radon method for sample 4a is (1.65+0.05) 
X1071* gram/gram of thorium nitrate. J. R. Dooley, U. S. Geological 
Survey, analyst. 


5 Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 
1954). 
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Fic. 2. Pulse-height spectrum of Th(NO;), in equilibrium with its 
decay products obtained with a 3X3 in. NaI(T]) crystal. 


of the crystal, a gamma ray passing through this 
material is approximately directed parallel to the axis 
and a simple exponential absorption was assumed, i.e., 


T=exp(—rz)+exp(—7’Z’), 


where and Z’ are the thickness in cm, and 7 and 7’ 
are the absorption coefficients in cm™ of the absorber 
and sample, respectively. For the source absorption, it 
can be shown that for r’%’1 one may assume # =//2 
where / is the thickness of the source. Both of these 
corrections amounted to 5% of the intensity for the 
thickest sources. 

Four samples were measured at heights ~9.5 cm 
from the crystal and at a similar height above a crystal! 
whose upper edge had been beveled at 45° to the axis 
so that the upper diameter was 2 inches. The values 
for \ obtained with the beveled crystal, Table II, agree 
among themselves and within 5% of the results with 
the unbeveled crystal ; however, they are systematically 
high. The efficiency of the unbeveled crystal is known 
with the higher accuracy and these values are quoted 
in our results. 

Attempts were also made to obtain the intensity 
when the source was placed only 3.0 cm from the top 
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TABLE IT. Thorium decay constants as measured by 
beveled and unbeveled crystals. 








Thorium Beveled crystal Unbeveled crystal 


Sample content of 4(X10718) 4(X10718) 
No. capsule (g) I sec I sec 


2a 1.098, 1693 1.645 1610 1.55, 

3ab 1.408; a a 2155 1.54, 

4a 1.061; 1613 1.617 1545 1.54, 

5a 0.4450 679.1 1.62, 646.0 1.54, 
1.62; 


Average 1.550 











* Not determined. 


face of the crystals. The peak areas in these measure- 
ments could not be obtained very accurately due to the 
inability to account properly for the summing contri- 
bution under the peak itself. However, the results as 
given in Table II are not in disagreement with the 
rough values obtained with the source at these closer 
distances. 

From the intensities obtained in this way, the activity 
of the parent Th” may be determined if the branching 
ratio of Bi*’ is known. Using the new value for the 
branching ratio and the best values for J(2.62), we ob- 
tain A=1.55X 1078 sec“, or T1j2= 1.42X 10" years with 
an expected uncertainty of about 5%. This is essentially 
in agreement with the presently accepted value. 


CONCLUSIONS 


The uncertainty in the value for the half-life of 
thorium must be estimated from the following factors: 
(a) the peak efficiency of the crystal, (b) the solid angle 
subtended by the crystal, (c) corrections for absorption 
in the source and beta-ray absorber, (d) statistical 
uncertainty and precision in the measurement of the 
peak area and (e) the branching ratio of Bi*!*. As was 
discussed above, the scatter of points about the curve 
for peak efficiency vs energy is less than 3%. In view of 
the nearness of a point at 2.76-Mev (from Na”), it is 
felt the peak efficiency for the 2.62-Mev gamma ray 


should be known to this order of uncertainty. The : 


intensities of the gamma rays as obtained with the 
bevelled crystal seemed to be systematically higher 
than the values obtained with the cylindrical crystal, 
as mentioned above. In several previous cases in which 
the unbeveled crystal was used,® the intensity of 
gamma rays which were obtained were in excellent 


*W. S. Lyon and N. H. Lazar, Phys. Rev. 101, 1524 (1956); 
O’Kelley, Lazar, and Eichler, Phys. Rev. 101, 1059 (1956); 
N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 
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agreement with beta-ray intensity measurements. We 
have had no similar experience with the bevelled crys- 
tals. Thus, in view of our considerably greater experience 
with the cylindrical crystal, we have calculated the 
value of the half-life for thorium from its data. 

The solid angle uncertainty may be estimated from 
the following considerations: an error of 1 mm in the 
measurement of the radius of the crystal yields an 
error in the solid angle subtended of (Ar/r)?~5%. The 
radius of the crystal which was used for the above 
measurements has been carefully measured, but it 
may be out of round by an amount which is difficult to 
estimate. The vertical positioning is also fairly critical 
but because of the relatively large spacing of source to 
crystal, the error in positioning is minimized. In this 
case, the source position is known well within a half- 
millimeter. It is felt that the solid angle uncertainty 
contributes an error of less than 2%. 

The factors (c), (d), and (e) above may be evaluated 
with somewhat greater certainty. The absorption 
corrections, as discussed above, were all less than 5% 
of the intensity of the gamma ray and uncertainties in 
their value cannot be greater than 15%. A total of 
10 000 counts or more were obtained for each of the 
peaks and the statistical uncertainty from this cause 
is of the order of a percent. 

A measure of the precision of the measurement of the 
area of the peaks, the positioning of the source, etc., 
can be determined from the consistency of the results. 
These agree with each other within two percent and 
the average value of the four measurements was used 
for the half-life determination. 

The uncertainty in the branching ratio, a/(a+ 8), in 
Bi*!? is due to the statistical uncertainty in the total 
number of counts under each peak. The over-all uncer- 
tainty in this measurement was certainly less than 2%. 

From the values of J, indicated in Table II, arid the 
new value for the branching ratio of Bi?'*, we obtain 
A=1.55X10-" sec or Ty=1.4210" years with an 
expected over-all uncertainty of 5%. 
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The direct interaction contribution to the cross section for the inelastic scattering of neutrons leading 
to the excitation of a single particle of the target nucleus is derived by using the method of distorted waves. 
The interaction potential between the incident neutron and target nucleon is taken to be a three-dimensional 
delta function, and the incident and emergent neutrons are assumed to move in the complex potential of 
the “cloudy crystal ball’’ model. The wave functions for the target nucleons are described in terms of the 


single-particle model. 


The theory is applied to the excitation of the first level in C2, The angular distribution of the emergent 
neutrons is forward-peaked. The magnitude of the cross section is small, however, and the effect will most 
easily be observed at neutron energies which lie between the levels of the compound nucleus. 





INTRODUCTION 


CCORDING to the shell model of the nucleus, 
neutron inelastic scattering can lead to the exci- 
tation of a single particle in the target nucleus. Such 
transitions can occur as a consequence of the direct 
interaction between the incident neutron and a nucleon 
in the target nucleus. At intermediate neutron energies 
(E, 214 Mev) this process is of considerable impor- 
tance’ and has been discussed theoretically by Austern, 
Butler, and McManus.’ These authors consider inter- 
actions with the surface nucleons and employ the 
impulse approximation to compute the cross section. 
The target nucleus is regarded as opaque, and as a 
result their Born approximation integrals are limited to 
regions outside of the nucleus. In this paper we shall 
consider inelastic scattering by direct interaction by a 
method which is valid not only at high energy but also 
in the low energy domain where the impulse approxi- 
mation is less valid and where the nucleus is com- 
paratively transparent.’ As a consequence of the latter, 
the interaction may occur inside of the nucleus. Meas- 
urement of direct interaction effects will then provide a 
measure of the neutron-nucleon interaction inside the 
nucleus and may thus shed light on the shell model 
itself as well as related effects in nuclear reactions. 
We turn now to the question of the observability of 
the direct interaction process. Inelastic scattering in 
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this energy range can also proceed by formation of the 
compound nucleus and by interaction with rotational 
and surface modes described by Bohr and Mottelson® 
and calculated recently by Brink and by Hayakawa and 
Yoshida.* The compound-nucleus inelastic scattering 
will usually be the dominant mode. This scattering has 
a characteristic angular dependence in two limiting 
cases. If only a single level or sufficiently many levels 
of the compound nucleus are involved the angular dis- 
tribution of the inelastically scattered neutrons will be 
symmetric about 90°.7 If a few (but more than one) 
levels of the compound nucleus need to be considered, 
interference between the various modes of decay can 
lead to an asymmetrical distribution only if the levels 
differ in parity. On the other hand, the direct inter- 
action process will usually not be symmetrical about 
90°, but, for example, can be peaked in the forward 
direction. 

This discussion implies that observation of the direct 
interaction process will be most readily made if the 
target nucleus is light. Then the levels of the compound 
nucleus are widely spaced and one can look between 
resonances for the direct interaction effects. In between 
resonances, the inelastic cross section via compound 
nucleus formation is reduced to the order of g,rX? 
<41,(4)T,,(E’)/D*, where X is the neutron wavelength 
divided by 27, T',(Z) is the neutron width at the 
incident energy E, E’ is the final neutron energy, D is 
the distance between levels, and g, is the usual statistical 
factor. This réduction is considerable and may be 
enough that the direct interaction process becomes 
dominant. Even if the two processes are of the same 
order of magnitude, measurements of the angular dis- 
tribution of the inelastically scattered particles both 
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between resonances and in the resonance region will 
permit the separation of compound nuclear effects. In 
this connection we note it will be necessary to consider 
the interference between the two modes of excitation. 

In the main body of this paper we have estimated the 
direct-interaction cross section for the inelastic scat- 
tering of neutrons. With only minor modification the 
theory can be applied to direct-interaction processes in 
inelastic proton scattering and to (n,p) and (p,m) reac- 
tions. We have employed the following crude model and 
approximations which we expect will yield results of 
correct qualitative character and order of magnitude. 
We have taken the interaction between the incident 
neutron and the struck nucleon to be a three-dimen- 
sional delta function, an assumption which permits 
important calculational simplifications. This interaction 
is not unreasonable physically, however, since we expect 
the incident neutron to move in the average field of all 
the nucleons in the nucleus, the particular force of 
interest being then a fluctuation away from this average 
which is felt only when the nucleons are very close.® 
We have not included exchange forces except those 
which, like the Majorana type, reduce to an ordinary 
force for a delta function interaction. The target nucleus 
has been described in terms of the single-particle model 
as follows. The nucleus has been considered to consist 
of a core of spin j, together with an orbital nucleon of 
angular momentum / and spin s, which are combined to 
give a spin of j. The spin of the target nucleus J is 
composed of j, and 7. The interaction of the incident 
particle is taken with the orbital nucleon only, the core 
being regarded as inert. 

Certain of the approximations which have been made 
for higher energies are not made here, however. The 
effect of the nucleus upon the incident neutron is 
included through the use of the method of distorted 
waves? in which the empirically known nuclear potential 
is used to describe the elastic scattering, and the inter- 
action between the incident neutron and the target 
nucleon is considered throughout the entire nucleus. 


INELASTIC SCATTERING 


We consider a neutron of wave number &, energy E, 
incident upon a target nucleus of mass number A. The 
Hamiltonian for the system is 


H=HotT (10)+X iV (10,85). (1) 


Here, Ho is the Hamiltonian of the target nucleus, r; 
are the coordinates of the ith constituent nucleon, ro are 
the coordinates of the incident neutron, T(ro) is its 
kinetic energy, and V(ro,r,) is the interaction energy 
between the incident neutron and the ith nucleon in 
the target nucleus. 

We expand the wave function describing the system, 
WV(ro,r), where r represents the coordinates rm, ---, ra, 

8 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 
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in a set of product functions 


V(ro,r)=d 0, (To)Wn(r), (2) 
Hobn(t) = enn(r), (3) 
(Wn,m) =Imn- 


The e, are the energies of the various states of the target 
nucleus arranged according to increasing energy. The 
function v in Eq. (2) gives the nonexchange elastic 
scattering, 2; gives the nonexchange inelastic scattering 
with excitation of the first level of the target nucleus, 
etc. We now insert expansion Eq. (2) into the 
Schrédinger equation for the system and obtain, after 
premultiplication by ¥, and integration over the coor- 
dinates of the target nucleons, the following set of 
equations: 


[T+a-E+(HEV[DIut EME Vin)=0, 4) 


n#k i 


where 


and 


where 


(k| 06 V|[n)= Wx, Di V(r0,4s)n). 


The complete solution of these equations is of course 
impossible. We shall outline, however, the form of the 
solution in sufficient detail to indicate the origin of the 
average potential for v9 and the perturbing potential 
that gives rise to the excitation of higher states in the 
target nucleus. For this purpose it is sufficient to discuss 
only the equations for v and 2. The generalization to 
the more complete system is obvious. Consider, there- 
fore, 


(Ho— Eo)v0= — Vor, (Sa) 

(3i— E;)r1= — Vor, (Sb) 

where H,.=T+(k|> Vilk), Vie=(R|Vi|D, and 

E,= E—«,. We may solve the second Eq. (5b) to obtain 
1 


Ricerenienommnnt sai, (6) 
E,+te— KR 


V1 


where the ie insures that we are considering only 
outgoing waves. Substituting in Eq. (5a), we obtain 


1 
rate aT Vio- Ba = 0, (7) 
E\tie— Ry 


scot Vo 


so that the effective potential for v (and therefore the 
empirical potential had we included all the effects from 
the higher states) is 


1 


~—remewn A 
E\tte— Ky, 


V ett ” Voot Vor 


We could now introduce the solution of Eq. (7) for vo 
to obtain v,. Another procedure, and the one we shall 
use, assumes that the effective potential for »; is given 
approximately by Eq. (8). We do expect some energy 
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dependence for Ver, but over the energy ranges of 
significance here this should not be important. We can 
therefore rewrite Eqs. (5) in the following form: 


(T+ Vets— Eo) v0=0, 
(T+ Vete— E1)11= — Qyoro, 


(9a) 
(9b) 


where 


Q10= Viot (Vii— Vo) Vio 


Eyt+te— Ky 
1 
or Vio 
E\yt+ie— Hy E\y+te— Ky 





~¥ Vio. (10) 


It is clear that the general solution of the complete 
set of Eqs. (4) may be put into form Eq. (9) where, of 
course, 2 and Vs will not be given by Eqs. (8) and 
(10). Note that Ver and Q are not Hermitian as would 
be expected. At this point we must note the physical 
meaning of the quantities appearing in Eqs. (9). 

Vert is fairly well known empirically. We take the 
simple square-well form‘ 


Vett= —Vo(1+it), r<R 
=0, r>R, 


where Vo=42 Mev, ¢=0.05, and R=(1.26A!+0.7) 
X10-* cm. 

The quantity Qo in Eqs. (9b) and (10) is a matrix 
element of an operator ©. This effective interaction 
operator is the remainder of the interaction term in 
Eq. (1) after the average interaction with the target 
nucleus, Ver, has been subtracted. We therefore expect 
Q to be of very short range, i.e., to be important only 
when two particles, the incident neutron and a con- 
stituent nucleon of the target nucleus, are so close 
together that the field of all other (A—1) particles in 
the nucleus may be disregarded. This suggests the form 


Q=g > +: 6(ri— fo). (12) 


This omits any many-body forces which may be 
expected to be present in the nucleus. 

With the assumptions contained in Eqs. (11) and 
(12), we now have a completely defined set of Eqs. (9a) 
and (9b) for determining the cross section for the ex- 
citation of the first excited state of the target nucleus. 
We must next evaluate the matrix element Qi which 
is only a function of ro. The angular momentum state 
of the single target nucleon, whose transition is the 
result of the inelastic scattering, is given by ¥(j,m) in 
the ground state and ¥(j’,m’) in the first excited state. 
The target nucleus has the angular momentum quantum 
numbers (J,M) and (J’,M’) in the ground and first 
excited states, respectively. We shall assume only one 
term of Eq. (12) has any effect (this approximation 
will be discussed later). Its matrix element may be 
readily evaluated by means of the Racah tensor for- 


(11) 
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malism.” We first note that 


§(r—1o) =o (—)"¥ (L, —m; 2) 
XV (Lym; 20)5(r—10)/r?, (13) 


where the Y’s are the usual spherical harmonics. Then 
the matrix element is given by 


(J'M’|6(r—10)| JM) 
=Di(-)"¥-H2E+1)4 
x (J’J-M'M|J'JLM—M’) 
X (J"|| VJ) ¥(L, M—M'; Q)R(r0)R'(r0), (14) 


where R(ro) and R’(ro) are the radial functions for the 
orbital nucleon in the ground and excited states, respec- 
tively. To continue further, it is necessary to evaluate 
the reduced matrix element of Y; which in turn depends 
upon the model. We assume that 


J=j.+j and J’=j,+j’, (15) 


where j, is the spin of the core. Inserting these eigen- 


numbers, we obtain 
(F'jeJ"|| V1] jj-J) 
= (—)ietlrv'T (2741) (27'+1)} 
XW(PI'GT; GL) (F\\Vul]9). (16) 
Finally, from 
j=l+s and 


jJ=I'+s, (17) 


we have 


(I'sj’\| Vx\\bsj) = (—)**-* (4e) A (27 +1) (27’+1)- 


X (21+ 1) (20 +1) }('100| U1LO)W (U'j’lj;sL). (18) 


Combining these results, we obtain 


Qro= g(—) et GVH (der) AL (2 +-1) (2) +1) }} 
X¥o1 14 (2L4+-1)3(J’J—M'M | J'JLM— M’) 
XW(I'GTG; GeL)Z(U7'1j; 3L) 

XV (L, M—M’;%)R(r0)R’ (10), (19) 


where the function Z is defined by Biedenharn, Blatt, 
and Rose." 

We comment on the neglect of interaction with each 
particle in the core. The effect of these terms is to 
a great extent cancelled by the results of the anti- 
symmetrization of the orbital wave function with that 
of the core. The matrix element 2219 must still be of form 
Eq. (19) except for a numerical factor whose value 
would depend upon rather model dependent properties 
of the ground state and first excited state wave functions 
of the target nucleus. However, since g is not known we 
shall in the remaining equations combine g and this 
numerical factor to form a new constant g’. 

We finally wish to expand the right-hand side of (9a) 
in spherical harmonics. For this purpose we write 


vo(to) = .s fu(ro) ¥ (L',0), 


1G, Racah, Phys. Rev. 62, 438 (1942). 
u ‘roa Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952). 
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where we have omitted the spin dependence in view of 
the spin-independent nature of Eqs. (11) and (12). 
Combining this with Eq. (19) and employing the ex- 
pansion for a product of angular momentum states, we 
obtain (dropping the subscript on ro) 


Qy000= (¢'/4a)(— Jie’ YY GH(QL+1)! 
L i 
x (2L"+1)4(J'J—M’M | J'JLM—M’) 
X (L'L00| L’LL0)(L'LOM—M" | L'LL” M—M’) 
XW(S' GT G5 GeL)ZU717; BL) R(r) 
XR'(r) fur (7) ¥(L", M— 


) then reduces to the solution 


M’). (21) 


The solution of Eq. (9a 
of the equation 


1d d L(L"+1) 2m 
pene 


r dr - r h? 





(E,- a) ae (r) 
=-RO)R()fulr) (22) 


with the required asymptotic dependence 


(23) 


1 
hyerw (1) > Hyrpeite 21, 
ro r 
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where k’ is the wave number of the emergent neutron. 
The asymptotic dependence of v; may therefore be 
given in terms of H;,-1 which, in turn, determines the 
inelastic scattering amplitude. 

It should be noted that the analysis so far gives us 
only the nonexchange inelastic scattering. There are 
also contributions from processes in which the incident 
neutron and the struck target nucleon exchange places. 
We should only like to point out that for the interaction 
potential Eq. (12) there is essentially no effect. To 
prove this, it is sufficient to consider the interaction 
between the incident particle and the target nucleon, 
placing the parent nucleus in a passive role. For inter- 
action Eq. (12) there can be no scattering in the space 
antisymmetric states, i.e., in the triplet spin states. As 
a consequence, the amplitude of the exchange and non- 
exchange scattering must be equal so that the amplitude 
for scattering in the space symmetric state, singlet spin 
state, is doubled and the cross section quadrupled. 
This, however, must be multiplied by the probability 
of finding the particles in the singlet state which is just 
(1/4), reducing the cross section to that for nonexchange 
scattering. 

We return to Eq. (23) and obtain the cross section as 


o(0) = (g'/2m)?(m/h*)?(k'/k) (2I' +1)[2 LULUUDY Dd (—)™" exp[dia(L+Li"—Li—L")] 


M’ L’ Li’ 


<[(2L'+1) (2L1'+1) PL (2L"+1) (2L1"+1) 4 — MM | ‘ILM —M") (JI — 
x (L'L00| L'LL"0) (Ly'L,00| Ly'L1L,"0)(L’LOM — M’ | L’LL"M—M")(Ly'L,0M— 


L li L” Ly” 


M’M|J'JL,\M—M’) 
M’|Ly'L,L\"M—M’) 


XW (IGT 55 fL)W (IGT 5; GL ZUG ADZC Gj; $a) Hy oy" 


XV (L", M—M’)¥*(L,", M—M’)|. (24) 


This expression can be simplified somewhat by the methods discussed in reference 11. We obtain finally 


s ~)or +1) 
a(0)= 
o- (AG) G 


L'=0 Li’=0 LL" Ly" 


EY LEY L(-)Hemtt)- texp[ gin (L1"—L" +L;'—L’—n)] 


x (L'L00| L'LL"0) (Ly'L00| Ly'LLy0)(Ly"L00| Ly"L"n0)W2(J' j'I 73 jeL)22(Uj'1j ; AL) 


where the sums on L, L”, L;"’, and m are limited by the 
vector inequalities 
\L’-L| <2" <L'+L, |L’-L| <0)" <L'+1L, 
\i-’| <L<i+!, 
|L,"—L"|<n<L"+L", |Li-L' 


and L’+L/+L, Ly’ +L +L, l+U+L, and L;'+L’+n 


are all even. The function Y (7,0) is 


[ (2n+-1)/4m }*P,,(cos6). 


<n<L/+l, 


Y (n,0)= 


The total inelastic cross section is given by 4m times 


| 
XZ (Ly Ly" LL"; Ln) yy 1y"'t1*¥ (n,0)|, (25) 





the n=0 term in Eq. (25). We obtain 


/ 


~QO Oe: 


X (L’L00| L’LL"0)?W?(J'7'F 7; 7 -L) 


pap 3p» 


L’=0 L L’’ 


XZ? (U' 717; $L)| Hie |? (26) 


With Eqs. (25) and (26), the problem of evaluating 
the inelastic cross section requires the solution of dif- 
ferential Eq. (22) subject to the asymptotic condition 
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of Eq. (23). The equation is solved in terms of a 
Green’s function by 


berv(= f Girv(r|r)wr(r')r?dr’, (27) 
0 


where 


wr (r)=R(r)R'(r) f(r) 


and G_,,-(r|r’) satisfies the differential equation 
1d dad L"(L"+1) 2m 
- 9 ioreenien aiden By — vai | 


r dr dr r? 
XGi(r|r’)=—d(r—r’). (28) 


We distinguish two solutions of the homogeneous form 
of (28), Fy (r) and J,(r), where F and J are regular 
and irregular at the origin, respectively. We note that 
asymptotically 


1 
Fy(r) > yp ie) 
rr 'y 


Xcoslk’r—}a(L"+1)+n1(k’) J. 


We choose the irregular solution which has the following 
asymptotic form: 


(29) 


1 
Tal) > = expLik'e—Hir(L"+1)+2inw(¥)}. (30) 
ro 'y 


The quantity 71 is a complex phase shift. We note that 
the homogeneous form of Eq. (28) is identical with the 
equation satisfied by f,, except that the wave number 
k is replaced by k’. Therefore, nz, (k’) is the scattering 
phase shift as given by the ‘cloudy crystal ball” model* 
evaluated at the energy of the emergent neutron. 

The Green’s function may now be expressed in terms 
of Fz, and I,» as follows: 


Gy (r|r’) =ik’ expl—inz(k’) ] 
Fy (rip (r), <r 


(31) 
Fy (r)Ip(r’), r>r 


i 
> -F y(r’) exp[ik'r—ix(L"”+1)+inw(k’)]. (32) 


r—00 
r 


We may now obtain the general expression for Hz: 
by inserting the above result into Eq. (27). We find 


Hani exptine(#)I f Fy (r')R(r’) 
0 


KR (r’) fu (r’)r?dr’. (33) 


Note that at sufficiently large distances 


Fy (r) > [eosny jx (R’r) — singin (k’r) J exp(inz”), 
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where jz, and mz are spherical Bessel and Neumann 
functions, respectively. As k’ approaches zero it is 
clear the F;,, and therefore Hz-z, will go to zero as 
(i). 

The total cross section and the angular distribution 
are, of course, sensitive to Hy 1. Near threshold, 
(k’—0) the L’’=0 term will make the principal con- 
tribution. In this case Eq. (26) gives 


/ 


“OY Oore() 


XW?(IGT 7; GeL)LUG 1G; 2L)| Hor|?, (34) 
so that near threshold o~’. Similarly, we may see 
directly from Eq. (25) that the angular distribution 
near threshold will be spherical. Both of these results 
are, of course, expected. 

Simplifications will also occur when the energies E 
or E’ fall within a resonance of the “cloudy crystal ball” 
model. Then F; or fx or possibly both will be large 
within the nucleus and one may expect that Hy,-1, 
would be correspondingly large. If both E and E’ are 
within such a resonance, one would expect that the 
terms in Eqs. (25) and (26) involving only a particular 
L” and L’ to be dominant. The angular distribution 
in this case will be for the most part symmetric about 
90°. This, however, will not hold when one of the ener- 
gies falls outside the resonant region. Then many terms 
in Eq. (25) will contribute to the angular distribution 
which will then depend upon the details of the situation 
under investigation. 

We conclude this section by listing one case for which 
Eq. (25) simplifies greatly. If /=J’=0, i.e., if both the 
ground and excited states of the target nucleus have 
zero spin, then 


o(0)=(— 


For purposes of qualitative understanding it is useful 
to solve Eq. (9b) by the Born approximation rather 
than using the wave functions given by the “cloudy 
crystal ball.”” We of course realize that such a calcu- 
lation can only serve as a guide and as a consequence 
we do not give any of the details. The cross section for 
inelastic scattering in the Born approximation is 


(GV Core 


XD WSF 97; GLU 7'1j; 4L)| fr, 
L 


g’ , 


(2) (2) ix etteav enol (5 
JY CE) ernarane os 


BORN APPROXIMATION 


(36) 


How 4 RR’ j,(|k—k'|)?°dr (37) 
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Fic. 1. Normalized angular distributions in center-of-mass sys- 
tem of neutrons inelastically scattered from C” with excitation of 
4.43-Meyv level for incident energy of 5, 6, and 7 Mev. 


Here k is the wave number of the incident neutron, k’ 
of the outgoing neutron. 

From this formula we can deduce some simple results. 
The angular distribution near threshold is flat, but as 
the energy increases it becomes rapidly anisotropic. 
Even when J’ is not equal to zero, the angular distri- 
bution is not zero near zero deflection since even here 
k does not equal k’. Since the argument of j, in Eq. 
(37) will generally be relatively large for neutrons 
undergoing 180° deflection, we will generally find that 
the distribution is peaked in the forward direction. 
Similarly we find that for relatively large excitation 
energies the magnitude of the cross section is reduced 
since again k—k’ is large. Again, if the change in the 
spin of the target nucleus is large so that Z cannot 
assume small values, the cross section is reduced. When 
these two factors combine, the over-all effect is to 
reduce the cross section by an order of magnitude. For 
example, the inelastic cross section for excitation of a 
level 4.4 Mev above the ground state and involving a 
spin change of 2 is roughly (1/10) the cross section for 
the excitation of a level 1 Mev above the ground state 
and involving no spin change, all other factors being 
equal. 


APPLICATION TO CARBON 


As we pointed out in the introduction, the most 
favorable set of circumstances for the observation of 
this effect at low energies will occur in light nuclei. 
Here, the levels of the compound nucleus are sufficiently 
widely spaced so that in between them their contribu- 
tion to the inelastic cross section will be a minimum. 
We have therefore evaluated the cross section for the 
direct process for a light nucleus, namely, C”. Unfor- 
tunately, recent evidence indicates that there are 


several resonances in the energy region near the first 
level so that this nucleus may not be a good target for 
testing our results. 

The chief problem which arises in the application of 
the preceding analysis to a specific nucleus is the deter- 
mination of the functions R(r) and R’(r). In the present 
calculations, we have assumed that the 4.43-Mev level 
arises from the transition of a single particle across the 
split 1p shell.” To obtain specific representations of 
R(r) and R’(r), we have used wave functions of a square 
well with radius equal to the nuclear radius, and with 
a depth adjusted to give the observed binding energy 
of the ground and first excited state for a 6-function 
spin-orbit potential located at the well edge. For C” 
we use J=0, J’=2, j.=4, j=4, j’=}, /=I/=1. The 
elastic scattering cross section calculated with the 
parameters of Eq. (11) fits the experimental data only 
very roughly. However, since we are mainly interested 
in qualitative results we have not attempted to adjust 
the parameters of the well to obtain a better fit, 
although this procedure should be followed in a more 
quantitative study of inelastic scattering. The computed 
(normalized) inelastic angular distributions for three 
different incident energies are shown in Fig. 1. 

The total cross section is given in Fig. 2, and shows 
a characteristic rise with energy. The scale is, of course, 
relative since we have no way of evaluating g’. However, 
it is useful to make a rough estimate. We take for g the 
integral over the singlet nucleon-nucleon potential, viz., 


g=4r f V,.(r)rdr. 


We take unity for the factor arising out of interactions 
with “core” particles, minimizing the resultant cross 
section. The constant (mg’/2mh?)* then turns out to be 
about 100 mb, indicating that under favorable circum- 
stances, e.g., spin change zero and low excited level, 
the cross section for the direct process can be consider- 
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Fic. 2. Total cross section for excitation of 4.43-Mev level in 
C® as a function of energy in center-of-mass system using inte- 
grated singlet nucleon-nucleon potential for interaction constant. 


2D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 





DIRECT INTERACTION 


able. With this value the scale for the abscissa in Fig. 2 
is, as shown, of the order of millibarns, and we see that 
the cross section for this case is very small. On the other 
hand, a similar calculation by Margolis and Pollack’* 
for a zero to zero transition, with the excited level 1 Mev 
above ground, gives a cross section of several tens of 
millibarns, very close to the maximum of 100 mb. 


% B. Margolis (private communication). 
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Neutrons from the D-D Reactions* 


L. CRANBERG, A. H. ARMSTRONG, AND R. L. HENKEL 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received September 13, 1956) 


An investigation has been made of the neutron spectra resulting from D-D reactions for a range of incident 
deuteron energies of 4.75 to 7.33 Mev, using a pulsed-beam time-of-flight method. In addition to mono- 
energetic neutrons from the reaction D(d,n)He’, a continuum of neutrons is observed corresponding to 
D(d,np)D. The yield of the latter reaction has been measured at about 0.5-Mev intervals at zero degrees, 
and at an energy of 6.3 Mev an angular distribution has been obtained for both reactions. At 6.3-Mev 
deuteron energy and at zero degrees the yield of the continuum for neutron energies above 0.95 Mev is 17% 
of the yield of monoenergetic neutrons. The yield from both reactions is strongly forward in the laboratory 
reference frame, and for the breakup process increases rapidly with increase in energy above threshold. 


INTRODUCTION 


HE exothermic reaction D(d,n)He® is commonly 

used as a source of monoenergetic neutrons for 
energies above 2.5 Mev. The neutrons from this 
reaction are the only ones produced in a D-D process 
up to the bombarding energy for which breakup of one 
of the deuterons becomes energetically possible. Above 
that energy a continuum of neutrons is to be expected 
due to the three-body process D(d,np)D in addition to 
the monoenergetic group due to D(d,m)He®. Such a 
continuum has indeed been observed for 14-Mev 
deuterons,' although at that energy breakup of both 
deuterons is energetically possible. It seemed worth- 
while, therefore, to make a detailed examination of the 
neutron spectra from the D-D reaction at energies 
above the threshold for breakup, that is, above a 
laboratory energy of 4.45 Mev. Such data should be 
useful as input data for other experiments which use 
energetic D-D neutrons, and are pertinent to the 
physics of the reactions of light nuclei. 


METHOD AND APPARATUS 


Neutron spectra were obtained by a straightforward 
application of the pulsed-beam time-of-flight techniques 
previously described,? using the pulsed deuteron beam 


* This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Bogdanov, Vlasov, Kalinin, Rybakov, and Sidorov (private 
communication); J. Exptl. Theoret. Phys. (U.S.S.R.) (to be 
published). 

2L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 


output of the large Los Alamos electrostatic accelerator. 
The gas target was 6 cm long, filled with De gas at a 
pressure of 60 cm of Hg, and was sealed off from the 
vacuum system by a nickel foil 1.5 u thick. Design of 
the target was such as to minimize the amount of 
material in the immediate vicinity of the gas which 
might scatter neutrons. Although this was the first 
time a pulsed deuteron beam was used no special 
problems were encountered. A high neutron back- 
ground filled the target area even when there was no 
beam on target, due presumably to the deflected beam 
striking low-Z material, but the shielding around the 
detector was very effective against this background. 
The detector used was the same as the one previously 
described? and was mounted at a distance of 1.5 meters 
from the target. The average target current was about 
0.05 ua and the running time for a spectrum was about 
ten minutes. 


RESULTS 


Spectra have been obtained as a function of angle 
at the primary deuteron energy of 6.3 Mev at ten 
degree intervals up to 40 degrees, and at zero degrees 
data have been taken in approximately 0.5-Mev 
intervals from 4.75 Mev to 7.33 Mev. 

Figure 1 shows the time spectra obtained at zero 
degrees with and without deuterium in the target for a 
deuteron energy of 6.3 Mev. These spectra were 
recorded in the same way as those described previously.” 
Although the raw data are in the form of a 100-channel 





CRANBERG, ARMSTRONG, AND HENKEL 





gS 


U SDS BBR Be 2 ee 
eae eae 


g 


COUNTS PER CHANNEL 





2 Se 








20 3530 
CHANNEL NUMBER 
Fic. 1. The time spectrum of neutrons from the D-D reactions 
for an incident deuteron energy of 6.3 Mev as seen at zero degrees 


to the deuteron direction. The corresponding spectrum for an 
evacuated target is also shown. 


presentation of two cycles of the data, only a single 
cycle is shown in Fig. 1. 

The vacuum background was_ unexpectedly 
structured, and since one of the peaks appeared to 
coincide with a peak in the “gas-in” run, it seemed 
advisable to identify the source of the structure. A 
run with hydrogen in the target gave a result identical 
to the vacuum run, thereby eliminating the possibility 
that the gas might be scattering deuterons into the steel 
walls of the target, making neutrons there. A spectrum 
was then run with a filling of methane. This gave 
almost precisely the same three peaks with the same 
relative intensities as those which are identified in Fig. 1 
as due to the reaction C!(d,n). The small differences in 
the positions of the peaks for the vacuum and methane 
runs could be accounted for if it were assumed that in 
the vacuum case the carbon was on the entrance side 
of the nickel window. For the methane filling, it was 
assumed that the effective source was at the center of 
the target. The chief difference between the carbon and 
methane spectra should then be due to a 200-kev 
difference in the effective deuteron energy. This 
difference was clearly evident in its effect on the energy 
of the least energetic neutron group. From the energies 
of the groups, the Q values calculated for the ground 
state and first two excited states of N™ agreed with 
those given in the literature within the experimental 
uncertainty of about 5%. The second and third levels 
of N™, being only 50 kev apart, could not be resolved. 
Thus the main features of the background are clearly 
understood. 

The energy scale for all this work was established by 
assuming a linear time-to-voltage conversion and taking 
the positions of the y ray and the energy of the neutrons 
from the reaction D(d,n)He* to be known. 

It might be expected that the background due to 
carbon would be sensitive to the focus and to the 
precise position of the deuteron beam. If this were so, 
one would expect difficulty in reproducing results and 


particularly in getting the carbon peaks to subtract out. 
In fact the subtraction always seemed reasonable in the 
region which should exhibit this difficulty most sensi- 
tively—namely, in the region of the strong carbon peak 
which was of intermediate energy. The gamma-ray 
line subtraction was not a sensitive indicator because 
the methane run showed that carbon was not an im- 
portant contributor to the strength of the gamma-ray 
line. It is surmised that most of the gamma rays 
originate in reactions in the nickel window and gold 
end-cap of the target. Neutrons from (d,m) or (d,ny) 
processes in the nickel or the (d,np) process in gold are 
evidently not numerous at the energies of these 
measurements. 

As is clear from Fig. 1, the difference between “gas-in” 
and “gas-out” consists essentially of a strong group of 
monoenergetic neutrons due to D(d,m)He® and a 
continuum of lower energy neutrons which extends from 
about 3 Mev to at least as low as 0.67 Mev. Since the 
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Fic. 2. The energy spectrum in the laboratory system of 
neutrons from the reaction D(d,np)D at zero degrees for an 
incident deuteron energy of 6.3 Mev. Also shown is the neutron 
energy spectrum calculated for a statistical three-body breakup. 


gas sample was specified to be better than 99.5% pure 
deuterium and the same result was obtained for several 
samples, the neutron continuum could be plausibly 
assumed to be due to deuteron breakup. As a check on 
the possible role of air contamination of the sample, a 
spectrum was also obtained for air. This spectrum 
showed clearly that the neutron continuum of Fig. 1 
could not be due to air contamination. 

The difference between the two curves of Fig. 1 is 
shown plotted in Fig. 2, after multiplication of the 
data at each point by the factor #, where ¢ is the corre- 
sponding flight time. This factor converts the data 
from number per unit time interval to number per unit 
energy interval. For comparison Fig. 2 also shows an 
unnormalized spectrum calculated* on the simplest 
assumption—namely, that the three-body process 
occurs with random probability in all elements of phase 


*E. Fermi, Elementary Particles (Oxford University Press, 
London, 1951). 
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space which are accessible, if one takes account of 
energy and momentum conservation and assumes that 
the detector subtends negligible solid angle at the 
target. Under the conditions of the measurements, 
correction for finite detector solid angle was negligible. 
The upper limit of this spectrum, which is derived from 
conservation considerations alone, agrees quite well with 
any reasonable extrapolation of the experimental data. 
The small experimental yield above this limit is 
plausibly explained as the effect of finite time resolution 
in combination with two other effects: low-energy 
neutrons from the preceding cycle and the tail from 
the very strong D(d,n)He’ group. 

It is clear from Fig. 2 that the neutron spectrum 
ascribed to D(d,np)D has the proper upper energy 
limit and that it departs quite markedly from the shape 
calculated on the basis of a purely statistical model. 
The low-energy divergence of the statistical spectrum 
of Fig. 2 is due to the combination of a center-of-mass 
dependence at low energy which goes as E}, where E 
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Fic. 3. The energy spectrum in the center-of-mass system of 
neutrons from the reaction D(d,np). Also shown is the energy 
distribution calculated for a statistical three-body breakup. 


is the center-of-mass energy of the neutron, and a 
conversion factor proportional to 1/E in going from 
the center-of-mass system to the laboratory system. 

The data of Fig. 2 are shown transformed into the 
center-of-mass coordinate system in Fig. 3. Here the 
theoretical curve is an ellipse whose area has been 
normalized to that of the experimental data. It is 
clear that the experimental data differ from the random 
distribution chiefly in being more peaked at the average 
energy, with fewer low- and high-energy neutrons. 
The effect of finite resolution is to cause this effect to 
be underestimated. 

The lower curve in Fig. 4 shows the yield obtained 
at zero degrees as a function of neutron energy for the 
integral over the spectrum of the breakup neutrons. 
Because of problems associated with overlap of spectra 
from successive cycles, this integral extends from the 
kinematical limit down to 0.95 Mev except for the two 
lowest energy points. For the two lowest points, the 
lower end of the spectrum was pushed to 0.75 Mev. The 
errors shown on the figure are statistical. The upper 
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Fic. 4. The yield at zero degrees of the D(d,np)D reaction and 
the yield of the D(d,n)He? reaction according to reference 4. The 
upper scale gives the energy of the neutrons from the latter 
reaction. 


curve in Fig. 4 for the yield at the corresponding 
deuteron energy of the reaction D(d,n)He® has been 
measured at this laboratory with a counter telescope.‘ 
It is shown on the same scale as the yield of breakup 
neutrons to indicate the trend of the branching ratio 
for the two reactions. The data of the lower curve of 
Fig. 4 are given in Table I. 

The excellent agreement shown in Table I between 
the calculated and observed values of the upper energy 
limit for the continuum neutrons must be regarded as 
conclusive proof that these have been correctly identi- 
fied. At the lowest deuteron energy the signal-back- 
ground ratio was too poor to allow an accurate measure- 
ment of the maximum energy. 

The cross-section values given in the table for the 
breakup neutrons were obtained in the following way. 
The curve for the relative sensitivity of the detector 
as a function of neutron energy has been extended 
upward from the result given previously” to a neutron 
energy of 10.5 Mev by using the T(p,7)He® and 


TABLE I. Data on the zero-degree yield of the reaction D(d,np)D. 








Neutron energy upper limit (Mev) 
calculated observed 


1.20 
1.88 
2.43 
2.87 
2.98 
3.47 
3.80 
4.00 


Deuteron 
energy (Mev) 


4.75 
5.28 
5.78 
6.21 
6.31 
6.80 
7.16 
7.33 


¢ 
(mb/sterad ) 


0.24+0.06 





1.88+0.03 
2.38+0.05 
2.90+0.05 
2.95+0.05 
3.35+0.1 
3.83+0.1 
4.02+0.1 








4R. K. Smith and J. E. Perry (private communication). 
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D(d,n)He' reactions at zero degrees. The two parts of 
the curve given by the two reactions were normalized 
to each other in the region several Mev wide in which 
they overlap. By means of the sensitivity curve obtained 
in this way, it is then possible to compare directly the 
yields obtained for the breakup neutrons and the 
neutrons from the reaction D(d,n)He’ in terms of the 
known cross section of the latter reaction. 

The uncertainty in the absolute value of the cross- 
section scale is due to the uncertainty of the normalizing 
procedure just referred to, and to the uncertainty in the 
cross section of the D(d,n)He’ reaction, which amount 
in sum to an estimated uncertainty of plus or minus 5%. 
The errors given in Table I are the sum of this 5% and 
the statistical uncertainty. The cross-section values 
given in Table I contain an additional error, which is 
hard to estimate, due to inaccuracy of the background 
subtraction discussed above. From the scatter of the 
points from a smooth curve and from the reproducibility 
of the data, this error probably does not exceed 10% 
at any point. 

The results of the measurements of the angular 
distribution of the D-D neutrons are given in Fig. 5 
and Table II. The continuum yields represent the 
integral down to 0.65 Mev at all angles. The angular 
data which have been obtained incidentally on the 
neutrons from the reaction D(d,n)He* are also given 
since they have not been reported previously for this 
energy. The same remarks made above with regard to 
the accuracy of the results apply to the angular data. 


CONCLUSIONS 


The fact that the observed spectral distributions for 
the breakup neutrons depart from the statistical one 
in the ways indicated is hardly surprising. Maximum- 


energy neutrons correspond to the proton and deuteron 
recoiling collinearly at the same velocity in the center- 
of-mass system. Coulomb repulsion and the possibility 
of proton and deuteron being bound under these 
conditions should diminish the probability of this 
situation. A similar remark applies to low-energy 
neutrons. 

The success of a stripping model® in describing the 
reactions D(d,n)He® and D(d,p)T above 5 Mev 
suggests that this model may also be applicable to the 
breakup process. No calculations on this or any other 
model appear to have been carried through for the 
breakup process, however. 

For the present the chief interest of these data is that 
they call attention to the fact that D-D neutrons 
cease to be monoenergetic at the appropriate threshold. 
In this respect the D-D reaction is not qualitatively 
different from reactions® in which the deuteron is 
incident on other light nuclei. 


TABLE IT. Angular dependence of the gos of D(d,np)D 
and D(d,n)He*® at Ep=6.31 Me 








D(d.np)D 
(mb/sterad) 


D(d,n)He’ 
(mb/sterad) 


80.0+4.0 
56.9+3.0 
22.2+1.0 
5.50.4 
4.6+0.3 


Lab angle 
(degrees) 


0 13.50.7 
10 9.0+0.5 
20 4.5+0.3 
30 2.80.2 
40 1.50.2 











The practical implication of these results is that there 
is no satisfactory source of monoenergetic neutrons in 
the energy range from approximately 8 Mev to about 
12 Mev, where monoenergetic neutrons are available 
from the T(d,n)He‘ reaction at back angles. In many 
situations, however, the techniques used in taking these 
data can be used effectively to separate the mono- 
energetic D-D neutron group from the lower energy 
continuum. Where such techniques are not applicable, 
these data should be useful for making appropriate 
corrections. 
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Formulas are derived for magnetic-dipole Coulomb excitation, including spin effects. Numerical results 
are presented graphically. The mixed M1-£2 transitions are similarly discussed, and the simple pure-mixed 
analysis is shown to apply except for anomalous cases of slight interest. 

A classical approximation is discussed in detail, and applied to higher multipoles. 





I. INTRODUCTION 


LECTRIC dipole and electric quadrupole Coulomb 
excitation have been discussed in detail in previous 
papers.! The present work concerns itself first with 
magnetic dipole and mixed magnetic dipole-electric 
quadrupole Coulomb excitation. Secondly, a classical 
approximation to the general Coulomb excitation 
function is presented and discussed. In terms of this 
approximation reliable results for the general multipole 
can be obtained; the £3, £4, M2, and M3 excitation 
functions are explicitly discussed and curves presented. 
The determination of the multipolarity of an experi- 
mentally observed Coulomb excitation is of prime 
importance, and not always straightforward. The 
straightforward procedure, for example, would use the 
energy dependence of the total cross section. However, 
in some instances this type of measurement alone may 
not suffice, and, in fact, may not even differentiate 
Coulomb excitation from a nuclear reaction,” particu- 
larly where the energy resolution is not good or where 
thick targets must be employed. A comparison of proton 
to alpha-particle yields may likewise provide a test of 
the multipolarity,*® but this is not always feasible. In 
such cases, and as corroborative evidence, the further 
measurement of the angular distribution of the y rays 
serves to identify the process. To this end, the particle 
parameters must be known to better accuracy than is 
given by any classical approximation, and so must be 
calculated quantum-mechanically. In contrast, to this 
situation (see Sec. IV), a suitably defined classical 
approximation suffices for the calculation of the exci- 
tation function, and hence the total cross section, over 
the entire range of experimental interest. 
For mixed M1-E2 transitions, such as generally 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission 

1 Biedenharn, McHale, and Thaler, Phys. Rev. 100, 376 (1955) ; 
Biedenharn, Goldstein, McHale, and Thaler, Phys. Rev. 101, 662 
(1956) ; Thaler, Goldstein, McHale, and Biedenharn, Phys. Rev. 
103, 1567 (1956). We refer to these papers as I, II, and III, 
respectively. 

2 This was brought to our attention by Dr. J. P. Schiffer in con- 
nection with his work on the proton bombardment of Ni (un- 
published). 

3 J. H. Bjerregaard and T. Huus, Phys. Rev. 94, 204 (1954). 


obtain for odd-A target nuclei, measurement of the 
angular correlation affords a sensitive means of deter- 
mining both the relative probabilities of the two modes 
of decay and the relative phase (plus or minus) of the 
nuclear matrix elements, just as in y~y cascades.‘ As the 
experiments of McGowan and Stelson® have shown, 
such a directional correlation, when combined with a 
polarization-direction correlation to eliminate ambi- 
guities, can yield valuable nuclear data. These are 
precision experiments, however, and it is essential to 
note that whenever such a mixed transition exists, the 
correlation is in principle a mixed-mixed correlation. 
This is, of course, due to the fact that for Coulomb 
excitation both the excitation and decay usually involve 
the same nuclear levels. Although mixed-mixed corre- 
lations in general have been difficult to interpret, for 
Coulomb excitation considerable simplification results 
from the fact that the same mixture is involved, since 
the process is a reaction rather than a cascade. 
Estimates of the relative probabilities of M1 versus 
E2 excitation using the classical approximation indicate 
that the mixed process is unlikely to be of general 
importance. This is hardly surprising since the Coulomb 
excitation is primarily an electric process. Nevertheless, 
it is not clear on these grounds that the mixed process 
is entirely without interest, since (1) the interference 
enters as the square root of the ratio of excitation prob- 
abilities, (2) the size of the mixture coefficient for the 
interference term, b2(1m,2e), has never been calculated, 
and (3) the mixture terms are usually very anisotropic. 
Despite these possibilities, the results presented below 
indicate that except for anomalous cases*® the mixed 
excitation process need not be considered. This state 
of affairs greatly simplifies the analysis of Coulomb 
excitation experiments involving mixed transitions, 
since the excitation may be considered as pure electric 
quadrupole and the decay as mixed M1— E2 y emission. 
Even though magnetic excitation is similarly im- 


4L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
(1953). 

5P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 
Ser. II, 1, 164 (1956). 
6 E.g., } — } transitions where the entire anisotropy arises from 


mixture. 
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probable, the M1 case has been examined for the sake 
of completeness. It is found that, neglecting spin effects, 
when properly defined the classical approximation for 
the magnetic dipole excitation function is good over a 
very large range of its variables. Moreover, the angular 
correlation particle parameter a2 is shown below to be 
equal to unity everywhere. The spin, however, can 
enter in a significant way. For protons, spin corrections 
of the order of 10-30% may be expected. It is shown 
below that further calculations to take account of the 
spin effects are unnecessary since the required param- 
eters are proportional to the already calculated E2 
parameters. 


II. SUMMARY OF FORMULAS 


The total cross section for magnetic dipole excitation, 
without consideration of spin, has been given in I, Eqs. 
(10), (12), and (87).? In the long wavelength approxi- 
mation these results take the form: 


1k) (21) 
onr=-(—)/ ) lin re? 
2\ki 2J i+1 


8rZ ie 2 w 
x( ) > (+1) (214-1) Py, (1) 
3kikohe* l=1 


where we have used the definition of the Coulomb 
integrals, Ji, to be: 


Tw =/ drr*F i(m,kir) Fv (n2,kor). (2) 
0 


The inclusion of spin effects can be readily taken into 
account, although the treatment (see Appendix) is 
somewhat lengthy. The result is 
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Here yw represents the spin magnetic moment of the 
incident particle in nuclear magnetons. 

It should be noted that the term in curly brackets in 
Eq. (3) above is exactly the same as the sum that occurs 
for the total cross section in £2 excitation [II, Eq. (1) ], 
where it was designated as bo(£2). The relevant quan- 


7It is useful to note at this point, that—despite the discussion 
of I, page 381—there are mo center-of-mass effects for the total 
cross section in Coulomb excitation, and for the gamma corre- 
lation such effects are negligible for even the lightest target nuclei. 
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tity for M1 excitation, including spin effects, is then 
bo(M1) = bo’ (M1)+3y7bo(£2), 


(4) 
by! (M1)=¥ 1+1) 21+ 1) Pu. 


As shown in the appendix, the calculation of the 
directional correlation particle parameters yields a 
very similar result, namely, 


by(M1) = be! (M1) —3n°,(E2), 
by! (M1) =by' (M1). 


(5) 
(6) 


The primed terms represent the contribution of the 
convection currents alone. Thus if the incident particles 
have no spin, the value of @2= }2/bo is exactly unity, and 
the (p,y) direction correlation differs not at all from 
a yy correlation between the same nuclear states. On 
the other hand, if the spin magnetic moment is nonzero, 
it is clear from Eqs. (4) and (5) that the general case for 
nonvanishing magnetic moment requires only the 
computation of bo'(M1), since the },(#2) are given 
in II. 

To consider the possibility of mixed M1—£2 exci- 
tation in any generality is quite involved® but, for- 


1099 [ooat) spt ) 


Fic. 1. Plot of logiolao(M1)/p?] vs n, for various typical values 
of &. The numbers in parentheses represent the values of the limit : 
lim y-+«0@0(M1)/p?=9/64x* fai (E). 


8 See reference 4, pp. 745 ff. 
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tunately, is unnecessary. This circumstance is a con- 
sequence of the fact that for the emitted y ray the 
M1 and E2 competition is such that all terms must be 
considered, while for the excitation, the E2 process 
greatly exceeds the M1 (for typical values by 10°). 
Hence one need consider only the cross terms, and 
these enter only in the directional correlation. More- 
over, the spin magnetic moment can make no con- 
tribution to the correlation for unpolarized beams. In 
this approximation we may write 


W (0) =W1(0)+-26(hk/Mc)\A P2(cosé). (7) 


Here W,(@) is the directional correlation for a pure E2 
excitation and a mixed E2— M1 decay, which involves 
only the 6,(£2) previously given. The$W7(6) is nor- 
malized so that the angle-independent term is unity. 





100%; 








™% 
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Fic. 2. Percent spin contribution to the magnetic dipole cross 
section for protons plotted against » for various values of &. 


The “mixed excitation” term in (7) is a product of 
several factors. The factor 6 is the square root of the 
the probability of M1 to E2 decay, and the sign of the 
square root is the sign of the ratio of reduced matrix 
elements for this decay. The factor A is related to the 
details of the y emission, but is of the order of unity in 
size. In detail it is given by 


A =C',_ ,W(1J;2J;; J (2){C,_:W (2I;2S;; J ;2) 
+26C',_.W (2 ;2I 7; J 2) 
48°C" W(1S Jy; J.2)}. (8) 
The numerical factor hk/Mc=E,/Mce (~10~ to 
10-*) contributes greatly to reducing the importance of 


this cross term. Finally the factor A, which alone 
depends upon the Coulomb excitation process, is given 
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Fic. 3. The E2-M1 mixture function d [see Eq. (9)] vs » plotted 
for various values of ¢. The =0 curve lies below the &=0.15 
curve. 


by the following formulas as derived in the Appendix: 
1L(1+-1) (2/+-1) , 


=[bo(E2)}" >| Pr, 
X= [bo(E2) "2 (21—1) (21+3) 


l 


1(1+1) (/+-2) 
4 -—-—---— — 
21+3 
_C-1NOU1) 
21—1 


cos(oi—on2)T ul i421 


cos{ 


(9) 


o1—o1-2)T ul i21}. 


III. NUMERICAL RESULTS 


In view of the fact that electric processes are so 
greatly favored over magnetic processes in Coulomb 
excitation (for particles of nucleonic mass), the nu- 
merical results are presented in abbreviated form. For 
magnetic dipole excitation, only the function bo’ (M1) 
is required. This function is shown in Fig. 1. In many 
respects this function is similar to the bo(#1) and shows 
the same logarithmic infinity for small excitations. 
(The latter may be seen from the fact that J;~/ for 
£0 and hence bo’(M1) behaves like =/-".) 

Calculation of the functions }o’(M1) and is facili- 
tated by the fact that the integrals that appear in the 
sums are the same integrals required for the E2 case; 
see II, Eq. (2), etc. 

The magnetic dipole case is of interest in that it 
illustrates the magnitude of spin effects in a favorable 
case. Figure 2 shows that contribution of the spin 
magnetic moment to M1 Coulomb excitation. 

Finally, Fig. 3 shows the function \, which describes 





1646 L. C. BIEDENHARN 
the mixing of Mi and £2 excitation. It is clear from 
this figure that A~1, so that the mixed excitation 
process need not be considered in analyzing the experi- 
ments, since hk/Mc<10~. 


IV. CLASSICAL APPROXIMATION 


Calculations have been presented of the £1, £2, and 
M1 excitation functions as obtained in a quantum 
treatment. It is of interest to survey these results and 
inquire as to just how much they deviate from the 
classical results. This question is, however, not very 
well-defined, for, although there exists a unique classical 
limit, generally one means not this but rather some sort 
of classical approximation. The point at issue is that the 
classical limit fails to distinguish ky from ;, and this, 
in turn, is rather inaccurate. 

An example of this situation is afforded by the 
original formulation of Ter-Martirosyan,® which was 
later extended numerically by Alder and Winther.” 
These authors treated the classical cross section in terms 
of the parameter ¢= (Z,Z2¢*/2hv)(AE/E). It was soon 
noticed, however, at many laboratories," that the more 
symmetric variable £=ns;—ni;=n(p—1), which reduces 
to the above in the classical limit, improved agreement 
with experiment by a significant amount (~35% in 
one instance). Although the justification for the sym- 
metric variable = n;—7; was later given in many papers 
and is implicit in the exact dipole-bremsstrahlung results 
of Sommerfeld, it is of interest to note that this variable 
was explicitly given in the early work of Landau,” and 
later by Guth.” 

By considering the reciprocity theorem, one can 
easily arrive at a more satisfactory form for the classical 
excitation function. That is, one has in general the 
relation : 

(2I +1) Rk Fo i4p= (2p +I) Posi. 


From this one sees that the only asymmetry between 
k; and ky contained in the cross section occurs through 
the k2/k; factor in evidence in Eq. (1).* The excitation 
function is therefore symmetric in the variables 1 and 2. 
This leads to a reasonable prescription for defining the 
excitation function. Thus one ought to use in place of 
the classical limit for the (m,n,l) given in I, Eq. (81) 
the symmetrized form: 


(m,n) 4 (kiko/nin2) 77 1, m(E,€); (10) 


°K. A. a tentingen, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 284 (1952). 

i0K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953); 
CERN Report T/KA-AW-1, October, 1954 (unpublished). 

1 Sherr and Christy, Williamson and Goldberg, Temmer and 
oe ea Class and Cook, Stelson and McGowan, among 
others 

#1, Landau, Physik Z. U.S.S.R. 1, 88 (1932). 

% FE. Guth, Phys. Rev. 68, 280 (1945). 

4 Tt should be noted in this connection that the reduced matrix 
elements used in this work are, aside from phase, not symmétric 
under interchange of J; and Jy. 
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where 


Tinto f dt exp[—it(e sinh) 


X[e+-coshi+-i(e—1)! sinhé] 


X[ecosht+1]-"-™, (11) 


and 


2 =1+P/nm. (12) 


If one introduces this symmetrized limit into the 
general definition for the bo(mL) and bo(eL), that is, 


bo(eL) =o (C#m o90)?(21+-1) (m, L+1,1)?, (13) 
and, 


bo(mL) SL (L+1)QL+0)E (14-1) (21-+1)? 


X (21-43) (CHE Hm 56)? 2(L L113 1 1-+-m) 
X (m, L+2,1)*, (14) 


a suitable form for the classical excitation function can 
be obtained as follows. 

The classical limit requires that / be considered large. 
Thus one must also obtain the classical limit for the 
various angular momentum functions that appear in 
Eqs. (13) and (14). From the explicit formulas for these 
functions" it is readily seen that 


: [(L+m)!(L—m)!]} , 
24[3(L+m)]![3(L—m)]! 


=even integer, 





Cc! Li+m 


L+m 


(15a) 


=0 for L+-m=odd integer, (15b) 


and 
W(L LI1+1;11+m)~{-)*™ 
(L+m)(L+1—m)}! 
Foren 





While the explicit results given in Eqs. (15) and (16) 
are well suited for actual calculations, a more elegant 
form utilizing the normalized spherical harmonics can 
be given. With some manipulation, it can be shown 
that: 


ChE Hm oo~ (40 /2L+1)1(—)2¥ 1! (9/2,0). (17) 


By utilizing this result, the classical limit for the product 
cul L HmooW (L L l 1+1 > 1 1+-m) 


can be simplified, upon noting that the classical limit 
of the Racah function is proportional to C4 “m1 1m; 


18 G. Racah, Phys. Rev. 62, 438 (1943). 
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that is 


cu L Hm oW (L L 11+1 ; 1 1+m) 
~(—)"[20/l(2L+1) CH" 1V 1" (4 /2,0) (18a) 


=(—)"Lr/l L (L+1)(2L+1)*}! 
X[(0/08) ¥1"(6,0) Jens 2. 


The last step utilized the relation between the angular 
momentum operator L, and the vector addition coef- 
ficient C“4,,_, ,, when one operates on the spherical 
harmonics. 

A classical approximation for the exact excitation 
function, bo, then takes the form 


bo (eL)}m (2L +1) (nine)-4 (Rike)” 


(18b) 


XELV "(x /2,0) 2 f del*1,m(8,e), (19) 
and : 
bo (mL) 4 (2L-+1)-1(mans) (kk) 


0 ' FS 
xZ(<r.") f e(e®—1)del? 141, m(é,€). (20) 
m \ 00 O—x/2” 1 


It is interesting to note that parity conservation, 
which was expressed by the properties of the vector 
addition coefficients in Eqs. (13) and (14), has carried 
over very nicely into the properties of the spherical 
harmonics evaluated at 90°. The occurrence of the angle 
m/2 is readily interpreted from the classical orbit 
picture, since the motion takes place in a plane so that 
the components perpendicular can be set equal to zero 
(i.e., 0= 2/2). 

The classical functions defined by the summands of 
Eqs. (19) and (20) (functions only of &, it should be 
noted) have, aside from a normalization, been given 
previously by Ter-Martirosyan,’ by Alder and Winther,” 
and by Osborne and Rose.’* Utilizing the notation of 








4 4 ™ 1 4 | i 
” 5 6 7 











Fic. 4. The ratio, R(n), of the quantum mechanical excitation 
function to its classical limit plotted against » for the £1, £2, and 
M1 cases. Parametric values of £ are indicated in the curves. The 
dotted curve is an extrapolated £2 result for large &. 


16 R, K. Osborne and M. E. Rose, Oak Ridge National Labora- 
tory Report No. 1685, 1954 (unpublished). 
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the Copenhagen group, we find that a symmetrized 
classical approximation for the excitation function is 
given by 


bo(eL)& de Ys 1-L (k, k.) © 21 
a(e =(——) (nims)!-*(eaka)*far(®), (21) 


(nyn2)-“ (Rike)“* fn (€), (22) 


bo(mL)= ( ==) 


with 


f @=(—_) xv "(4,0)} 
a aoe 


x f edel* 1, m(§,€), (23) 
fe ee pee" 
furi=-(——) = (<n) 
2\2Z+1 m \ 00 O=}r 
xf e(e’—1)del* 241, m(é,€). (24) 


The approximation given by the formulas above is 
expected to be good only for 7>>2, in accordance with 
Bohr’s discussion of the classical limit.'’ The fact is, 
however, that this symmetrized form is really extra- 
ordinarily accurate, even for 7=1, for the £1, M1, and 
E2 cases explicitly calculated. 

For the (£2) zero-energy-loss case the accuracy of the 
classical limit for the excitation function was noted 
earlier.'® However, for this case the excitation function 
is already in a symmetric form, since ki=k:. For 
£0 (ki ¥k2), the symmetrization greatly improves the 
approximation; in fact the &~1 and &=0 cases are then 
comparable in accuracy. 

Another important property of this symmetrized 
classical approximation is the fact that the ratio of the 
exact quantum excitation function to this classical 
excitation function is insensitive to the value of £, and 
hence is primarily a function of 7." Thus the case £=0, 
which is quite easy to treat exactly, can provide a 
further improvement to the above classical approxima- 
tion. 

This situation is illustrated in Fig. 4. In this figure 
we have plotted the ratio, R(n), of the quantum excita- 
tion function to the “classical” excitation function [i.e., 
the ratio of the left to the right-hand sides of Eqs. (21) 
or (22) ] for typical values of ¢ in the £1, E2, and M1 
cases as taken from the exact quantum mechanical 
calculations. 

For the £2 case, we have plotted the function 
Reo(n,é) vs n for £=0. The curves for &>0 are indis- 
tinguishable from the £=0 curve for 72%. While the 


17N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 

18 G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954); L. C. 
Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955). 

1 For £2 transitions, this was noted earlier by K. Alder and 
A. Winther, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 29, 
No. 19 (1955). 
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Fic. 5. The ratio function R(n) vs n in the limit =0 for various 
multipoles. These functions can be used to estimate the quantum 
mechanical excitation functions; see Eqs. (28)-(29). 


deviation from the £=0 curve is not negligible for <3 
the spread nevertheless does not appear to be very 
great. Extrapolation of the available numerical data to 
large values of & yields the dotted curve” shown in 
Fig. 4. It is believed that for = 4, the dotted curve is 
an upper limit to the function Rzo(n,¢). All the pub- 
lished numerical results lie between this curve and the 
£=0 curve. 

In the electric and magnetic dipole cases, Rzi(n,t)=1 
for all values of n, for £=0. For the electric dipole case, 
the &=0.1 curve also appears. For all practical purposes 
this curve is indistinguishable from the curves for all 
values of ~ for which the exact calculations were per- 
formed, except for the region »<0.2, $0.01. This 
behavior is a consequence of the logarithmic divergence 
of the £1 result as 0. It can be shown that for small 
values of £ the ratio approaches the limit 


logn— Re y(1+-in) 
¥(1)—log(|é|/2) 


The limit at =0 is therefore unity. However, this 
result is only weakly dependent on £, so that the =0.1 
curve yields a much better approximation to the 
function Rzi(n,£) in the experimental region than does 
the &=0 curve. 

The summation formula” for the £1 case allows one 
to obtain a closed form for the limit as > of Rzi(n,£). 
The result is 


lim Rei (n,£)=2V3F o(n,2n) Fo’ (n,2n), 
f+ 





Rei(n,~)~1+ 


(26) 


where F(n,p) is the radial Coulomb wave function and 
Fo'(n,p) is its derivative with respect to p. This curve 
is also plotted in Fig. 4. For values of n> 2, this curve 
is given by the asymptotic formula” 


___ Rei(n,)~1+0.17289-*?—0,0496y-48+ +--+. (27) 


2 Ui Unlike the F1 case treated below, we have not succeeded in 
5 any limit > for Rge(n 2). 
L. C. Biedenharn, Phys. Rev. 102, 262 (1956). 
y Diedenhar, Gluckstern, Hull, and Breit, Phys. Rev. 97, 542 
(1955). 
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Unlike the £2 curve for large £, this limit is of little 
practical consequence, since all values of experimental 
interest center about the &=0.1 curve. The magnetic 
dipole case is similar in many respects to the electric 
dipole. The excitation function for =0 diverges 
logarithmically, and Ra(n,0)=1. Unfortunately, in 
this case no results in closed form are available. How- 
ever, it appears that the spread is more marked for the 
M1 case than for the £1. 

It appears reasonable from the results presented in 
Fig. 4 that an improved approximation to the exact 
excitation function can be obtained from 


) (nins)'" (Rakes) "Rox(n,0)for(8), (28) 


2L+1 
bo (er)=( 


us 


2L+1\? 
bo(mz}=(——) (nyn2)'" (kik) 
Rmx (n,0) fmt (é), 


where fex(¢) and fmz(é) are the classical functions 
tabulated by Alder and Winther.” To this end, we 
have calculated the &=0 ratio function, R(n,0), for 
electric multipoles with L<4 and magnetic multipoles 
L <3. These results appear in Fig. 5. 

Finally it should be remarked that the correlation 
parameters b,(v>0) are much less well represented by 
the classical results. The principal reasons for this 
appear to be that the effects of the lower angular 
momenta (where the classical results are poorest) pre- 
dominate, and that the sums contain terms of differing 
sign (unlike the excitation functions) so that cancel- 
lation among terms tends to emphasize the error. 


(29) 


In order to increase the usefulness of the results obtained here 
and previously, the equivalence between this notation and that 
of A. Bohr and collaborators is given. The reduced electric mul- 
tipole matrix elements used throughout this work are normalized 
to unit charge and have the dimensions of (length)”. The equiva- 
lent matrix element used by Bohr is 


2I;+1 
Biel) =(— ) sieeve (30) 
Wit 


Similarly, for the reduced magnetic multipole, one has 


27+1 é 
aint) (- ) Un r taal (31) 
2I;+1 L( 


‘ L+1) 
The total cross section for the general multipole assumes then 
the two forms* 


ko\[ 2Jy+1 8r \? 
o(eL)={ — }} ——Ullr*¥i™|lé)* || —— 

kiJ LJ ;+1 2L+1/ \kike 
-(-\ L) 
ki/ (Z2e)? 
*K. Alder and A. Winther [CERN Report T/AW-1 (un- 
published) ] have given the classical approximation for the general 
multipole cross section. Equations (32) and (33) differ from their 
results in two respects: (a) the factor (v;/vs) = (h1/k2) i is misprinted 
and should be inverted, (6) a factor k2/k: is missing for o(mZ). 
For the Z1 and £2 cases, Eq. (32) agrees exactly with their later 


results [K. Alder and A. Winther, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 19 (1955) ]. 


(nin2)?-* (kik2)= fer, (32) 
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ke 2I7+1 Zie \?/ 8x \? ko\ (B(mL) Zie\2 
a(mL) -(;) | ( -) (inn alt|( ) (—) bo(mL) = (=)\(—) (—*) (mn2)!-£ (kiks)*“ fn. (33) 
ky 2I +1 hekyke 2L+1 ky é he 


The correlation parameters a,= 6,/bo are pure numbers so that there exists no difficulty in comparing these results, 


and 


APPENDIX 
The differential cross section for Coulomb excitation may be written as 
do(0) ky 2M? 
-~( ) S| His|*, (A-1) 
dQ sky\ ih? 


where S denotes an average over ky and all unobserved spins and H jz is the energy density matrix element between 
initial and final Coulomb distorted plane wave states ¥(k,;) and V(k;), where the ¥(k) are as given in I, Eqs. (8), 
(9), and k=k/k. Explicitly, one has 
H y= i-2—'Dy, p? (¥)(jams| jn AM are (<) | fame) joma| jn 
AM’ 5,(<)t| jmms)W(Ry)xa, w|i" AM ae(>)|W(R)xa.ui),  (A-2) 
where the sum is over J, M, x, J’, M’, 2’, mo, 
A” yn =I (J+1) Pf (RLY s, (8,0) ] (A-3a) 
AM 5,=ik“"¥ XA ym (A-3b) 


for magnetic multipoles, 


for electric multipoles, f,(kr) represents either the regular spherical Bessel function f,(kr) or the irregular function 
hy(kr) for outgoing waves as indicated by the symbols < and > respectively, and e=0, 1 for electric and magnetic 
multipoles, respectively. The symbol jy stands for the total (spin and convection) nuclear current operator, jp 
for the impinging particle current operator. The symbol y in Eq. (A-2) denotes the angles of the gamma-ray direction. 
The reduced nuclear matrix elements (j,ma!|jy-A™“s,(<)!| jom») are as defined in I, Eqs. (6) and (7). 
Before introducing the Coulomb reduced matrix elements, it is necessary formally to couple the spin and orbital 
angular momentum through the relation 


xX4,0V1, ro LU) F(«)m|L(K)d o wo) Xe,» (A-4) 
The reduced matrix elements are then defined by 
(kpuy| Ip" AM rat (>) | wims)=(—)¥F(ke|Jar|e GK) F(ke)uy| F(K)I wi —M), (A-5) 
similarly to I, Eqs. (10) and (11). The differential cross section may then be expressed as 
do(0) ky 


2M\? 
dQ ik Se L(=)(TI'O| II —1)W I jad fins jav)i2’—2 + (ja || Fre j2) (Gall I’m 2) 


h? ad ae Oe. a $ —- 
X (JS'W| JIL —1)W (fod jal’; fav) (Fall || j1) Gell’ j1)ao(J a #’) P,(cosd), (A-6) 


where >> indicates a sum over Ja, J'n’, Ja, J’,"#’, and v (even). Here r denotes ¢—2’. The particle parameters, 
a,, are given by 


JJ’ 0|JI1 —1)a,(JaJ'#’) = XS i-” expli(oi—ov)](Uv0| 00) [(21+-1) (21'+-1)}! 


(xw’n’!) 
X (4! aelIu) (eae Iu) (GT G'S 5 9”) (25 +1) (25 +1) (27 +1) ]'(—) FW (Gl; 4). (A-7) 


For electric multipoles, omitting effects due to radial magnetization and convection currents as negligible, the 
calculation proceeds as in I and yields the result that 


(21-+-1)(2j+1)(2J+1) 
4x J (J+1) 





4 
(x’ || Fel|x) = (-io| | (JIU | 1700) (—1)!*+3'-4 AW (Ul jj’; J4) (Farka) 


- d 
xf dr Fulah) Fv (ke) -(rha (tr). (A-8) 
0 r 





1650 L. C. BIEDENHARN AND R. M. THALER 


For magnetic multipoles, considering first convection currents alone, the Coulomb reduced matrix element may 
be expressed as 


eh 
lib ha i= (— Jv (41) (kor) PF rce, | tha LY s,—a- (XL) | (ear)“Fine), (A-9) 
c 


through the use of Eq. (A-3) and by replacing the gradient operator in jy by —ir*rXL. Using the inverse of 
of Eq. (A-4) and the properties of the vector spherical harmonics” the indicated integration may be performed to 
give, for the reduced magnetic matrix element for convection terms alone, the result 


(x! || Jm||x) =i (44r)—4 (eh / Mc) (2 +1) (214-1) U+-1) (2+-3) (27+1) (—)"*-" (I-+-1 JV'0|1+-1 J00) 
«o h; 
XW (ST 1411; WW (jlj'l’ 5 4J) (Rake) f drFi(m,kir)F v(m2,kr)—. (A-10) 
; P r 


To evaluate the spin contributions, one introduces the spin magnetization current j= (ehu/2Mc)¥ X(e); and 
again utilizing the properties of the vector spherical harmonics, one obtains 


(x’u"| Jopin* AM rm | nu) = (eu /2Mo)LJ (J +1) PX (Ror) FP xe, wt | (ha + (er) thao: (8X1) Vs, 
+(J)(J+1) (kr) 40: #Y sa} | (Rar 7F x). (A-11) 


The properties of the spin-angle functions, x,,,, greatly facilitate this integration, yielding the final result that 
(x’|| Fm|x)epin only = (—tehku/2Mc)[4aJ (J+1) F4(—)? HL (214-1) (25+1) (21(—«) +1) }8(U(—x) 10 | L(—«) 100) 


C hy 
XW (jl —K)7; 3J) . (ibs) (te) f arP labs Pts) ( h-+— ) 


C) hy 
—s+1)f Gr Fv (na,ber)Fi(mskir) ° (A-12) 
0 


The complete reduced matrix elements for magnetic multipoles is the sum of Eqs. (A-10) and (A-12). In the text 
the long-wavelength approximation is employed for the Coulomb integrals in the reduced matrix elements, i.e., 
hy(kr)——i(2J—1)!!(kr)-*". In this limit the Coulomb reduced matrix elements are explicitly real, and the 
radial integrals for Z2 and M1 are all of the same form, viz. : 


Tw f drr-F 1(1,kir) Fv (no,kor). 
0 


The particle parameters that must be calculated for mixed E2—M1 excitation are a,(2e,2e), a,(1m,1m) and the 
mixed terms a,(2e,1m) and a,(1m,2e). The a,(2e,2e) are calculated as in I and are given by I, Eqs. (20)-(22). For 
convection currents alone the a,(1m,1m) are easily evaluated to be 


(110| 111 —1)a,(1mim) = (=) (=) amar rarna+naracet 110|/+-1 100) P 
XW?(11 14-11; 1) 717(Uv0| 00) {+--+}, (A-13) 
where 
{---}= Do (—1)F "(25 +1) (27 +1) (27 +1) W (Gl; bv) W (5151; Bo) W (gg; BAW (7719; 3 1) 
es =2(—)W (10ll; 10). 


The sum in curly brackets can be carried out by using the orthonormality of the Racah coefficients and the sum 
rule quoted below.» Thus for convection currents alone: 


eh \*/ 3 
@o(1m1m) = a2(1m1m) = — (—) (—) (Rikok*)* ¥ 1(14+-1)(2/+- 1) Pu. (A-14) 
a. Mc/ \4r l 
* H.C. Corben and J. Schwinger, Phys. Rev. 58, 967 (1940). J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John 
vas and Sons, Inc., New York, 1952), Appendix B. See also M. E. Rose, Multipole Fields (John Wiley and Sons, Inc., New York, 
1955). 
%*L. C. Biedenharn, J. Math. Phys. 31, 287 (1953). 
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In order to evaluate the spin contribution to the magnetic dipole particle parameters, it is necessary to evaluate 
spin-convection current cross terms as well as spin-spin contributions. The former turn out to be zero, since terms 
linear in the spin cannot arise from unpolarized beams. The spin-spin contribution is 


chu? 1 
(1100| 111 —1)a,(1m1m) spin only= (—) (atst+(—) ¥ i+” expfi(o:—or) ](Wl’v0|11’00) 
Cc xw’s'! 


7 
XL (20+1) (20+ 1) (25 +1) (20 +1) (25+1) (27’+1)(—) "4 
X [21(—x) +1921 — 4’) +18 — 210 | 1 — 100) (1 — x’) 110 | 1(— x’) 100) 
K (pu +2) (Ke +2) Drv Dee WG") 7; 4 1), 
Wl" 7"l(—x’) 75 4 IW (9191; 7”) W (Gli 5 4v) = (eh / Mc)? (kikok*)* (9/82) 2” (110| 1100) 
X { (22¥0| 221 —1)7 D (2i-+-1) (2'-+1)i-"(—) exp[i(o:—ov) ](121’0| 1200) (1210 | 1’200) 
oa XW (Wl''v2; W)Tiv Try. (A-15) 
The reduction implicit in the right hand side of Eq. (A-15) is obtained through the use of the identity 
Le (29"+1) (2741) (2j’ +1) (—) 421 —«) +1 JIL 20(— 0) +1 FL (— 4) 0'10 | 1(—«)1"00) 


wT 
X U(—«/)010 | L(—«’)100) (e+e +2) (x! +2) W (9191; 9”) W (Lj 7’ 5 20) WU" 7" — x) 9; 3 1) 
(21-+-1) (21’+1) 
(27 +1)? 
(1110 | 1100) (7220 | 2200) (1’20’0| 1200) W (l'"v2; 20’). (A-16) 


} 
[(2200|221 -1)}2 


xWO'j"M(—W);’34 1) =(—)4(36) @~| 


Identifying the right-hand side of Eq. (A-15) with I—Eqs. (20)-(21) yields the result quoted in Eqs. (4)—(6) 
of the text. 

Similarly the mixed particle parameters a2(1m,2e)=a2*(2e,1m) (in the limit of zero retardation) may be cal- 
culated to be 


3(30)} ,ehk 
(1220|121—1)bx(1m2e)=| “( 


—) |oeaery ¥ exp[i(o:—ov) Ji” (20 | 00) (2 7” +1) (27+1) 


4r Mc 
X (27’+1) (210 | 1200) (— hae (LT 9" 9"; 2 BY Te LI) (214-3) (21-+-1) }# 
X (1/+1 10| 114-1 00) W (11/+-11; 1") W (971 5 § WT av (21-+-1) (27 +1) 


XW (j1j'2; 7”2)W (glj'V’; 3 2), (A-17) 
where the sum is taken over all the indices. 
Using the Racah function identity quoted earlier,”® one obtains the result that 


D GAN APA 2H" +1)(—)9W (G17'25 G2) W (GGT; 3 2W UGG; 2 BW (G1G'V"s 3 1) 
sy =2(—)"+W (2021; 1/1). (A-18) 
The explicit final result is then 
stimze)=| (—*) (—) (ihs)| | i ra A eli expli(or—ory2) Wil 42,1 
4a Mc t | (2/—1)(2/+-3) (21+-3) 
(1—1)1(1+-1) 
(211) 





exp[i(oi—or2) Wil -2,1f, (A-19) 


which gives Eq. (9) in the text. 
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A study has been made of the neutron yield from a natural uranium target in the 100-Mev betatron of the 
General Electric Company. For electron energies above 40 Mev, the neutron output is proportional to 
electron energy, for constant current in the betatron orbit. At lower energies, with the same current, neutron 


yield decreases faster than the electron energy. 





NCREASING use is being made of photonuclear 

reactions for pulsed production of neutrons. Choice 
of accelerator parameters depends on a knowledge of 
neutron yields. Measurements of neutron yield, as a 
function of energy, have been made with the thick 
uranium target used in the General Electric 100-Mev 
betatron! for neutron production. The yield is strongly 
energy-dependent over the region of the giant 
resonance; at higher energies, a linear relationship is 


a 10 20 
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observed, which can be accounted for by cascade 
shower theory. 

The uranium is made in the form of a cubical lami- 
nated target about 1.9 cm on a side. Mounted inside 
the betatron doughnut, this is the neutron source for a 
high-resolution neutron spectrometer’; approximately 
0.11-microsecond bursts of neutrons are emitted when 
the electron beam is contracted to the target at the 
end of each acceleration cycle. 
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Fic. 1. Absolute yield of neutrons divided by electron beam energy, as a function of beam energy. The constancy 
of the data above 30 Mev indicates a linear variation of neutron yield with beam energy. 


* Now at the Aircraft Nuclear Propulsion Department, General Electric Company, Cincinnati, Ohio. 
t Operated for the U. S. Atomic Energy Commission by the General Electric Company. 
1 W. F. Westendorp and E. F. Charlton, J. Appl. Phys. 16, 581 (1945). 


* Yeater, Gaerttner, and Baldwin, Phys. Rev. 91, 451 (1953). 


1652 








ELECTRON BOMBARDMENT OF U 


Measurements of the neutron yield have been made 
with rhodium foils enclosed in a 9-inch cube of paraffin 
to detect fast neutrons. Observations were made at two 
points, one inside the water shielding tanks at 1.6 
meters from the target, the other 6.3 meters from the 
target inside the neutron collimator. Each foil was 
exposed for 60 seconds, transferred to a Geiger-Miiller 
counter during the 45-second period following, and then 
counted over an interval of 135 seconds. Calibration 
of the foil detectors was by exposure to a standardized 
polonium-beryllium neutron source. 

Figure 1 shows the neutron yield as a function of the 
electron bombardment energy. Above 40 Mev, the 
neutron yield is directly proportional to electron beam 
energy. Below 35 Mev, in the resonance region, the 
neutron yield varies rapidly with beam energy, varying 
as E* at 30 Mev, E* at 22 Mev, and E’ at 15 Mev. At 
80 Mev, the average neutron yield is 4.5X 10" neutrons 
per second; the pulse repetition rate is 60 per second, 
and the full width at half-maximum of the approxi- 
mately Gaussian pulse is 0.11 microsecond. 

Figure 2 demonstrates that the target is effectively 
thick for all energies up to 80 Mev. For this measure- 
ment, the voltage of the orbit contraction system was 
varied, changing the rate of radial displacement of the 
electron beam. The neutron yield becomes practically 
constant if the voltage is sufficiently high, while the 
x-ray intensity observed at 30 degrees to the beam axis 
begins to decrease if the orbit contraction rate is raised 
above a certain optimum indicating that the electrons 
are striking the target farther in from its outer edge 
so that the x-rays undergo increased self-absorption. 

For electron energies large compared to the photo- 
nuclear resonance energy, the neutron yield from a thick 
target is proportional to the electron beam power. The 
time-average neutron production rate in this case is 
given by 


N(Ey)~I f ‘eal)\(Eosy)dy, 
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Fic. 2. Effect of variation in the rate of contraction of the 
electron orbit on the neutron-induced Rh activity and on the 
x-ray yield. 


where £p is the incident electron energy, J is the time- 
average electron beam current, o,(y) is the cross 
section for neutron production due to all processes 
caused by photons of energy 7, and the track length for 
showers? is \(Eo,7v)=<0.57Eo/y. This expression for the 
neutron yield differs from that given by Feld,‘ since 
it takes into account multiplicative showers. 


3B. Rossi, High-Energy Particles (Prentice Hall, Inc., New 
York, 1952), Chap. 5. 
‘B. T. Feld, Nucleonics 9, No. 4, 51 (1951). 
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Fission Cross Sections of the Uranium Isotopes, 233, 234, 236, and 238, 
for Fast Neutrons 
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Fission cross sections of the uranium isotopes, 233 and 238, have been measured from 5 and 500 kev, 
respectively, to 3-Mev neutron energy. Results of similar measurements to 4 Mev for U4 and U™* are 
included. 

Neutrons were produced by use of a beam of monoenergetic protons from a Van de Graaff generator 
impinging upon a tritium gas target, for all work except the low-energy end of the U** curve, where the 
Li’ (p,m) Be’, and V"(p,n)Cr® reactions were employed. A U** fission foil was used to measure neutron flux. 
Measured quantities were the ratios of the fission cross sections of other isotopes to that of U5, and these 
ratios are believed to be accurate to about 2%. Ratios were interpreted by use of the currently-accepted 
curve for fission cross section of U** as presented in the neutron cross section compilation BNL-325. 

The U** cross section decreases monotonically with increasing energy except for a small rise around 
200 kev, and a broad maximum around 2.1 Mev. 

The U** curve shows a long tail extending down to 0.500 Mev, as contrasted with U** which drops 
sharply near threshold. This tail shows two plateaus at 1.2 and 1.0 Mev and one perhaps at 0.65 Mev. The 


cross section rises to 0.59 barn at 3 Mev. 





INTRODUCTION 


EASUREMENTS of the fast fission cross sections 

for U** and U™* have been made previously at 

Los Alamos and elsewhere, and have appeared from 

time to time in the classified literature. However, it 

was felt worthwhile to make separate measurements at 
another laboratory. 

The procedure followed quite closely in most respects 
that used for the U* and U™* measurements.! Addi- 
tional techniques applied to some of the measurements 
included use of an 8-foil fission chamber, and also of a 
spiral chamber for some of the U™** work, and use of the 
Li’ (p,n)Be’ and the V"(p,2)Cr® reactions for the lower 
portion of the U™* curve. The V neutron source was 
used from 4.8 kev to 152 kev, and the Li source from 
148 to 542 kev. The T source was used above 317 kev. 
Suitable targets of these materials were bombarded 
with monoenergetic protons supplied by the large Oak 
Ridge Van de Graaff in the case of the T and Li. The 
small, high-current Van de Graaff was used to bombard 
the V. 

The U™ and U** results, previously reported,' are 
included here for completeness, and also because the 
accepted curve for the U*® cross section has been 
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Fic. 1. The ratio of the fission cross section of U* to that of U* 
as a function of neutron energy. 
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1 R. W. Lamphere and R. E. Greene, Phys. Rev. 100, 763 (1955). 


changed slightly in the meantime. Furthermore, since 
the U* cross section up to 3 Mev has become available, 
it is now possible to report the ratios to U**. These 
ratios are felt to be more accurately known than the 
U5 cross section itself, and so are given in some detail 
in order that, as the U™** cross section becomes better 
known, the ratios may be used directly to get the other 
cross sections to comparable accuracy. 


RESULTS 


Figures 1-3 show the measured fission ratios as 
functions of neutron energy. Two circles around a point 
indicate that the counting statistics were }% or better. 
A single circle indicates statistics of 1% or better. The 
standard deviations for other points exceed 1%. Table 
I summarizes the standard deviations and energy 
resolutions of points taken to establish these ratio 
curves. The table, in conjunction with the energy- 
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Fic. 2. The ratios, R, of the fission cross sections of the uranium 
isotopes 234, 236, and 238, to that of 235. 
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independent uncertainties estimated in a later para- 
graph, reflects the degree of integrity of each curve at 
any given energy. 

The data for the U** and U** ratios were taken in 
several different runs, separated by intervals of a 
month or more. This required setting up the experi- 
mental apparatus anew for each run. Agreement 
between data from each run, between data using the 
various neutron counters to be described (in the case 
of U**), and between data obtained by use of the three 
different neutron sources (in the case of U*%), was 
satisfactory. 

A small error in neutron energy can cause a large 
error in the neutron cross section over the steeply-rising 
portion of the U** curve. During one run in particular, 
difficulty was encountered with air leaking into the 


TABLE I. Summary of points taken to establish the fission ratios. 








J 

Average 

counting 

statistics 
% 


Average 
resolution 
kev 


Number 
Neutron of 
source points 


14 2:00 dif 


9 0.90 18 
73 1.41 61 


Energy 
range 
Mev 


0.004-0,152 
0.148-0.542 
0.319-3.00 


Isotope 





U3 


8 5.95 67 
50 1.07 69 
12 0.76 99 


0.290-0.500 
0.500-3.00 
3.00 -4.00 


9 6.42 61 
50 0.88 67 
11 0.72 99 


17.5 39 
3.44 57 
1.27 63 
0.66 62 


0.688-0.850 
0.850-3.00 
3.00 —4.00 


0.420-0.800 
0.800—-1.30 
1.30 -1.499 
1.50 —3.00 
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tritium gas cell. Since at the same time one also had a 
small and variable rate of loss of tritium gas out of the 
cell through the 0.05-mil nickel entrance foil, it was 
not possible to tell from the cell pressure how much 
was tritium and how much was air. As air has roughly 
5 times the stopping power of tritium for the incident 
protons, the effect of a 30% admixture of air into the 
3 cm long gas cell with } atmosphere total pressure 
would result in a decrease of 25 kev in average neutron 
energy at 13 Mev, and also of course in a greater energy 
spread. For example, this would account completely 
for the discrepancy between the curve and the point 
(0.34% statistics) at 1.49 Mev, and consequently this 
point, although shown, was not considered in drawing 
the curve. This uncertainty in energy was much smaller 
for most points, about +10 kev, and in view of the 
very tight schedule of other work for the Van de 
Graaff, it was decided not to repeat this part of the work. 

The fission cross section of U***, as given in BNL-325, 
is plotted in Fig. 4. The portion of the curve between 


2D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 
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Fic. 3. The low-energy portion of the U8 curve from Fig. 2, 
drawn to an expanded scale in order to show the “plateaus.” 


0.4 and 1.6 Mev is based largely on the work of Diven.’ 
Using this and the above ratios, the fission cross 
sections for the other uranium isotopes have been 
calculated, and are shown in Figs. 4, 5, and 6. Table II 
serves as an aid to closer reading of the curves. Previous 
work to 3-Mev neutron energy has been summarized 
in BNL-325. Tabie III shows the extent of agreement 
between the work described herein and the results 
given in BNL-325. 

The minimum about 200 kev in U*** might be due to 
a peak existing in U®, since the U™* cross section is not 
well established below about 400 kev. The broad rise 
around 2.1 Mev coincides exactly with that for U*®, 
as can be seen from the fact that the ratio curve is 
perfectly flat throughout this energy region. 

The low-energy tail on the U*** cross section is shown 
in Fig. 6. The plateaus about 1.2 and 1.0 Mev are well 
established, and have been noted by others.? The 
plateau at 0.65 Mev is not definitely established because 
of the poor counting statistics prevailing in this region. 

The hump at 2.1 Mev in the U™® curve is slight. 
Possibly it would be found to be nonexistent if sufficient 
data were accumulated from 1 to 3 Mev. However, if 
it is real, then the existence of maxima at precisely the 
same energy in U*** and U*® is remarkable. The ratio 
of the fission cross section of U** to that of U’® is 
characterized by a slow steady rise between 2 and 3 
Mev. The maximum in the U*** curve causes the merest 
suggestion of a maximum to appear in the U*® cross 
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Fic. 4. The fission cross sections of U2 and U™* versus neutron 
energy. The curve for U5 has been taken from reference 2. That 
for U3 has been derived from the ratio curve in Fig. 1, and this 
curve for U5. 


3 Benjamin C. Diven, Los Alamos Scientific Laboratory Report 
LA-1336, February 3, 1953 (unpublished). 
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Fic. 5. The fission cross sections of the uranium isotopes 234, 236, 
and 238, as derived from Fig. 2 and the U?* curve in Fig. 4. 


section when the ratio curve is interpreted by use of 
the U** cross section. 


PROCEDURE 


Following reference 1, foils were prepared which 
contained about 4.0 mg of natural uranium plated 
over a circle of one-inch diameter on nickel backing 
0.002 inch thick. These were carefully compared to 
very thin foils containing only 0.200 mg on a circle of 
one-inch diameter, to find an equivalent weight, W’, 
which is always less than 4 mg by an amount propor- 
tional to the counting loss due to self-absorption and 
to bias setting. Similar foils were made from U** and 
from U5, In fact, the U™ foils were the same ones 
described in reference 1, and in addition, 3 more of the 
4 mg foils were made and calibrated for use in the 
8-foil chamber. All foils were prepared by R. E. Greene. 
The heavy foils of U** or of natural uranium were 
placed back to back with foils of U** in the fission 
comparison chambers. In each case, six of the thin foils 
served to determine the equivalent weights of the 4 mg 
foils. The use of natural uranium for the U** determi- 
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Fic. 6. The low-energy portion of the U™* curve from Fig. 5, 
drawn to an expanded scale to show the “plateaus” in the cross 
section. 
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nations is to be preferred over pure U™* as its use 
facilitates neutron weighing and alpha activity com- 
parisons, while the correction for U*** content is small 
and can be made to good accuracy. It is not so good, 
however, for measurements down on the low-energy 
tail since counts from the U™** are then comparable to 
counts from U** fissions and so impair the statistical 
accuracy. Therefore, this portion of the curve was 
investigated both with the 8-foil chamber, shown in 
Fig. 7, and also with a spiral counter of conventional] 
design.‘ 
A. Use of Spiral Counter 


The spiral counter contained 117 mg of pure U™** 
(except for 6.1 parts per million of U**). It was mounted 
at 10° to the beam axis and at a distance so that it 
subtended a half-angle of 5.7° about the 10° line. A 
long counter of conventional design was placed at 10° 
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Fic. 7. The 8-foil fission comparison chamber used in many of 
the U8 measurements. Dimensions are given in inches. 


on the opposite side of the beam axis and at a distance 
such that it subtended a like half-angle as seen from 
the tritium gas cell from whence the neutrons originated. 
A normalization point was taken to 0.84% statistics at 
a neutron energy of 2.03 Mev, and the U* cross section 
taken to be 0.561 barn from the work done with the 
other two counters. The long-counter response was 
assumed to be independent of neutron energy between 
2.03 Mev and 420 kev, and was used as a flux monitor. 
Thus for any energy in this region, the ratio of spiral 
to long counter counts served to determine the U™* 
cross section by simply dividing this ratio by the ratio 
at the normalization point and then multiplying by 
0.561 barn. 

Since a spiral counter has no observable plateau, it 
is important to monitor the gain of the amplifier in 
the counting channel very carefully. A check for gain 


4B. B. Rossi and H. H. Staub, Jonization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), National 
Nuclear Energy Series, Plutonium Projetc Record, Vol. 2, Div. V. 
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changes was made by returning to the normalization 
point after all data had been taken. Six hours were 
required for all the data, and the spiral counter counts 
at the normalization point for a fixed long counter 
count were 113.9 and 111.3 scales of 64 at start and 
finish, respectively. The average of these figures was 
used in the calculations. The discriminator setting 
which would just eliminate noise (no counts in a 
5-minute interval) was found, and all data taken with 
a setting 1.5 times this. Occasional checks for noise 
were made during the course of the work but none was 
observed. 
B. 8-Foil Counter 


By use of the 8-foil fission comparison chamber shown 
in Fig. 7, the counting rate was increased by a factor of 
about 2.6 over that obtainable with a similar 2-foil 
chamber which is described in reference 1. It was 
mounted in the neutron beam so that the first pair of 
foils subtended a half-angle of 15° as seen from the 
target. The foils were mounted in pairs, always with a 
natural uranium one back to back with one of U*. 
All 8 foils used in this counter had previously been 
tested to find the radial distribution of uranium on 
them. This was done by successively masking concentric 
areas with thin Al foil and alpha counting the unmasked 
portion. The specific activities from four approximately 
equal concentric areas were measured for each of the 8 
foils. A variation of plus or minus 10% was found in 
some cases. In placing them in the chamber they were 
matched so that, as far as possible, foils with closely 
similar distributions were placed back to back. This 
cut down the error which can arise when one compares 
foils with different radial deposition densities in the 
neutron beam from a Van de Graaff. This error arises 
from the fact that the neutron intensity falls off with 
angle measured from the 0° (beam) axis.° The correction 
for this effect was calculated to be —0.1% at 2.5 Mev. 
For the 2-foil chamber, foils were picked which had 
essentially the same radial distributions so that the 
correction was negligible. 

The ratios of the W’s for the four pairs of foils used 
in this chamber differed slightly. It was necessary, 
therefore, to calculate the ratios of the neutron fluxes 
at the four positions in the chamber in order to deter- 
mine a properly weighted over-all figure for the mass 
ratio of the natural uranium to the U®. This calculation 
involves simple integrations to get (r~*), for each 
position, since the neutron source is a line rather than 
a point. Since these calculations are simple they will 
not be discussed in detail. As the front pair of foils 
subtends a half-angle of 15°, it is clear that the average 
angle for all foils will be less, and it turns out to be 
12.9°, properly weighted for flux density and W’ 
variations over the four positions. 

Because of the relatively fast count rate obtainable 
with this chamber, points were taken very close together 
over the entire curve. The inelastic scattering correction 


5 Willard, Blair, and Kington, Phys. Rev. 90, 865 (1953). 
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TABLE II. Fission cross section ratios to U**; and fission cross 
section in barns at several energies, for the uranium isotopes 233, 
234, 236, and 238. 


Ratios to U2 Fission cross section in barns 


E 
(Mev) U3 Um U6 U8 = 238 J U236 Us 





0.000 
0.000 
0.000 
<0.005 
0.291 


0.000 
0.000 
0.000 
0.0003 
0.0136 


0.0048 
0.010 


<0.006 
0.372 


0.707 
0.831 

0.910 
0.912 
0.990 


0.550 
0.633 
0.698 
0.714 











turned out to be greater than for the 2-foil chamber, 
and is discussed in the Appendix. 


C. Measurements on Uranium-233 Using Neutrons 
from the V*'(p,n)Cr*! Reaction 


The 2-foil counter was used in all work on the U 
ratio. Since this ratio varies only slightly with neutron 
energy, inelastically scattered neutrons will have a 
negligible effect on the results. The thick U*** foil was 
so alpha-active that a short clipping time of 0.38 
microsecond was used in the preamplifier, and a some- 
what higher bias setting was employed in the amplifier. 
It was still possible to operate the counter on a plateau, 
but alpha pileup would introduce an occasional back- 
ground count. This was less than 0.1% of the count 
rate from fissions, and was easy to evaluate, so the 
small correction was made for each point. The con- 
stancy of the fission ratio to that of U*® means also 
that room-scattered neutrons may be neglected. The 
work using the T and Li sources followed in all respects 
the procedure described in reference 1. 

The work using V neutrons required some special 
considerations due to the low yield of neutrons from 
this reaction. One compensating advantage is that the 
mass of the V nucleus is so large that energy spread 
with angle is small for the emitted neutrons, so that 
one can set the counter as close as possible to the V 
target. Therefore a cover § inch shorter than the one 
used in reference 1 was made, and most of the data 
were taken with this. Now, however, it is necessary to 
measure more accurately the distance between V target 
and U foils, as the 1/r’ correction for foil separation 
becomes appreciable, amounting to as much as 1.8% 
for some of the data. U foil separation was estimated 
to be 0.005 inch, but to reduce errors from an inaccurate 
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TaBLeE III. A comparison at selected energies of the fission 
cross sections in barns for uranium 233, 234, 236, and 238 with 
those given in the Brookhaven compilation, BNL-325. 


From this work 


From BNL-325 
E(Mev) Um U26 U238 }23 Um U6 





0,000 
0.000 ° 
<0.006 
0.372 
0.831 


0.029 0.000 0.000 0.000 0.000 
0.150 0,000 0.000 
0.500 ‘ F 0.000 0. i 0.38 
1.000 ‘ 2 0.35 d 1,19 
2.000 d 0.80 ad 1.53 
3.000 0.86 od 1.52 
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estimate of this, about half the data were taken with 
foils reversed in order. Agreement between data taken 
with foils in “normal” and “reversed” order was 
excellent when this 1/r? correction, and the usual beam 
momentum correction (which varied from 0.07% to 
0.39% in the 5 to 150 kev range) were applied. 

It was necessary to make accurate evaluations of the 
background for each run. This originated from d-d 
neutrons due to traces of deuterium in the ion source, 
and coming from the vicinity of the bending magnet; 
and also from a few neutrons coming from work in 
progress on another Van de Graaff located in the same 
building. There was also an occasional alpha count 
from the U™*. Four different runs were made to get 
the 4.8- to 152-kev data, using the V source. These 
runs were separated by intervals of a month or more. 
For each run, background conditions were found to be 
different due to such things as the amount of deuterium 
left in the ion source and vacuum piping from previous 
experiments, distance from bending magnet to fission 
chamber and the amount of shielding between them, 
and to some extent to work in progress on the other 
Van de Graaff. The background was evaluated for each 
run by operating about 10% of the time just below the 
V(p,n) threshold at intervals spaced throughout the 
run, and also by recording counts during those times 
when the machine was off entirely. Background was 
then split into two parts; one time-dependent only, and 
the other dependent only on the number of Coulombs 
of beam striking the target. The running time, 7, and 
the charge, 0, were recorded for each point taken, and 
a correction of the form, aT plus bQ, applied. The 
constants, a, and 6, were different for each run, and for 
the two isotopes. Total correction for background 
varied from 10% to 0.6%, depending on energy and 
on conditions during the particular run. The machine 
was by far the greatest source of background for the 
first run, but improvements in deuterium handling, 
beam focusing, and shielding, resulted in successively 
smaller machine background, and in the final run there 
was no contribution at all from the machine. Most of 
this improvement resulted from the design of a new 

TABLE IV. Ratio R=o,(U™*)/o;(U**) using neutrons from a 


vanadium target. Note that with a 100-wa beam the time would 
be 2.78 hours per coulomb. 
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lens by C. H. Johnson which allowed the entire mass-one 
beam, which sometimes exceeded 100 microamperes, 
to be brought to bear on the V target which was now 
located in a scattering room about 20 feet from the 
magnet. This was accomplished without the need of 
extra strong-focusing lenses. Since fairly heavy beams, 
of 100 microamperes or more, of protons can now be 
obtained some distance from the bending magnet, a 
more or less permanent water shield has been installed 
between the magnet and the scattering room. This 
effectively eliminates machine background. 

Water cooling of the V target was necessary to dissi- 
pate the 150 watts of energy imparted to it by the beam. 
An atomizer was built to provide a fine sheet of spray 
on the target backing. This spray had to be adjusted 
quite carefully. Any interference with it resulted in a 
melted target in about 2 seconds, with disastrous effects 
on the vacuum in the Van de Graaff. After losing two 
or three targets in such a manner, a safety device was 
incorporated which completely eliminated such failures. 
This was an ion gauge mounted about two feet back 
along the beam pipe from the target. The ion gauge 
control was interlocked with the Van de Graaff belt 
spray supply so that a rise in pressure shut it off, 
promptly interrupting the beam. The targets were thin 
films of V evaporated on Pt or Ta disks 10 mils thick 
and 1.25 inches in diameter. The disk was seated on 
an O ring at the end of the beam tube. Inadequate 
cooling caused heating of this O ring which would 
release enough gas to shut down the machine via the 
interlock before even the O ring could be damaged. In 
fact it operated so fast that not even the sensitive trips 
on the vacuum gauges and pumps back at the magnet 
and accelerator tube had time to operate before the 
beam was off and the vacuum recovered. 

The yield of the V*'(p,n)Cr®! reaction has been 
measured by others,® and found to have many narrow 
resonances less than 1 kev wide spaced closely together 
and varying widely in height. Fourteen of these reso- 
nances, from 4.8- to 152-kev neutron energy, were 
picked to establish the U**/U*® fission cross-section 
ratio. The V target thicknesses varied from 4 to 12 kev, 
most data being taken with targets 4 and 5 kev thick. 
For most points such targets would span more than 
one resonance. Average neutron energy was then 
determined by properly weighting the energies of the 
resonances spanned. with their relative yields. In a few 
cases, the neutron energy spread was less than target 
thickness because of lack of levels near to the one at 
which the machine energy was set. 

Since the V(p,n) reaction has not been widely used 
as a source of neutrons, Table IV is included summar- 
izing data pertinent to the points taken with this 
source. In this table, the results of all runs at each 
energy corrected for known sources of error are lumped 
together for brevity. Most of the data were taken with 
a span of 0.65 inch between V target and U foils. 


6 Gibbons, Macklin, and Schmitt, Phys. Rev. 100, 167 (1955). 





FISSION CROSS SECTIONS OF U 


Threshold for the reaction is 1.5656+0.0015 Mev. 
The kinetics are defined by the relation 


52E,}=[(1566-+6E,) ]! cosd 
+[26015E,— (1566-+6E,) sin}, 


where £,,= neutron energy in kev, 6£E,=proton energy 
in kev above threshold, and 6=angle of emitted neu- 
trons with the beam axis. Table V has been computed 
from this relation. 


ESTIMATE OF ERRORS 


Sources of error have been discussed in reference 1. 
Table VI lists all known sources. It is, of course, 
possible that one or more sources of error have been 
overlooked. It is also possible that some systematic 
error exists which the experimental checks made during 
the course of the work (such as interchanging amplifier 


TABLE V. V*!(p,n)Cr®! energetics. Cone of neutrons has just 
opened fully at 6E,=0.60 kev. 














E,(0°) En(0°) —En(20°) En(0°) —En(40°) 
kev kev kev 
0.58 0.00 
2.32 0.28 
5.35 0.33 
8.70 0.35 
15.0 0.40 
26.6 0.58 
48.6 0.85 
69.8 0.95 
91.2 1.00 
112.0 1.05 
132.8 1.10 
164.2 1.20 











channels, foil positions, etc.) did not detect. Conse- 
quently a figure of 1.1% has been arbitrarily assumed 
for systematic errors. This is ajsprqximately equal to 
the root-mean-square sum of all the known sources 
of error. 

Some errors are energy-dependent, so cannot truly be 
represented in a table of this kind. The figures for 
statistical uncertainty shown in Table VI are those 
applying to the relatively flat portions of the ratio 
curves where the cross sections have attained of the 
order of 70% of their maximum values. For the 
even isotopes, fewer counts were obtained near thresh- 
olds because of the low cross sections; and for U?** the 
statistics below 150 kev were poorer than average 
because of the low neutron yield of the V target. 
‘Energy uncertainties need also to be considered, par- 
ticularly in the rapidly changing portions of the ratio 
curves. On the average, these energy uncertainties are 
estimated to be about plus or minus 10, 2, and 1 kev, 
for the T, Li, and V neutron sources, respectively. 
Table I lists the statistical uncertainties in the ratio 
measurements, and the total energy spread in the 
neutron beam as functions of energy. 

Information obtained by use of the spiral counter 
between 2.03 Mev and 420 kev for U** is subject to 


ISOTOPES 


Source 


WwW’ 0.70 
Statistics 0.30 
Inelastic scattering 0.00 
Room scattering 0.00 
Foil nonuniformity 0.20 
Foil separation 0.10 
Beam momentum 0.10 
Gain changes 0.10 
Systematic 1.10 





1.36 
5.00 


Std. dev. of ratio 
o7 (U*5) uncertainty 


Total uncertainty 5.19 


the assumption of constant neutron counting efficiency 
over this energy range, of the long counter which was 
used as a flux monitor. The amount of error introduced 
here is not known. However, it turned out that the 
curve obtained with the spiral counter agreed well 
within statistical accuracy with that obtained with the 
8-foil counter over this range. Approximately the same 
number of counts was taken with each type of counter. 

The figure of 5% for the uncertainty in the U** 
cross section is an average for the region from 0.4 to 
3.0 Mev. Below 400 kev it is greater. The cross section 
from 4 to 40 kev is based largely on work done at the 
General Electric Company, and to some extent, to 
work done at Brookhaven. These results have been 
summarized in a paper presented at the recent Geneva 
Conference.’ Measurements in this region have also 
been made at Los Alamos.? The uncertainty existing 
in the cross section from 4 to 400 kev has been estimated 
to lie between 10 and 20%.* 
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* Note added in proof.—Since this paper was written, the U™ 
fission cross section has been remeasured in much greater detail. 
Below 1.0 Mev the curve had been established by a relatively 
small number of points taken 5 years ago. It appears that an 
error was made in calculating the energy for these points, and is 
believed to have arisen from air contaminating the tritium used 
in the gas target. Many new measurements were made using a 
gas target with tritium of known purity, using a solid ZrT target, 
and also by use of a Li target. From this work the following 
comments apply to a7 (U) : 


(1) A distinct tail was found extending into the low-energy 
region, giving of =0.025 barn at 100 kev. 

(2) A small “bump” was found at 320 kev where oy = 0.16 
barn. 

(3) At 400 kev the curves shown in this paper should be shifted 
about 50 kev to the left, and at 800 kev the shift is about 
20 kev. 

(4) The minimum at 1.02 Mev isa bit deeper (a, = 1.11 barns) 
than shown, and is followed by a sort of damped wave 
around 1.15 Mev, as suggested by the points in Fig. 2. 


Curves of these cross sections plotted to much larger scale are 
available from the author on request, 
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APPENDIX A. INELASTIC SCATTERING CORRECTION 


The results of reference 1 were used to establish a 
correction for the 2-foil chamber. Since the correction 
is larger for U** than it is for U4 or U™**, a somewhat 
more accurate estimate of it is attempted here. In 
reference 1 the correction was taken to be constant with 
neutron energy. For U™* it is clear that this effect will 
be considerably Jess down on the long tail of the curve 
below 1 Mev than it will be above 2 Mev. Some idea 
of the way this correction will vary can be gotten by 
considering how large it was found to be for the flat 
parts of the curves for U™, U™*, and U™*, and by 
noting the shapes of the fission cross sections of these 
three isotopes. With these things in mind it was esti- 
mated that the inelastic scattering correction, s, varied 
linearly with neutron energy, from 0.6% at E=0.80 
Mev to 2.6% at E=1.80 Mev, and thereafter varied 
more slowly, becoming 2.9% at 3.2 Mev neutron energy. 
The values of s are probably good to 0.4% stand- 
ard error above 2 Mev and to 0.6% below. (For ex- 
ample, at 2.3 Mev, s= (2.7+0.4)%.) 

The scattering correction for the 8-foil counter shown 
in Fig. 7 was found by comparing the results of several 
measurements made with it to measurements made 
with the 2-foil counter. The correction was found to 
average 1.7 times as much as for the 2-foil counter, 
and was assumed to vary with energy in the same way 
as it does for the small counter. A rough calculation of 
the scattering correction for the large counter was 
made for the case of primary neutrons with 3-Mev 
energy. This checked very well with experiment and 
indicated that well over half the effect was due to the 
Al plates inside the counter. 


APPENDIX B. FOIL COMPARISONS 


The isotopic composition of the uranium used in foil 
preparation was determined by Dr. Baldock and Dr. 
Sites of this laboratory, by mass spectrographic meth- 
ods. The U** was 99.90% pure, hence required no 
correction for impurities to be applied to the experi- 
mental data. The U?* was 99.1+0.1% U**, 0.8+0.1% 
U*s, and 0.2+0.1% U*™*. These impurities were cor- 
rected for. Impurities other than isotopic were removed 
by chemical methods prior to plating. The mass of 
uranium on each foil was determined by microchemical 
techniques, and the foils were then compared by alpha 
counting and neutron weighing as described in Appendix 
B of reference 1. The results are given in Table VII, 
and the equivalent masses, W’, in Table VIII. In these 
tables all masses are in micrograms. The thin-foil 
masses are those obtained by microchemical techniques 
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TABLE VII. Thin foil comparisons. 








Foil 
23K1 
23K2 
23K3 
23K4 
23K5 
23K6 


Mass (ug) if% 


197.8 +1.0 
197.6 0.0 
199.2 —0.2 
198.8 —0.7 
199.0 +0.3 
199.4 —0.3 


0.22 


+0.8 
—0.7 
+0.2 
—0.7 
+0.1 
—0.3 


0.22 





Standard error 


NK1 
NK2 
NK3 
NK4 
NKS 
NK6 


196.9 
198.3 
195.9 
198.1 
197.0 
195.9 


Standard error 














TABLE VIII. Equivalent masses of foils used to determine 
cross sections. 








W’ (ug) 


3393 
3597 
3602 
3571 
3580 
3550 
3554 
3524 
3480 











during their preparation. The next two columns list the 
deviations from the average fission and a@ activity per 
microgram on the basis of the masses listed. Counting 
statistics were 0.2% for the U™* foils and for the 
fission activity of the U** foils. Statistics were 0.37% 
for the a activity of the U™* foils. 

The thick foils were weighed in a flux of thermal 
neutrons by comparing their activity with that of the 
thin foils. These measurements were made in the counter 
in which the thick foils were to be used and with the 
same bias and gain settings to be used later in the cross 
section measurements, since W’ is a function of amplifier 
bias and gain settings. These are monitored by a pulse 
generator having a signal that is fed into the high- 
voltage plate (or plates) of the counter. Since capacities 
between high-voltage and collector plates will be differ- 
ent for different counters, the W’ determined for one 
counter will not in general be right for a different counter 
unless the bias is adjusted in just such a way as to bring 
this about. This was done for the thick foils, NK7 and 
25K14 which were used in the 2-foil chamber as well 
as in the 8-foil chamber. Consequently the values of 
W’ listed in Table VIII are correct for their use in 
either chamber. 

Over-all statistical accuracy is 0.25% for the equiva- 
lent weights. The last 8 foils in Table VIII are listed 
in the order in which they were placed in the 8-foil 
chamber, from front to back. The estimated error from 
all sources is 0.5% for each foil. 
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A Ni®* target was bombarded by protons from 2 to 5 Mev in energy. Approximately 70 resonances were 
observed in the yield of the y radiation due to inelastic scattering from the state at 1.45 Mev. Angular 
distributions were obtained for this radiation at 37 resonances. Nineteen of the distributions are consistent 
with a 5/2+ assignment and seventeen fit a 3/2 assignment, while one distribution was isotropic. All the 
resonances observed had a width no greater than the target thickness of 4 kev. Absolute yields for the 
reaction have been determined. The level spacing for states formed by d-wave protons was found to be ap- 
proximately 30 kev in the region studied. An estimate of the value of (y*)a/D for these resonances gives 
1.4X10-" cm. In order to determine the energies of excitation in Cu®, to which these resonances would 
correspond, the end point of the Cu beta spectrum was measured, and found to be 3.75+0.1 Mev. This 
puts the range of excitation for the resonances observed between 6.3 and 7.9 Mev. 





INTRODUCTION 


LARGE amount of experimental work has been 

done on excitation functions for charged-particle- 
induced reactions among the light nuclei (Z< 20) in 
order to locate states of the compound nucleus.! When 
information regarding spins, parities, and resonance 
widths of the states have also been obtained, these 
data, supplementing the more extensive results from 
slow neutron transmission experiments, have been of 
value in testing various models of the compound 
nucleus.” In general, such experiments differ signifi- 
cantly from slow-neutron experiments in that states 
may be formed by many / values of the incident 
particles over a wide range of excitation energy of the 
compound nucleus. 

It is of interest to perform similar measurements on 
nuclei of medium weight, but since the density of states 
is then larger than in the light nuclei for comparable 
excitation energies, the resolution of individual levels 
taxes existing experimental techniques, as found for 
instance, in excitation curves for the (p~,7) reaction on 
Sc, Cr, V, and Mn.’ On the other hand, when attention 
is restricted to the reaction proceeding to a particular 
state of the final system, the penetrability factors may 
limit contributions to the cross section to a few / values 
for the incident charged particles. If in addition, the 
target nucleus has zero angular momentum, compound 
states having only a limited range of spins will be 
selected, resulting, possibly, in a density of levels well 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at Argonne National Laboratory, Lemont, Illinois. 

t Now at Phillips Petroleum Company, Idaho Falls, Idaho. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955); P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 
95 (1954). 

2 Brookhaven Conference Report, “Statistical Aspects of the 
Nucleus,” Brookhaven National Laboratory (1955); F. L. Fried- 
man and V. F. Weisskopf in Niels Bohr and the Development of 
Physics (Pergamon Press, Ltd., London, 1955) ; T. Teichman and 
E. P. Wigner, Phys. Rev. 87, 123 (1952); Lane, Thomas, and 
Wigner, Phys. Rev. 98, 693 (1955). 

3 Baker, Howell, Goodman, and Preston, Phys. Rev. 81, 48 
(1951); J. J. G. McCue and W. M. Preston, Phys. Rev. 84, 1150 
(1951); Lovington, McCue, and Preston, Phys. Rev. 85, 585 
(1952). 


within the resolving power of beam experiments. Such 
circumstances were found in fact to hold in the case of 
inelastic scattering of protons from Ni®’, which is the 
subject of the present work. 

The first excited state of Ni°* has been established at 
1.45 Mev and no other levels up to an excitation of 
2.15 Mev have been found.‘ In the present work, reso- 
nance states of the compound system, Cu, were located 
by observing the y radiation following inelastic scatter- 
ing to the 1.45-Mev level with bombarding energies 
ranging from 2.5 to 4.5 Mev. Other y rays expected to 
be present from higher excited states or due to proton 
capture were of negligible intensity and did not inter- 
fere with the measurements. An attempt to observe the 
(p,m) reaction showed that it was not a competing 
process in the energy range used. Except for elastic 
scattering and capture, all other competing reactions 
could be excluded. 


EXPERIMENTAL METHOD AND PROCEDURE 


Thin targets of Ni'* were prepared by evaporating 
nickel oxide enriched to 98% in Ni58,> onto a spectro- 
scopically pure gold backing. The targets were placed at 
45° with respect to the incident proton beam in each of 
the several experimental arrangements. For the excita- 
tion curve measurements, the targets were backed by a 
thin brass plate making the vacuum seal at the end of 
the beam tube. The y detector was located in a forward 
quadrant with respect to the beam direction, inter- 


-cepting a solid angle of about one steradian. For the 


angular distribution measurements, a thin-walled copper 
chamber having cylindrical symmetry replaced this 
assembly. The y detector in this case was mounted on 
a platform which could be rotated about the axis of the 
target chamber. 

The y radiation was detected with a conventional 
thallium-activated NaI crystal spectrometer used to- 
gether with standard commercial electronic circuits. 


4Windham, Gossett, Phillips, and Schiffer, Phys. Rev. 103, 
1321 (1956). 

5 The enriched Ni*® isotope was obtained from the Stable 
Isotopes Division of the U. S. Atomic Energy Commission. 
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Fic. 1. Pulse-height distribution from a Nal crystal for y-rays 
from the Ni®*(p,p’y) Ni®* reaction. The upper curve was taken at 
an energy where the yield curve showed no resonance; the lower 
curve was taken at the peak of a resonance. The peak on the left 
is due to the 550-kev Coulomb-excited y ray from the thick Au 
target backing. The brackets indicate the pulse heights for which 
gates were set in taking the excitation curve on Fig. 2. 


The spectrometer had a resolution of about 8% for 
the Co® y rays. A 5-mm-thick bismuth absorber 
attenuated x-rays and Coulomb-excited y rays from 
the gold backing. Typical pulse-height distributions on 
and off a resonance are shown in Fig. 1. The yield of 
the reaction was measured by setting the differential 
channel of the pulse height analyzer to detect pulses in 
the photopeak and part of the Compton peak as marked 
on the figure. Other channels were set to observe any 
contributions from high-energy radiations and back- 
ground effects. In order to relate the observed yield to 
the reaction cross section, a determination of the 
detecting efficiency of the counter was made by means 
of a standardized Co source. The source was located 
at the beam spot in the target chamber with other con- 
ditions reproducing, as nearly as possible, those ob- 
tained during the yield measurements. Appropriate 
corrections were made to the measured efficiency for 
the difference between the energies of the Co™® and 
Ni®* y rays. 

The proton beam from the 6.0-Mev electrostatic 
generator of the Rice Institute was used in these experi- 
ments. The energy of the incident proton beam was 
determined by measuring the field strength of the 90° 
analyzing magnet of the accelerator with a proton 
moment magnetometer. The magnetometer was cali- 
brated with the Li’(p,m) threshold reaction. The assign- 
ment of absolute energies is accurate to about 20 kev, 
with the relative energies between resonances reliable 
to 5 kev. Data points on the excitation curve were 
taken at approximately 2-kev intervals as determined 


by the magnetometer. The spread in the beam energy 
was less than 2 kev. 

The angular distributions were measured at 15° 
intervals between 0° and 90° with respect to the beam. 
Frequent measurements in opposing quadrants were 
made to check the symmetry of the system. The Nal 
crystal subtended a solid angle of 0.05 steradian at the 
target, and solid-angle corrections to the observed dis- 
tributions were negligible. Because of the sharp reso- 
nances and thin target, small drifts in the mean voltage 
of the accelerator affected the observed yield appreci- 
ably. In order to monitor this effect, a second Nal 
crystal counter, also biased to detect the 1.45-Mev 
radiation, was kept at a fixed angle. Compensating 
adjustments to the voltage of the accelerator were made 
during the course of a measurement so that the counting 
rate never departed by more than 10% from the peak 
value. 


RESULTS 
Excitation Curve 


The yield of the 1.45-Mev + radiation measured over 
the range of bombarding energies from 2.9 to 4.5 Mev 
is shown in Fig. 2, uncorrected for background effects. 
By using a target about 4 kev thick to the incident 
protons, approximately 70 resonances were resolved in 
the interval, the strongest being about 250 times as 


‘intense as the weakest. The lowest energy resonance 


clearly due to the 1.45-Mev radiation occurred at a 
bombarding energy of 2.95 Mev. Above 4.5 Mev the 
resonances became too closely spaced to be resolved 
satisfactorily. Only the resonances at 3.12 and 3.48 Mev 
have widths exceeding that of the target, and these 
were also the only ones that showed an appreciable 
yield of y rays with energy higher than 1.45 Mev. 

To get the cross sections for inelastic scattering 
corresponding to the observed yields, the assumption 
was made that the natural widths of the resonant 
states were small in comparison to both the target 
thickness and the energy spread of the incident beam 
of protons. The yield of 1.45-Mev radiation per proton, 
Y ,, is then related to the cross section by the expression 


Y,=(K/AS) f o(E)dE, 


where o(Z) is the cross section for the inelastic process 
at bombarding energy E,S is the stopping power of 
nickel (kev/mg/cm?) at this energy, K is the detector 
efficiency, and A the atomic weight, in mg, of Ni**. The 
integration is carried out over the energy interval 
corresponding to the target thickness. 

The quantity ¢= fo(E)dE will then be independent 
of both the target thickness and the resonance width 
and can be calculated from the measured Y,. It is 
tabulated for the 37 numbered resonances in Table I. 
Due to uncertainties in calibrating the detector and 
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Fic. 2. Excitation curve for the Ni**(p,p’y) Ni5’ reaction. The target was ~4 kev thick Ni58 on Au backing. No background subtraction 
has been made. Some of the weaker resonances included on Fig. 4 do not appear in this curve because of the small scale. 


measuring intensities at the peaks of the resonances, 
the cross sections listed are believed accurate to 


about 30%. 


Angular Distributions 


The 37 numbered resonances on Fig. 2 were the only 
ones sufficiently intense to allow angular distributions 
of the 1.45-Mev y radiation to be measured. Of these 
distributions one was isotropic, 19 were of the form 
W (6)=1+-A cos?0+ B cos*#, and 17 were of.the form 
W (0)=1+A cos?@. When one uses the well-known rules 
governing the complexity of such distributions,® the 
lowest possible spin values for the compound states are 
given in Table I. The spins and parities of the ground 
and first excited state of Ni>* were taken to be 0* and 2+ 
in accordance with the systematics of the even-even 
nuclei and consistent with the results of these meas- 
urements. 

Further analysis of the distributions consisted of an 
attempt to compare the measured values of the coeffi- 
cients of W(@) with those calculated for the inelastic 
scattering processes most favored from the standpoint 
of penetrability. In the range of proton energies of 
interest here, the most probable inelastic scattering 
process is due to the absorption of a d-wave proton 


6 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 


followed by emission of an s-wave proton to the 2+ 
state of Ni°*. The absorption of a p-wave proton with 
p-wave emission to the excited state is less probable 
by about an order of magnitude due to the reduced 
penetrability of the emitted proton. States formed by 
s-wave protons and decaying by d-wave inelastic emis- 
sion are even weaker for the same reason and make the 
lack of isotropic angular distributions plausible. 

Using the expression for the angular distribution of a 
two-stage particle reaction followed by y emission as 
given by Kraus et al.,’ one gets for the present case, 
assuming isolated resonances, 


o(6)= Y a(Sy'So’)[(2Sy'+1) (22 +1) ]4(— 1) 80-82" 


S1’S2’ 
XC(221—1,v0)Z (JI Av) W (JSy'IS¢ I'v) 
X W ($1'2S2'2,2v)P, (cos), 


where S;’ and S,’ are the outgoing channel spins with 
relative amplitudes as’, / and /’ are the incoming and 
outgoing proton angular momenta, J is the spin of the 
compound state, and vy is a summation index which is 
even and ranges from 0 to 4. In general, for such a 
process there is no coherent interference between out- 
going / values, if the y-ray distribution alone is ob- 


7 Kraus, Schiffer, Prosser, and Biedenharn, Phys. Rev. (to be 
published). 
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TABLE I. Level parameters for resonances observed 
in Ni®*(p,p’y) Ni®’ reaction. 


rpl'p 
Bhar ict yt 
7 kev Cp+Tp: 10-4 


10-* kev kev cm 








Compound 
state 
angular 
momentum mb/sterad 


0.52 


Resonance 
energy 
(Mev) 


2.950 3/2 
3.285 
3.410 
3.470 
3.525 
3.570 
3.585 
3.610 
3.630 
3.700 
3.715 
3.740 
3.755 
3.765 
3.810 
3.850 
3.915 
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* Computed from the yield of the resonances with background effects 
subtracted. 


served. Such interference would exist only if the p’—~y 
correlation were to be studied. Coherent interference 
does exist, however, for the two possible outgoing 
channel spins, 3/2 and 5/2. For the most probable case 
of /=2, l'=0, only one channel spin is possible for 
either angular momentum for the compound state. 
This gives 
o(6)=1+cos?6 for J= 3/2", (1) 
and 
o(6)=1+6 cos*@—5 cos*(@) for J=5/2+. (2) 


For /=/'=1 and a 3/2- compound state, interference 
between channel spins has to be considered and one gets 


a (8) = a3/25(19+3 cos?@)+ a5/220(4+3 cos6) 
+43;2 5/22(1 —3 cos’@), (3) 
where the first term is that due to 3/2 channel spin, the 
second is due to 5/2 channel spin, and the final term is 
due to interference effects. For /=/'=2, one gets 
o (0) = dg/212(12—cos*@)+-a5/2(151— 138 cos’é 
+175 cos?) dy/2 5/224(1—18 cos*0+ 25 cos’#@). (4) 
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Figure 3 shows the plot of Eqs. (1) and (2) as well as 
the two pure channel spin terms from Eq. (3). 

All but 5 of the angular distributions which are 
designated as 5/2+ in the table fit the theoretical distri- 
bution of 1—5 cos*+6 cos‘ as shown in Fig. 3. The 
remaining 5, numbers 15, 20, 23, 30, and 36 showed a 
yield that was the same or higher at 90° than at 0°. 
These can be explained by assuming some d-wave 
admixture as given in Eq. (4) in the outgoing inelastic 
protons. No unique fit can be obtained since d-wave 
outgoing protons would go with two channel spins, thus 
giving one too many fitting parameters, but admixtures 
of the order of 30 to 50% would be needed to fit the 
data. 

Not all the states designated as 3/2 can be fit by a 
pure d-wave in, s-wave out process as given in Eq. (2) 
and Fig. 3(b). All these states could, however, be fit 
either by assuming some d-wave inelastic admixture or 
a resonance formed by a p-wave incident proton and 
decaying by p-wave inelastic emission as given in 
Eq. (3). Since p states tend to be somewhat weaker, 
a 3/2+ assignment is slightly more favored for all the 
3/2 resonances. Also, ps2 and p12 states would be 
expected in approximately equal numbers, yet only the 
one isotropic resonance, number 26, could be considered 
a pi2 state. Nevertheless, since a p-wave fit can be 
obtained for all the 3/2 resonances, definite parity 
assignments cannot be made for them. 

Resonance 26 was the only one observed with an 
isotropic distribution and is, therefore, probably spin 
1/2, although interference effects for p or d states 
could also give an isotropic distribution. Higher angular 
momentum fits to all these states can also be made, 
but they may be ruled out on the basis of penetrability 
since they should be at least two orders of magnitude 
less probable than the assignments given. A higher 
angular momentum state would give the distribution 
shown in Fig. 3(a), for instance, only for particular 
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Fic. 3. Angular distributions for the (p,p’y) reaction assuming 
a 0* initial state and a 2* y-emitting state. The distributions on 
the left correspond to D-wave incoming and S-wave outgoing 
particles forming compound states of 3/2* and 5/2+. The distribu- 
tions on the right are calculated for P-wave incoming and out- 
going protons, a compound state of 3/2~, and channel spins, s’, 
of 3/2 and 5/2. 





COMPOUND STATES 


combination of the two channel spins. Since angular 
distributions on only the more prominent resonances 
could be studied, it is not surprising that they should 
have spin and parity assignments which are consistent 
with the most probable inelastic processes from the 
point of view of penetrabilities. 


Level Spacings 


Since spin assignments have been obtained for 37 
states in an energy interval of 1.5 Mev, it would be of 
interest to investigate the level spacing as a function of 
spin and as a function of excitation energy. However, 
the data are not complete enough to support such an 
analysis. Apart from the ambiguity in the spin assign- 
ments as discussed above, there is the further difficulty 
that all states in the interval belonging to these spins 
could not be identified. Some could occur among the 
levels for which no spins could be assigned; others are 
almost certainly missed due to inadequate experimental 
resolution or to too low intensity. 

As a result, level spacing as a function of excitation 
energy was considered for all levels, regardless of spins. 
This is perhaps less meaningful theoretically, but, if 
predominantly only two spin states are involved, and 
the dependence of the average level spacing, D, on 
spin is not too strong, fairly reliable results may still 
be obtained. 

In Fig. 4 the total number of levels observed up to a 
bombarding energy E£ is plotted as a function of £. It is 
seen that this number is an essentially linear function 
of the energy, or equivalently, that D is roughly con- 
stant over most of the interval of E. The straight line 
drawn in the figure corresponds to an average spacing 
of 18 kev for states of all spin or to about 35 kev for 
states of a single spin assuming that only two spin states 
are involved. The latter value should then be approxi- 
mately the lower limit of D unless an appreciable 
number of states have been missed. The upper limit 
of D is obviously obtained from the number of states 
identified with a single spin in the energy interval and 
is about 80 kev. For purposes of comparison, the Weiss- 
kopf level density formula’ for levels of all spins gives an 
average spacing of 2.5 kev for these conditions. This 
formula also predicts an increase in the level density 
of about 20% over the range of excitation energy in- 
volved in these measurements. 


Level Widths 


The reduced partial widths of the levels having 
known spins can be obtained from the intensities 
measured for the resonances. The cross section given 
by the single-level Breit-Wigner formula for the proc- 
ess is 

Pi. 


(E—Ey)?+ (1/2)? 





o=mh?(J+4) 


+s. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 
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Fic. 4. Number of resonance observed in the Ni®8(p,p’y) Ni®8 
reaction vs bombarding energy. All observed resonances from this 
reaction are plotted for the region of bombarding energies shown, 
including some that were too weak to show up on the plot of the 


excitation curve in Fig. 2. The line corresponds to a level density 
of 18 kev. 


where 274 is the wavelength of the incident proton of 
energy E, Eo is the bombarding energy at resonance, 
J is the spin of the compound state, andT’,, ',’ and’ 
are the elastic, inelastic (1.45-Mev channel) and total 
widths respectively of the compound level. With the 
only other partial width I’, taken to be negligible in 
comparison toT’, andT,’, '&0,+T,’. 

Under the conditions for which these measurements 
were made, the observed yield for a resonance corre- 
sponds to that given by the Breit-Wigner formula 
integrated over the resonance. This integral is propor- 
tional to the quantity l',I’,’/(',+I',’), which can thus 
be calculated from the experimentally determined ¢. 
This has been done for the numbered resonances, and 
is given in Table I. If it is now assumed that I’,’<I’,, 
which is plausible on the basis of relative penetrabilities, 
thenl,’/2<T,I',’/(!,+T',’)<T,,’, so that this quantity 
may be taken as a fairly good measure of the inelastic 
partial width. 

For these partial widths, the inelastic reduced widths, 
y’=T','/[2k,'P(1) ] for all the numbered levels are also 
tabulated. P(/)* is the penetrability of the emitted 
proton having a wave number k,’. For this calculation 
it was assumed in accordance with the results of the 
angular distribution measurements that each state was 
formed by d-wave protons and that the outgoing pro- 
tons were retarded by s-wave penetrabilities. The 


* Coulomb penetrabilities were computed from graphs based on 
the W.K.B. approximation using a radius ro=1.4X10~" cm, as 
given by P. Morrison, Experimental Nuclear Physics, edited by 
E. Segré (John Wiley and Sons, Inc., New York, 1953), Vol. 2. 
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Fic. 5. Logarithmic plot of the size distribution of reduced 
widths. The intervals of reduced width were arbitrarily chosen so 
that each interval was twice as large as the previous one. The 
error bars represent +0.67 times the square root of the number of 
counts in that interval. The straight line was drawn as an approxi- 
mate best fit to the points. 


distribution of reduced widths thus obtained is shown 
in Fig. 5. It is interesting to compare this distribution 
to that given by Hughes and Harvey” for neutron 
widths, even though the number of levels in the present 
plot is small compared to the 145 levels shown in their 
curve. It appears that a straight line would fit the 
present data but it is not possible to eliminate other 
possibilities as suggested, for instance, by Porter and 
Thomas." If a straight-line fit were correct, then an 
upper limit of twelve to fifteen can be set on the number 
of states which were too weak to be included in the 
angular distribution measurements. This brings the 
number of states formed by d-wave protons to approxi- 
mately fifty for the energy interval studied, and if they 
are equally divided between the two spins, leads to a 
value of D of about 60 kev which is midway between 
the limits estimated above. Since a total of 72 reso- 
nances were observed in the yield curve, it would appear 
probable that a number of the weakest resonances 
might be due to s-, p-, or f-wave entry. 


10D. J. Hughes and J. A. Harvey, Phys. Rev. 99, 1032 (1955). 
1 C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 
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The separate distributions of y* for states of spin 
5/2 and 3/2 are also roughly exponential but have 
somewhat different slopes. While this difference sug- 
gests a dependence of (”),, on spin, it is not necessarily 
real in view of the poor statistics. The range of values 
for the reduced inelastic partial widths is 0.14 to 
5.5X10-" kev-cm, corresponding to 1.5X10~ to 
6X 10-* of the Wigner independent particle limit. The 
average value of y* considering all states is 0.8 10-” 
kev cm. The value of the strength function, (y*)x,/D for 
states of each spin is about 1.4X10-" cm where a D 
of 60 kev has been used. This is to be compared with 
3X10-" cm calculated for a black nucleus” and is 
about a factor of three lower than the value of I’,.°/D 
obtained by Bollinger in neutron scattering experiments 
on Co** and Cu®,8 


Excitation Energy in Cu°® 


In order to obtain the range of excitation energies of 
the observed states in Cu®*, a determination of the 
ground state mass for this isotope was needed. At the 
time these experiments were started the only known 
constant for the Cu®® decay was the half-life of 81 sec. 
A flat-sector-type double-focusing beta-ray spectrom- 
eter, to be described elsewhere, was used to obtain the 
end point of the positron spectrum from this activity." 
The activity was produced by the (d,n) reaction on Ni®® 
with 4-Mev deuterons. The target was bombarded for 
approximately three half-lives and the activity counted 
for about one half-life against a fixed number of 
counts on an external monitor counter. The end point 
of the spectrum occurs at 3.75+0.10 Mev. This places 
the resonance state at 2.95-Mev bombarding energy at 
6.35+0.1 Mev excitation energy in Cu®, if one takes 
the Q value for the Ni®*(n,y)Ni*® reaction!® to be 9.00 
Mev. This value is in agreement with that reported by 
Gossett.1® 


2 Using (y*)w~D/rK (K=10" cm). See reference 8. 

13L. M. Bollinger (private communication). 

44 Prosser, Moore, and Schiffer, Bull. Am. Phys. Soc. Ser. II, 1, 
163 (1956). 

16 B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 
(1953). 

16 Gossett, Butler, and Holmgren, Bull. Am. Phys. Soc. Ser. II, 
1, 40 (1956). 
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The angular correlation for nuclear reactions of the cascade type, (a,by), has been calculated. Various 
specializations are given, and the coherence of interference terms discussed. 





HE analysis of several experiments,! required the 

consideration of a cascade reaction of somewhat 
greater generality than previously treated in the litera- 
ture. Although the results so obtained are implicit in 
several papers, it was felt that they are of sufficiently 
general interest to warrant further discussion. Results 
similar to ours have been given by Seed and French? 
and by Sharp, Kennedy, Sears, and Hoyle.’ The work 
of the latter group is closer to the present work but 
differs in two respects. Firstly, we have explicitly 
treated the more general and more typical case for 
nuclear reactions in which several nuclear levels may 
interfere coherently, and secondly, and more im- 
portantly, we have chosen to preserve the channel spin 
formalism of the Wigner-Eisenbud theory.‘ As a result, 
we are not restricted to the important, but particular, 
channel spin mixtures implied in the work of reference 
3. Moreover, the questions of coherent versus incoherent 
mixing in various specializations are thus easily brought 
out. 

If a particle a (with spin j, and unpolarized) is used 
to bombard a target nucleus (of spin J and unpolarized), 
the system may be described in terms of an incoming 
channel spin, s, where |J—j,|<s<J+ ja. All values 
of s are in general permissible with various relative 
amplitudes. These amplitudes ‘are not determined by 
the number of substates of a particular s, but in theory 
are determined by a particular nuclear model or 
coupling scheme. The amplitudes of the channel spins 
are thus very useful quantities to measure experi- 
mentally so that more can be learned about nuclear 


* Supported in part by the U. S. Atomic Energy Commission. 

1 Moore, Schiffer, and Class, Bull. Am. Phys. Soc. Ser. II, 1, 39 
(1956); Schiffer, Moore, and Class, Phys. Rev. 104, 1661 (1956), 
this issue; Reich, Phillips, Russell, and Henry, Bull. Am. Phys. 
Soc. Ser. II, 1, 96 (1956), and to be published; Prosser, Kraus, 
and Schiffer, Bull. Am. Phys. Soc. Ser. II, 1, 94 (1956). 

2 J. Seed and A. P. French, Phys. Rev. 88, 1007 (1952). 

3 Sharp, Kennedy, Sears, and Hoyle, “Tables of Coefficients for 
Angular Distribution Analysis,” Atomic Energy of Canada, Ltd., 
Report No. 97 (1954), pp. XI and XXXI. Similar formulas, in 
less detail, have been given in the privately circulated notes by 
D. H. Wilkinson. 

4E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 


coupling schemes.® Contributions to the cross section 
for various values of s add incoherently, i.e., there are 
no interference terms. This result follows from a general 
statement given, for example, by Christy,® since both 
I and j, are unpolarized. 

If these two particles come together with relative 
angular momentum /, they can be thought of as forming 
a compound system of spin J in simple cases. The 
general case, which occurs very frequently, can be 
described in terms of many J’s, each of which may be 
formed by more than one / value. The system thus 
formed then emits a particle 6 which differs from a@ in 
that it may be of a different kind or of the same kind 
with different energy (elastic scattering is therefore 
excluded). The emission of b leaves the residual nucleus 
in an excited state (of spin 7) which in turn emits a 
gamma ray of multipolarity Z, leaving the residual 
nucleus in another state (of spin j;). These states of the 
residual nucleus are assumed to be, as is typical of 
cascade reactions, a single state of sharp angular mo- 
mentum. For this case, in the formulas that follow, set 
J= ji= je. The angular momentum of the initial ‘“com- 
pound state” thus breaks up into three parts, the spin of 
particle 6 (labeled 7), the spin of the y-ray emitting 
state, j, and the relative angular momentum, /’. This 
breakup of J into three vectors /’, j, and j, is con- 
veniently described in two stages. We choose to let 7 
decompose into l/l’ and s’, where s’ is the outgoing 
channel spin, and then to let this s’ decompose into 7 
and 7». As is the case with the incoming channel spin, 
| j= jo| <s’< j+ j, are the possible values of s’. 

In many cases the results will involve terms cor- 
responding to more than one value of s, /, J, I’, s’, and 
L. In these cases we designate different values by 
subscripts 1 and 2. In the equations that follow, if a 


. quantity appears without a subscript, the terms for 


different values of that parameter are added inco- 
herently. 

Under these conditions the equation for the cross 
section of such a reaction is 


5 R. F. Christy, Phys. Rev. 89, 839 (1953). 
®R. F. Christy, Phys. Rev. 94, 1077 (1954). 
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where the sum is over s, /;, l2, Ji, J2, 11’, le’, 51’, 52’, ji, 
jz, Ii, and Lz and the dummy summation indexes I, 
A, A, and 7. Aq is the wavelength (divided by 27) of the 
bombarding particle in the center-of-mass system. S is 
the appropriate element of the scattering matrix.’ II 
indicates the parity. (j,||H (L)||7) is the y-ray transition 
matrix element. It is usually defined so that it is a real 
quantity. Thus the conjugation of it is of no significance. 
Z and W are Racah coefficients.** X is the X coeffi- 
cient.* C is the Clebsch-Gordan coefficient.*:* Y is the 
normalized spherical harmonic and is a function of the 
angle of observation, with respect to the direction of 
the incident particles, of the radiation indicated by the 
subscript of the coordinates." p= —1,'+1:’—T'+0,—Q. 





TA. 


o-k (2s-+1)(2j+1) 


where r=s—s’, and the sum is over s, /;, /2, Ji, J2, li’, 
l,', s’, j, and L as well as the dummy index, A. We note 


7Jt‘should be explicitly pointed out that in this formula we 
have used the first alternative discussed by R. Huby [Proc. 
Phys. Soc. A67, 1103 (1954)], i.e., the phase factor exp[$x(/’—/)] 
has been absorbed into the elements of the scattering matrix. 
Alternatively, as discussed by Huby, one may rephase the Z 
coefficients. Since the latter are extensively tabulated, while the 
elements of the scattering matrix play the role of unknown 
parameters, it was felt that leaving the definition of the 2’s 
unchanged was the better alternative. The definition of the S 
matrix used here differs only in notation from that of reference 12. 

8 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952). pos 

® Reference 3 has definitions of many of these coefficients, and a 
limited number of them are tabulated in an extremely convenient 
form. A number of tables also are available from the Office of Tech- 
nical Services, Department of Commerce, Washington 25, D. C. 
Other coefficients that are tabulated are the 


Fa(Ljij) =expLr(fi— j— 1) (27 +1)4(2L+1) 
XC(LL1—1; AO)W (jLjL; jid) 
of reference 9; and from reference 3, 
Z,(LjL'j’ ; Tk) =real part{exp[4x(L’—ll’—L+1+k+2)] 
XC(LL’—11,k0)[(2L+1) (2L’+1) (27+1) (27’+1) } 
XW (LjL’j’; Ik)}. 


pa mae| 


XW (s1'jise’ je; joA)W (jilijole; jA), (1) 





Q=L for magnetic multipole radiation, or = Z+1 for 
electric multipole radiation. t=1,;—].+/2'+s+Jo+5,' 
+ je— jy. The sum over A is for even A only if the y 
rays described by L; and L» are of the same parity and 
over odd A only if of different parity. 

The result was derived by starting with Eq. (3.14) 
of Blatt and Biedenharn” and multiplying by a factor 
to include the y-ray emission. This additional factor 
makes use of the Wigner-Eckart theorem in Eq. (7) of 
Biedenharn and Rose." Our results reduce to Eqs. (4.5) 
and (4.6) of reference 12 times the square of the y-ray 
transition matrix element and statistical factor times 
4r when the y rays are not observed. 

For this case, when the 7 rays are not observed, we 
have explicitly 


(—)"S(shi,s'ly’ ; J11,).S* (slo,s'19’ ; J Iz) | (js||H(L)|| 7) | ?2(2j;+1) 


XZ (LSS 2; SA)Z (Ly! J le! To; SA) Ps (0), (2) 





that here the incoming and outgoing channel spins add 
incoherently, while the incoming and outgoing / values 
add coherently. 

If, on the other hand, the particles 6 are not observed, 
the cross section for the y rays is explicitly 


10 The X coefficient is given by 


abc 
x(«/) = ~ (2A+1)W (abkf; cA)W (dfhb; eA)W (adkh; gd). 
ghk 


This coefficient was originally defined by U. Fano and G. Racah 
in an unpublished work. It is discussed in U. Fano, National 
Bureau of Standards Report 121 (unpublished), p. 48, and Ap- 
pendix B of A. Simon and T. A. Welton, Phys. Rev. 90, 1036 
(1953), as well as in reference 3 of this paper. These coefficients, 
in a different notation, appear also in gamma-ray triple cor- 
relations as discussed in reference 13. 

The angles of observation are, of course, in the center-of- 
mass system. However, in general the gamma ray carries off little 
momentum and the correction from the laboratory to the center- 
of-mass angles for its emission is usually negligible. 

2]. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

8 L. C, Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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where g= —A+2,—Q2 and w=/'+s—J1:+Jo4+51'—59' 
+ jo.— jy. Here we note that the incoming / values and 
channel spins add as before, coherently and inco- 
herently, respectively. However, the outgoing / values 
add incoherently and the outgoing channel spins add 
coherently. This is just the opposite of the case above. 
These results are not unexpected, since an unobserved 
quantity must enter incoherently. These results are 
implicit in the results of Seed and French, as their 
numerical results show,” and correspond to the general 
statement of Christy.® 

We note that since A is even for j= j1=j2 (sharp 
angular momentum), the coefficient Z(1;Jil2J2; sA) is 
zero unless /;+/: is even. This means that there are no 
interference terms between states of opposite parity. 
In other words, the cross section can be broken into 
two parts, one part for even parity compound states, and 
the other for odd parity states. This result holds re- 
gardless of how many / values are involved in forming 
a particular J and regardless of how broad the levels 
are compared to their spacing. It is felt that this result 
helps to some extent in analyzing experimental data. 

Because of the time-reversal symmetry of the 








wre? 
=~ — 
2s+ 


Hamiltonian, we expect the relative phases of the 
outgoing channel spin amplitudes to be 0 or 7. 


The relationship of the above equations to the results for sharp 
Jp=l'+j» as given by reference 3 can be established directly 
from the re-coupling significance of the Racah coefficients. That 
is, one performs explicitly the recoupling between the schemes 


ptiqs') [U+i=Jp 
ising ll pre 
stl=J Jpt+j=J 


One then finds the identity 
S(sl,s‘l’ ;JT1) = Z [(2s’+1)(2J,+1) }! 
Jp 


XW (Uj Sj J ps’)S(sl, Jp JM). (5) 


By introducing this expression into the angular distribution 
obtained above and carrying out explicitly the sum over s’ (or 
s;’ and se’) by the methods of reference 8, one obtains the corre- 
sponding angular distribution formulas of the J, coupling scheme, 
and, in particular, the results of reference 3. 


The cross section for capture y radiation is also 
useful. This is obtained by letting the compound state 
emit s-wave spinless particles. This provides one pos- 
sible description of y radiation in the S-matrix for- 
malism. Thus our S(sl,J0; JIL)( 7;||H(L)| J) is the same 
as Simon’s R(als,a’Lp’ ; JTL). Explicitly, 


(sh J05 JM )S* (sh IN; Jal) jy La) IsX iH La) |Ja¥"(—2) jr i"(—) 


C(2L1+1)(2L2+1) PC (LiLe1 —1 ; AD)Z (LJ le 9; sA)W (J LJ ole; jrA) Ps (6,), (6) 


where z=s—j;. For a particular term, A is summed 
over either only even or only odd values, depending 
on whether the y-ray transitions described by ZL; and 


I have the same or different parity changes, respec- 
tively. 
14 A. Simon, Phys. Rev. 92, 1050 (1953). 
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Decay Scheme of Pt'**} 


J. M. LeBranc, J. M. Corx,* Anp S. B. Burson 
Argonne National Laboratory, Lemont, Illinois 


(Received September 12, 1956) 


The radiations of the 30-min activity of Pt! have been investigated with 180° magnetic photographic 
spectrometers and a 10-channel coincidence scintillation spectrometer. This activity of platinum has been 
found to decay by the emission of four beta rays with maximum energies of 0.8, 1.1, 1.3, and 1.7 Mev. 
Gamma rays with energies of 0.074, 0.197, 0.246, 0.318, 0.475, 0.54, 0.71, 0.79, and 0.96 Mev were detected. 
Extensive beta-gamma and gamma-gamma coincidence measurements were made; and an energy level 
scheme is proposed which is consistent with the results of all of the experiments. 





THIRTY-MINUTE activity which is produced 
by neutron capture in platinum was first reported 
in 1935.!:? McMillan et al.’ assigned this activity to Pt™. 
In 1941, Krishman and Nahum‘ studied the radiations 
emitted in the decay of Pt'” and established, by means 
of aluminum absorption experiments, that beta rays 
with a maximum energy of 1.8 Mev are emitted. 
Sources of Pt'!** were obtained in the present investi- 
gation by neutron irradiation of normal PtO. Seven 
internal conversion electron lines were detected with 
180° spectrographs and are listed in Table I. The 
interpretation of these lines are listed in column 2 of 
Table I, and the gamma-ray energies are listed in 
columns 3, 4, and 5. The lines at 124, 144, 155, and 
190 kev are identified by their energies as internal con- 
version electron lines in Hg, due to gamma rays emitted 


in the decay of Au, the daughter product of Pt. 
The 268- and 332-kev electron lines have the K—L 
energy difference of Pt and are assigned to the 80-min 
activity of Pt’ which has been reported® to decay 
by the emission of a 337-kev gamma ray. The energy 
of this transition as determined in the present study is 
346 kev. The remaining three electron lines are in- 


TABLE I. Energies and interpretations of the observed 
internal conversion electron lines. 








Gamma-ray energies 


Electron line 
Interpretation Pt Au Hg 


energy in kev 





116 Au K 197 

124 Hg K 208 
144 Hg L 159 
155 Hg M 159 
165 Au K 

190 Hg L 208 
235 Au K 

268 Pt K 346 

332 Pt L 346 





t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* University of Michigan, Ann Arbor, Michigan. 

1 Amaldi, D’Agostino, Fermi, Pontecorvo, Rasetti, and Segré, 
Proc. Roy. Soc. (London) A149, 522 (1935). 

2 McLennan, Grimmett, and Read, Nature 135, 147 (1935). 

3 McMillan, Kamen, and Ruben, Phys. Rev. 52, 375 (1937). 

4R. S. Krishman and E. A. Nahum, Proc. Cambridge Phil. 
Soc. 37, 422 (1941). 

®N. Hole, Arkiv Mat. Astron. Fysik 36A, No. 9 (1948). 


terpreted as K internal conversion electron lines of 
gamma rays emitted in the decay of Pt™. 

The photon spectra of the 30-min platinum activity 
was studied with a 10-channel coincidence scintillation 
spectrometer.® 

The Nal(TI) pulse-height distribution from the 
gamma-rays of a PtO source which was irradiated for 
about 15 minutes is shown as the top curve in Fig. 1. 
Because of the short irradiation times, the activities 
of Au and Pt"’ were not observed in these sources. 
The various peaks in the distribution are interpreted as 
indicating the presence of nine gamma rays with 
energies of 0.074, 0.197, 0.246, 0.318, 0.475, 0.540, 0.715, 
0.790, and 0.96 Mev. All of these peaks were observed 
to decay with a half-life of 304-3 min and are, therefore, 
assigned to Pt)”. 

The peak at about 70 kev in the pulse-height distribu- 
tion occurs at an energy rather close to that of the K 
x-rays of gold (67 kev). One might conclude that it is 
due entirely to the gold x-rays. The energy of the peak 
is, however, slightly higher than the x-ray energy. In 
order to determine if this is an energy shift due to the 
presence of a gamma ray of about this energy, the 
scintillation spectrometer was set so that the ten 
channels just covered this peak. Then, without changing 
the spectrometer, the pulse-height distributions due to 
Tl x-rays (71 kev), the Pt! peak, and the Pt! peak in 
coincidence with the 246-kev gamma rays, were re- 


TABLE II. Gamma-gamma coincidences observed in Pt™. 
Where coincidences were observed between two gamma rays, 
an X is placed at the intersection of the corresponding row and 
column. The symbol 0 is used for gamma rays which are not in 
coincidence and blank spaces indicate cases where no data are 
available. 


Gamma Roe 


(energies in kev)\. 960 790 715 








Gamma rays (energies in kev) 
530 475 318 246 


x 
~ 





0 xX 
0 0 
0 0 
0 0 
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Fic. 1. The Nal pulse- 
height distribution of the 
gamma rays of 7sPt'™ (30 
min). 
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corded. The results are illustrated in Fig. 2. It can be 
seen that the Pt! peak in the normal distribution 
occurs at almost exactly the same energy as the TI 
x-ray. This energy is 3 kev too high for the peak to be 
due entirely to Au x-rays. The fact that the Pt!” 70-kev 
peak is complex is clearly illustrated by the coincidence 
distribution (the dashed curve). The structure of this 
peak indicates the presence of a gamma ray at 74 kev. 
In addition, the small hump on the low-energy side of 
this peak occurs at about the energy of the Au x-ray. 
Thus, one concludes that a 74-kev gamma ray is 
emitted in the decay of Pt!®, and that the 70-kev peak 
in the normal distribution is a combination of this 
gamma ray and Au x-rays. 

The pulse-height distribution of the gamma rays 
which are in coincidence with beta rays was measured 
and is shown as the dashed curve in Fig. 1. The 0.48, 
0.71, 0.79, and 0.96 Mev gamma rays are not so strongly 
in coincidence with the beta rays as the other gamma 
rays. One explanation of this would be that these four 
gamma rays are transitions from a level which has a 


0.4 


0.6 0.8 1.0 1.2 
ENERGY (Mev) 

half-life which is comparable to the resolving time of 
the coincidence circuit, i.e., about 2 usec. 

By using an anthracene crystal for a beta-ray de- 
tector and measuring the attenuation in Al of the beta 
rays which are in coincidence with the various gamma 
rays, it was established that the 0.197- and 0.54-Mev 
gamma rays follow a beta ray which has a maximum 
energy of 1.1+0.1 Mev. Similarly, it was established 
that the 0.246- and 0.318-Mev gamma rays follow a 
1.3+0.1-Mev beta ray, and the 0.71-, 0.79-, and 0.96- 
Mev gamma rays follow an 0.8+0.1-Mev beta ray. 
A beta ray with a maximum energy of about 1.7+0.2- 
Mev was detected in the singles aluminum absorption 
experiment, but was not observed to be in coincidence 
with any gamma rays. It is interpreted as a beta transi- 
tion to the ground state of Au™. 

Extensive gamma-gamma coincidence measurements 
were made, and the results are summarized in Table IT. 
The gamma rays are listed in the first row and column. 
Where coincidences are observed between two gamma 
rays, an X is placed at the intersection of the appro- 
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Fic. 2. NaI pulse-height distributions of the 70-kev peak. 


priate row and column. Gamma rays which are not in 
coincidence are indicated by an 0, and the spaces are 
blank where no data are available. 

Strong coincidences were observed between the 74- 
kev transition and several other gamma rays. The Nal 
pulse-height distribution of the gamma rays which are 
in coincidence with the 74-kev transition is shown as 
the dashed curve in Fig. 3. From this distribution, one 
can conclude that the 74-kev transition is in coincidence 
with 197-, 246-, 475-, and 715-kev gamma rays, and 
not in coincidence with the 318-, 540-, and 790-kev 
gamma rays. The small coincidence peaks at 318- and 
540-kev are interpreted as due to coincidences with the 
x-rays resulting from the internal conversion of the 





COUNTS ARBITRARY SCALE 
e oO CJ o ~ o 











o3 oa os oe 
ENERGY Mev 

Fic. 3. The NaI pulse-height distribution of the gamma rays 
which are in coincidence with the 74-kev transition. Solid curve 
is the normal pulse-height distribution and the dashed curve is 
the coincidence distribution. 


AND BURSON 





NORMAL 


COINC, WITH 


COINC. WITH 
60.246 Mew 


COUNTS ARBITRARY SCALE 


COINC, WITH 
0.48 Mev 

















Fic. 4. Gamma-gamma coincidences in the 
0.48- to 0.54-Mev region. 


197-kev gamma ray. One striking feature of the coinci- 
dence distribution is the intensity of the 246-kev peak 
relative to the intensity of the 197-kev peak. If one 
assumes that a small portion of the 246-kev coincidence 
peak is due to coincidences with x-rays, then one can 
conclude that the 74-kev transition is in coincidence 
with approximately equal amounts of the 197-kev and 
the 246-kev gamma rays. Since the 197-kev photopeak 
in the normal distribution is considerably stronger than 
the 246-kev photopeak, the 197-kev transition must be 
in coincidence with more than just the 74-kev and the 
246-kev transitions. 

If one examines the pulse-height distribution of 
gamma rays which are in coincidence with the 197-kev 
photopeak, one finds that it is in coincidence with the 
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Fic. 5. The proposed decay scheme of 7sPt™. 
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246-, 318-, 475-, and 540-kev transitions. The counting 
rates were not high enough to determine if the gamma 
rays with energies above 700 kev are also in coincidence 
with this transition. 

The 0.48-0.54 Mev region of the pulse-height distri- 
bution is shown in Fig. 4. The normal pulse-height 
distribution is plotted in each part of the figure as a 
solid curve, and the distributions from gamma rays 
which are in coincidence with the 246-, 318-, and 475- 
kev photopeaks are plotted as dashed curves in (a), (b), 
and (c), respectively. From these curves one can con- 
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clude that the 475-kev gamma ray is in coincidence 
with both the 246- and 318-kev transitions, and that 
the 540-kev gamma ray is not in coincidence with the 
246-, 318- or the 475-kev transitions. In a similar 
manner, it was established that the 246- and 318-kev 
radiations are not in coincidence with one another. 

The proposed decay scheme for Pt is shown in 
Fig. 5. This scheme includes all of the beta rays and 
gamma rays which were detected in this study. The 
arrangement of the transitions is consistent with all of 
the coincidence measurements. 
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Alpha-Alpha Particle Scattering in the Energy Range 12.3 to 22.9 Mev*t 


R. Nitson,t R. O. Kerman,§ G. R. Brices,|| AND W. JENTSCHKE { 
Physics Department, University of Illinois, Urbana, Illinois 
(Received September 10, 1956) 


Absolute differential cross sections for alpha-alpha particle scattering have been measured at ten energies 
between 12.3 and 22.9 Mev. The laboratory angular range studied is 11° to 50°. The higher energy experi- 
ments at 21.65 to 22.9 Mev were concurrently carried out at two separate scattering chambers, one using 
nuclear emulsions as the detectors, the other, proportional counters. The experimental accuracy of these 
experiments is two percent or better at most angles. At the lower energies, 12.3 to 20.4 Mev, the study was 
made with nuclear emulsion detection only and the experimental accuracy is about three percent at most 


angles. 


I. INTRODUCTION 


HE verification! of Mott’s theory of scattering of 
identical particles’ plus the experimental demon- 
stration of nuclear forces other than inverse square law 
forces** are two early credits to the study of alpha- 
alpha particle scattering. Recently, however, the con- 
tinuing interest in the energy level spectrum of Be* has 
focussed attention again on the interactions possible 
between two colliding alpha particles. 

Wheeler, in 1941,° was the first to consider the use- 
fulness of analyzing the scattering results in terms of 
excited levels in Be’. Although, on the basis of the 
variation with energy of partial wave phase shifts, 


* These investigations were supported jointly by the U. S. 
Atomic Energy Commission, the Office of Naval Research, and 
the Research Corporation. 

{ Part of this paper is based on theses submitted ‘in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy at the University of Illinois for two of the authors (R.N. 
and G.R.B.). 

~ Now at Hanford Atomic Products Operation, Richland, 
Washington. 

|| Now at R.C.A., Princeton, New Jersey. 

§ Now at Kalamazoo College, Kalamazoo, Michigan. 

{ Now at University of Hamburg, Hamburg, Germany. 

1J. Chadwick, Proc. Roy. Soc. (London) A128, 120 (1930) ; 
P. M. S. Blackett and F. C. Champion, Proc. Roy. Soc. (London) 
A130, 380 (1931). 

2.N. F. Mott, Proc. Roy. Soc. (London) A126, 259 (1930). 

3H. M. Taylor, Proc. Roy. Soc. (London) A134, 103 (1931); 
A136, 605 (1932). 

4P. Wright, Proc. Roy. Soc. (London) A137, 677 (1932). 

5 J. A. Wheeler, Phys. Rev. 59, 16 (1941). 


Wheeler assigned spin and parity 0+ to the now well- 
known 2.9-Mev 2+ level, his method of phase analysis 
is sound and the incorrect assignment was probably 
due to inaccuracies in the early data. 

The experiments on alpha-alpha particle scattering 
now encompass most of the range of bombarding en- 
ergies between 0.4 and 30 Mev.*"' This paper discusses 
the experimental results of three separate and inde- 
pendent groups of scattering experiments which have 
been completed at the University of Illinois during the 
four years, -1951 to 1955. Preliminary reports'’ have 
been given on the first two groups of experiments which 
were performed with incident alpha particles of energies 
between 21.65 and 22.9 Mev. These experiments were 
performed concurrently with both photographic and 
proportional counter detection methods. The third and 
latest groups of experiments (photographic detection 
only, 12.3 to 20.4 Mev) parallels the work of Steigert 
and Sampson.*® 

60.4 to 3 Mev, Cowie, Heydenburg, Temmer, and Little, Phys. 
Rev. 86, 593(A) (1952); G. M. Temmer and N. P. Heydenburg, 
Phys. Rev. 90, 340(A) (1953). 

7™3 to 6 Mev, Phillips, Russell, and Reich, Phys. Rev. 100, 
960(A) (1955). 

8 12.88 to 21.62 Mev, F. E. Steigert and M. B. Sampson, Phys. 
Rev. 92, 660 (1953). 

20 Mev and 20.4 Mev, K. B. Mather, Phys. Rev. 82, 126 
(1951); Braden, Carter, and Ford, Phys. Rev. 84, 837 (1951). 

© 21.65 to 22.9 Mev, Kerman, Nilson, and Jentschke, Phys. 
Rev. 91, 438(A) (1953) ; Briggs, Singer, and Jentschke, Phys. Rev. 
91, 438(A) (1953). 

4 30 Mev, E. Graves, Phys. Rev. 84, 1250 (1951). 
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Sufficient justification was felt in repeating the 
measurement of Steigert and Sampson, since their 
evidence for the much disputed 7.5-Mev level is at 
variance both with many recent particle reactions” 
and with the Be* energy level scheme predicted by either 
an alpha-particle model'*.“ or a central force model.'*!¢ 
The results obtained in these experiments differ 
enough from those of Steigert and Sampson that the 
7.5-Mev 0* state is now not needed in the interpretation 
of the scattering phase shifts. The theoretical implica- 
tions of the scattering results will be dealt with in a 


subsequent paper. 


II. GENERAL 


Separate scattering chambers were employed for 
each detection method (proportional counters and 
photographic emulsions). The features which were 
common to both methods will be discussed first. 

A reasonably monoenergetic external beam of alpha 
particles was obtained from the University of Illinois 
cyclotron (primary alpha-particle energy 23.5 Mev). 
The beam was magnetically deflected to either scatter- 
ing chamber. The field of the deflecting magnet was 
accurately controlled and monitored by a proton nu- 
clear magnetic resonance device.'’ Preceding the colli- 
mator of each chamber was either a 0.0002-in. nylon 
foil or an aluminum foil. The purpose of the nylon foil 
was to separate the helium in the scattering chamber 
from the cyclotron vacuum. An aluminum foil of proper 
thickness was substituted for the nylon foil in the 
experiments in which a beam energy reduction was 
required. 

The collimating system in each chamber was com- 
posed of a series of defining slits and baffles. The design 
of each collimator is such that the beam is circular, 
small in cross section, and any scattering off slits and 
collimator walls is eliminated as much as possible. 
Reference to earlier reports on proton-proton'® and 
proton-alpha”™ scattering experiments using the same 
scattering chambers as employed in these experiments 
tells where detailed descriptions and drawings of the 
apparatus can be found. 

The helium was supplied by Linde Air Products and 
mass-spectrographic analyses indicated no impurity 
other than nitrogen. The helium pressure was measured 
by a specially constructed manometer which contained 
Dow-Corning diffusion pump oil type 703. The number 
of incident particles passing through the scattering 


12 These reactions will be discussed in a subsequent paper. 

3 R. R. Haefner, Revs. Modern Phys. 23, 228 (1951). An 
extension of Haefner’s alpha-particle model to L=4 is made in 
a subsequent paper. 

4G. H. Humphrey (private communication). 

1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

®D. Kurath, Phys. Rev. 101, 216 (1956). 

17 G. Briggs, Nuclear Radiation Laboratory Report, University 
of Illinois, 1951 (unpublished). 

18 Zimmerman, Kerman, Singer, Kruger, and Jentschke, Phys. 
Rev. 96, 1322 (1954). 

#” Kreger, Jentschke, and Kruger, Phys. Rev. 93, 837 (1954). 
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volumes was determined by collecting the undeflected 
particles in a Faraday cup and measuring the charge 
collected on a one-microfarad polystyrene condenser 
connected to the cup. A vibrating-reed electrometer 
was employed to measure the voltage. 


III. PROPORTIONAL COUNTER METHOD 


Two experiments at bombarding energies of 21.8 and 
22.9 Mev were carried out using the proportional 
counter detectors. 


Experimental Apparatus and Procedure 


A brief description of the experimental apparatus and 
the procedure will be given here; a more detailed de- 
scription can be found in reference 18. 

The scattered particles were detected by two pro- 
portional counter telescopes, each consisting of two 
counters. The telescopes were mounted on arms which 
could be rotated azimuthally about a fixed pivot. The 
counters in each telescope were operated in coincidence 
to reduce the background counting rate. Previously a 
thin foil had been used to cover the entrance window of 
each counter telescope. This foil was removed in order 
to eliminate the loss of particles which were so scattered 
in the foil that after triggering the first counter they 
missed the second counter. After removal of the foil, 
the “missed coincidence” correction, required in the 
earlier experiments using this chamber, was not neces- 
sary. With windowless counters scattering gas and 
counter gas are identical. Hence, it became necessary 
to add a smal! amount of methane (0.04 cm Hg) to the 
helium to prevent spurious gas multiplication ava- 
lanches in the counters. 

The pulses from the proportional counters were 
amplified by a preamplifier and a model 100 amplifier. 
Pulses originating in the front and rear counters of each 
telescope were fed to coincidence circuits having a re- 
solving time of 10 microseconds. This insured that only 
particles originating in the scattering volume, were 
counted. In each telescope the pulses produced by the 
proportional counter nearest to the scattering volume, 
were sorted in amplitude by pulse-amplitude analysers 
of 10 and 12 channels respectively. Since the scattered 
particles at each angle have a unique energy, the pulse- 
height analysis was helpful in distinguishing back- 
ground radiation or contaminant scattering. The num- 
ber of pulses due to gas-contaminant scattering and 
background radiation traversing the chamber never 
exceeded 0.3%. 


Evaluation of Cross Sections: Corrections 


The cross sections are calculated from the measured 
quantities as described in reference 18. 

A correction for the presence of methane in the 
scattering volume was determined by a separate scat- 
tering experiment in which methane alone was used. 
The methane pressure (4.25 cm Hg) was adjusted to 
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TABLE I. Cross sections (c.m.) from proportional counter experiments. 
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2nd-order 
geometry 
corr. (%) 


Lab Number 
angle of 
(degrees) counts 


due to 


Error in @ 


angle uncert. (% 


Methane 
scatt. 
contrib. (%) 


Contaminant 
scatt. and 


: Go.m. 
background (%) (mb/sterad) 





(a) 21.8-Mev incident particle energy 


+0.5 
+0.8 
+0.9 
+0.8 
+0.5 
+0.1 
+0.3 
+0.3 
+0.2 
+0.1 
+0.3 
+0.5 
+0.8 
+0.8 
+0.0 
+0.0 


107 522 
64 747 
28 406 
12 441 

8800 
7688 
7363 
9154 
8147 
4649 
3653 
2148 
1024 

434 

282 

330 


+0.00 
—0.06 
—0.37 
—1.09 
—1.58 
—1.72 
—1.14 
—0.21 
+0.13 
+0.34 
+0.33 
+0.17 
—0.38 
—1.16 
—1.34 
+0.20 


943.1+5.7 
708.4+6.4 
369.7+4.1 
182.8+1.8 
* 139.8+1.4 
126.6+1.1 
130.2+1.3 
179.1+1.6 
221.4+2.0 
237.8+2.6 
202.1+2.4 
134.0+2.0 
67.341.5 
30.7+1.0 
20.5+0.88 
31.6+1.2 


<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
<0.05 
0.1 
0.2 
0.3 
0.3 
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(b) 22.9-Mev incident particle energy 


+0.4 
#11 
+1.0 
1.1 
+1.0 
+0.4 
+0.2 
+0.5 
+0.5 
+0.3 
+0.1 
+0.1 
+0.2 
+0.4 
+0.5 
+0.9 
+0.7 
+0.4 
+0.0 
1.1 
+0.1 
+0.6 
+0.2 
1.3 


315 691 
54 316 
43 401 
19 009 
11 070 
10 058 
10 195 

9942 
14 492 
19 488 
16 393 
19 934 
14 171 
10 197 

9407 

1357 

575 
909 
1137 
893 
9307 
939 
526 
1252 
991 


+0.04 
—0.04 
—0.32 
— 1.36 
—2.61 
— 3.34 
—3.11 
— 2.06 
—0.76 
+0.07 
+0.47 
+0.37 
+0.44 
+0.18 
—0.51 
— 6.68 
—3.14 
+0.81 
+1.73 
—0.05 
+0.41 
—0.24 
—2.70 
—2.72 


67.5 
70.0 
73.0 
74.7 


1041.6+6.2 
748.2+9.0 
454.2+5.0 
202.3+2.6 
120.2+1.6 
84.70.85 
81.10.81 
101.0+1.0 
157.0+1.4 
231.8+1.9 
283.1+2.0 
285.7+2.0 
241.8+1.9 
150.2+1.4 
60.30.60 
7.2+0.17 
6.30.21 
17.20.43 
21.1+0.46 
155.9+3.9 
279.0+1.9 
148.3+3.4 
78.8+3,5 
220.6+5.1 


<0.05 
<0.05 
<0.05 
<0.05 
0.1 
0.1 


<0.05 
<0.05 
<0.05 
<0.05 


1 

2. 
2. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0 

1 

0 

0 


<0.2 
<0.2 
<0.2 
<0.2 
<0.2 


<0.2 
<0.2 
<0.2 
<0.2 
<0.2 














give the same stopping power as the helium (20 cm Hg) 
used during the scattering runs. The methane scattering 
contribution never exceeded 2.3% at any angle. A 
second order geometry correction was made to correct 
for the divergence and the finite size of the beam and 
for the variation of scattering angle and of the cross 
section over the finite solid angle subtended by the 
detector at any one angular setting. This correction was 
based on a formulation worked out by Critchfield 
and Dodder.” 

The experimental results are tabulated in Table I. 
The largeness of some of the second order geometry 
corrections shown in column three arises from the fact 
that the first and second derivatives of the cross section 
with respect to angle become quite large at certain 
angles. Reference to the plots of the differential cross 
sections in the following article will show this great 


2C. L. Critchfield and D. C. Dodder, Phys. Rev. 75, 419 
(1949). 


angular dependence. The cross sections are center-of- 
mass values and the angles are laboratory angles. 


Discussion of Errors 


The root-mean-square errors listed for the cross sec- 
tions in Table I were calculated in the usual way and 
result from the following uncertainties: statistical 
fluctuations in the number of particles detected; un- 
certainty in the number of pulses greater than a certain 
pulse height which were attributed to events different 
from alpha-alpha scattering ; errors associated with the 
methane correction, background correction, second 
order geometry correction; uncertainty in the angular 
position of the counters; uncertainties in total charge 
collected, in gas temperature, in gas pressure, in the 
solid angle subtended by the rear counter slit at the 
center of the scattering volume, in the length of the 
scattering volume, and in the numerical constants. 
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IV. PHOTOGRAPHIC EMULSION METHOD 


Three experiments at bombarding energies 21.65, 
22.25, and 22.81 Mev were performed with photo- 
graphic emulsions as detectors, concurrently with the 
two proportional counter experiments. Five additional 
and more recent experiments at 12.3, 15.2, 17.8, 19.1, 
and 20.4 Mev have been also carried out with the 
photographic scattering chamber. 


Experimental Apparatus and Procedure 


The photographic scattering chamber, which is de- 
scribed in detail elsewhere'*:” is so constructed that 
particles scattered over a wide range of angles can be 
recorded simultaneously on six nuclear-plates. The 
nuclear plates are mounted around the periphery of a 
cylindrical plate holder or cassette and lie parallel to 
the beam axis. A ring-shaped or annular slit whose axis 
coincides with the beam axis permits only particles 
which have been scattered at a given angle @ to be 
recorded at a give position on each of the six nuclear 
plates. Data were taken with two annular slits; one 
allowing the recording of scattered particles at angles 
between 12° and 30° and the other between 21° and 52°. 

Both Ilford C-2 and Kodak NTB, 100-micron, 13 
inch, nuclear plates were used to detect the alpha par- 
ticles. After processing, the plates were scanned and 
counted with a Spencer binocular microscope using 6X 
eyepieces and 53X oil-immersion objectives. The length 
and width of a swath scanned was one cm and 0.0310 
cm, respectively. Up to a maximum of seven swaths per 
angle per plate could be scanned to obtain sufficient sta- 
tistics without sacrificing too much angular resolution. 

The only major departure from the experimental 
procedure described in reference 18 and 19 was the 
introduction (in the latest group of experiments) of 
energy-reducing aluminum foils and the use of a pair 
of strong-focusing electrostatic lenses. The aluminum 
foils were placed immediately in front of the collimating 
system and none of the foil-scattered components of 
the beam could reach the scattering volume without a 
second scattering off one of the thin slits inside the 
collimator. The reduction in beam intensity effected 
by the foils was partially made up by the focusing 
action of the electrostatic lenses. The alpha currents 
into the Faraday cup ranged between 10-" and 10-” 
ampere depending on the experiment. 


Evaluation of Cross Sections: Corrections 


The cross sections were calculated in the same manner 
as described by Leiter.” A slit penetration correction 
was calculated using the formula of Rodgers.” No back- 
ground correction was necessary as a careful count of 
low-angle scattering events, recorded during a run 
when no helium had been admitted to the scattering 
chamber and when the chamber was allowed to outgas 


" Leiter, Rodgers, and Kruger, Phys. Rev. 78, 663 (1950). 
* Rodgers, Leiter, and Kruger, Phys. Rev. 78, 656 (1950). 
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for a time equivalent to a scattering run, revealed less 
than one track per angle. In addition, it was found from 
the rate of pressure rise, measured before each scattering 
run, that the value of the contaminant pressure ex- 
trapolated to the end of the run never exceeded 0.06% 
of the helium pressure. Tracks due to neutron back- 
ground were shown to be negligible by counting one 
nuclear plate of the 22.81-Mev run which had been 
placed in the cassette so that the glass side had been 
exposed to the scattered particles. 
For a given run, each angle represented scattering at 
a slightly different energy since the scattering chamber 
was so constructed that the position of the scattering 
volume and hence the distance the particles traveled 
in the helium changed with the scattering angle. To 
convert the cross sections to one energy value it was, 
therefore, necessary to make a small energy correction 
at each angle. The energy corrections were based on 
curves of the cross section vs energy which were drawn 
at each angle from the present data. In addition, when, 
because of cyclotron conditions the incident energy for 
a pair of high- and low-angle runs differed slightly, an 
energy correction similar to the one just described was 
made to adjust the cross sections all to one energy. 
The charging rates of the condenser connected to the 
Faraday cup were sometimes so low as to give some 
concern about charge leakage and electrometer drift. 
Extensive measurements were made to determine how 
well a charge could be retained on the condenser. In 
the earlier runs (21.65 to 22.81 Mev) the leakage re- 
sistance of the condenser was determined with enough 
precision so that a charge leakage correction could be 
applied to the data. This correction never exceeded one 
percent. In the more recent experiments (12.4 to 20.4 
Mev) the random drift of the electrometer seemed to 
overshadow the charge leakage and measurements 
indicated that the drift rate was not greater than 10-5 
volt/minute. An error based on a 10-* volt/minute 
drift rate, which allows for the largest possible error in 
the charge measurement, was assigned to the charge 
measurements. The largest charge measurement error 
was +2% for the high-angle 12.3-Mev data. 
Second-order geometry corrections were made to take 
into account the fact that the incident beam has a 
finite size and is divergent and that both angle and 
cross section vary over the finite swath area of the 
nuclear plate detectors. This correction was calculated 
similarly to the one of Critchfield and Dodder® for a 
different geometry. The correction becomes quite large 
at angles where the cross section varies the most. 
Owing to the finite size of the annular slit and the 
finite size of the detection area, the scattering angles 
represented within the swaths counted at a given posi- 
tion on the nuclear plate will lie within an angular 
interval. This angular spread is defined as the angular 
resolution and varied between +0.4° and +2.8°. 
Table II presents the results for all of the eight 
photographic experiments. The column headings are 





a-a PARTICLE SCATTERING 


TABLE II. Cross sections (c.m.) from photographic plates. 








Lab angle Number of 2nd-order geometry Angular Energy corr. Fo.m 
(degrees) ‘ counts corr. (%) resol. (deg) (mb/sterad) (mb/sterad ) 





(a) 12.3-Mev incident particle energy 


743 — 0.22 +0.5 +31 1357 +39 
1565 0.68 +0.5 +22 1203 +40 
1614 0.28 +0.6 +18 1074 +24 
1495 0.07 +0.6 +12 870 +20 
1478 0.62 +0.7 + 5 759 +16 
1455 0.79 +0.7 +25 688 +17 
1185 1.33 +0.8 + 467 
1191 2.19 +1.1 + 271 
1688 3.29 +0.9 
677 3.17 +1.3 + 
1322 5.52 set 
865 +1.2 
177 +14 
525 +1.3 
207 ; +1.3 
32 : +1.6 
75 es +1.5 
227 kl +1.7 
735 4 +1.7 
852 +2.0 
1846 +1.6 
1487 +2.2 
2424 +1.4 
1349 +1.1 
1802 +12 
2322 +1.3 
2475 +1.4 
2155 +15 


(b) 15.2-Mev incident particle energy 


1427 + 0.32 +0.4 
1526 + 0.18 +0.5 
1552 + 0.04 +0.5 
1516 — 0.18 +0.5 
1575 0.38 +0.6 
1415 0.66 +0.6 
1320 1.16 +0.7 
1571 2.23 +0.9 
1132 2.61 +0.9 
1237 2.68 +1.3 
1028 3.82 +1.1 
766 4.79 +1.2 
554 Z.1 +1.4 
508 +1.3 
352 +1.3 
320 +1.6 
275 +1.5 
569 1.7 
510 +1.7 
1183 +2.0 
1424 +19 
1701 2.2 
2000 +1.8 
1962 +1.5 
2845 +1.7 
1145 +1.3 
1295 +14 
1127 +1.5 


.8-Mev incident particle energy 


+0.9 
+1.0 
+1.0 
+1.3 
+1.3 
1.5 
+1.7 
+1.6 
+1.8 
1.5 
+1.7 
+1.8 
+1.9 
+1.2 
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*® Italics indicate low angle slit, nonitalics indicate high angle slit. 
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TABLE II.—Continued. 








Lab angle Number of 2nd-order geometry Angular Energy corr. Go.m. 
(degrees) counts corr. (%) resol. (deg) (mb/sterad) (mb/sterad) 





(d) 19.1-Mev incident particle energy 


0.24 +0.7 
0.51 +1.0 
0.48 +0.8 
0.43 +0.9 
0.36 +0.9 
0.62 +1.0 
0.29 +1.1 
0.33 +1.3 
1.43 +1.4 
2.36 +1.5 
1.25 +1.7 
0.28 +1.3 
0.30 +1.4 
1.66 +1.5 


e) 20.4-Mev incident particle energy 


0.14 +0.4 
0.07 +0.5 
0.10 +0.5 
0.51 +0.6 
0.88 +0.6 
1.06 +0.6 
1.07 +0.7 
0.35 +0.8 
0.80 +0.9 
0.33 +0.9 
0.92 +1.0 
1.03 +1.0 
+1.0 
+1.1 
0.67 +1.1 
+1.1 
+1.2 
+1.2 
+1.4 
+1.4 
+1.6 
+1.4 
+1.8 
+1.9 
+2.1 
+2.3 
+2.5 
1.12 +2.8 


Lab angle Number of 2nd order geometry Energy corr. Go.m 
(degrees) counts corr. (%) (mb/sterad)} (mb/sterad ) 


1598 
2466 
1544 
1646 
1631 
1635 
1735 
1733 
2002 
2410 
3241 
1319 
1411 
1298 
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140 
136 
135 
124 
113 
103 
89.2 
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121 
140 
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(f) 21.65-Mev incident particle energy 


+ 1.741.0 135 
— 48+4.8 186 
5.7+4.5 193 
4343.0 213 
1.7+1.0 188 
0 +0 74.7+ 
0.50.3 36.04 
0.6+0.3 29.9 
1.1+0.6 43.04 
1.20.6 31.04 
1.0+0.6 31.84 


incident particle energy 


— 4343.6 979 
1.6+1.6 732 
2.5+2.5 484 
3.4+2.0 171 
3.0+1.8 138 
2.6+1.5 113 
1.6+1.2 120 
2.041.5 136 
1.2+1.2 203 
0.60.6 202 
0.4+0.4 219 
0.6+0.4 


20.90 11 368 
24.19 12 455 
24.88 8963 
27.26 11 629 
29.86 11 665 
34.85 11 601 
37.95 8160 
39.84 11 965 
44.84 11711 
49.84 9236 
51.75 8153 
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(g) 22.25-Me 


12.93* 8769 
13.93 8681 
15.19 13 189 
17.91 11 918 
18.52 11 952 
19.90 12 539 
21.00 3928 
21.88 11 881 
24.19 12 889 
24.30 10 355 
24.89 11 762 
25.88 12 447 
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* Italics indicate low angle slit, nonitalics indicate high angle slit. 
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TABLE II.—Continued. 








Number of 
counts 


Lab angle 


(degrees) corr. (%) 


2nd-order geometry 
0 


Energy corr. 


oo.m 
(mb/sterad ) (mb/sterad ) 





(g) 22.25-Mev incident particle energy 


26.00 
26.38 
26.87 
27.24 
27.37 
27.88 
28.32 
29.00 
29.14 
29.86 
29.86 
32.00 
35.07 
38.10 
40.00 
42.50 
45.00 
47.50 
50.00 
51.90 


11 545 
12 225 
12 539 
12 870 
10 832 
13 182 
13 075 
10 633 
12 934 
10 005 
12 325 
8672 
9325 
2563 
2093 
3077 
3885 
3409 
1877 
2410 
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(h) 22.81-Mev incident particle energy 


13.00 
14.00 
15.27 
18.60 
18.61 
20.00 
22.00 
24.30 
26.00 
26.50 
27.00 
27.37 
28.00 
28.50 
29.15 
30.00 


10 964 _ 
10 091 

9936 
10 086 
10 094 
10 227 
10 621 
10 822 

9959 
10 376 
10 556 
10 777 
11 142 
11 100 
10 403 
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® Italics indicate low angle slit, nonitalics indicate high angle slit. 


self-explanatory. The cross sections are center-of-mass 
values and the angles are laboratory angles. The 
center-of-mass angle is just twice the laboratory angle, 
and the laboratory cross sections are related to the 
center-of-mass cross sections by a multiplication factor 
of four times the cosine of the laboratory angle. 


Discussion of Errors 


The probable rms errors in the cross sections are 
compounded from the individual errors in each measure- 
ment and are listed in Table II. The largest error is the 
statistical error which averages two to three percent 
for the 12.3- to 20.4-Mev group of experiments and 
averages about one percent for the 21.65- to 22.9-Mev 
group. The other uncertainties include human error in 
counting, uncertainties in the annular slit dimensions, 
uncertainties in gas pressure and temperature measure- 
ments, errors in the energy and second-order geometry 
corrections, uncertainties in the charge measurements, 
and errors introduced by the energy spread or by an 
energy shift of the incident particles. 


V. ENERGY MEASUREMENTS AND RESOLUTION 


The energies of the incident alpha particles were 
obtained by exposing a 100-micron Ilford C-2 or G- 
Special nuclear plate, for which reliable range-energy 
relations are known,” 4 at a grazing angle to the beam 
of incident particles. The beam energy measurements 
were made immediately after each scattering experi- 
ment except for the 20.4-, 21.65-Mev experiments and 
the low-angle run of the 12.3-Mev experiment. For 
these experiments, the energies were determined by 
measuring the track lengths of the scattered particles 
of the actual scattering experiment. Comparisons of 


*8The ranges of alpha particles (up to 19 Mev) have been 
determined to better than one percent in C-2 emulsions by 
Rotblatt, Nature 167, 550 (1951). For higher energies (up to 
24 Mev) Rotblatt’s curve was extended by an extrapolation 
based on known range-energy data for protons of up to 6 Mev. 

*4 Range-energy curves for G-5 plates (identical composition to 
G-Special plates) of Fay, Gottstein, and Hain, Nuovo cimento 
11, Suppl. 2, 234 (1954), are calculated on the basis of C-2 range 
curves by reducing the range by one percent. This one percent 
greater range in C-2 as compared to G-5 emulsions was verified 
by exposing both types of plates simultaneously to 15-Mev and 
23.5-Mev alpha particles and comparing the ranges. 
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both methods of determining the beam energy showed 
that they are equally reliable. 

If a beam of alpha particles with a certain initial 
energy spread passes through absorbers, this energy 
spread is increased, as is evident from the range-energy 
relations. Superposed on this energy spread which is due 
to the initial inhomogeneity of the beam, there is an 
additional energy spread which is the result of the 
straggling in the absorber. The primary alpha-particle 
beam from the cyclotron had an energy spread of about 
+120 kev. The inhomogeneity in the energy of the 
alpha particles when reduced to 12.3 Mev was observed 
to be +250 kev or about +2% of the mean energy. 
The usefulness of the foil method to obtain energies 
below 10 or 12 Mev from the 23.5-Mev primary beam is 
questionable since the initial +120 kev inhomogeneity 
in the primary beam begins to produce too large a 
spread in the energy of the particles penetrating the 
absorber. Yet, the resolution of levels in Be® by alpha- 
alpha scattering is not seriously impaired by the width 
of the incident beam as the levels observable by alpha- 
alpha scattering are necessarily broad. 

The probable errors in the energy measurements lie 
between +0.13 and 0.15 Mev and are caused both by 
the uncertainties in the range-energy curves and by the 
inaccuracy of the range measurements. 

The variation of the energy in the earlier experiments 
(21.65 to 22.9 Mev) was accomplished by adjustment of 
the cyclotron’s dee capacity. The aluminum foil thick- 
nesses in the lower energy experiments ranged from a 
nominal 0.006 inch for the 12.3-Mev experiment to 
0.002 inch for the 20.4-Mev experiment. 
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VI. RESULTS 


The absolute differential cross sections for alpha- 
alpha scattering at ten different energies between 12.3 
Mev and 22.9 Mev are presented in the Tables I(a) to 
II(b). An angular range between approximately 10° 
and 50° (laboratory system) has been covered. 

The best evidence for the reliability of these results 
is the close agreement between the data of the two 
different detection methods at comparable energies. 

The cross sections which were obtained at corre- 
sponding laboratory angles @ and (90°-@) agree well.” 
This indicates that multiple scattering losses which 
could be due to the finite helium pressure (up to 20 
cm Hg for the 22.9-Mev experiment) are negligible. 
The phase-shift analyses, theoretical interpretations, 
and comparisons with other scattering experiments, will 
be the subject of a following paper. 
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25 Symmetry of the center-of-mass cross section about laboratory 
angle 45° is imposed by the identity of incident and scattering 
particle. 
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The Be*+d reactions have been studied in the region of the alpha continua arising from many-particle 
disintegrations. A search was made especially for alpha and triton groups; no evidence was found for a state 


in Li? at 5.5 Mev or for one in Be’ at 4.1 Mev. 


N an earlier paper’ we investigated the alpha spec- 
trum from the deuteron bombardment of beryllium 
up to an excitation energy of 5.3 Mev in Li’, the proton 
spectrum up to 4.0 Mev in Be”, and the triton spectrum 
up to 4.8 Mev in Be’. In this work no evidence was 
found for multiplicity of the 2.9-Mev level in Be® or 
for a 4.1-Mev level in the same nucleus, as reported by 
several observers? but not by others.* Recently, a level 
has also been reported in Li’ at an excitation of 5.50.3 
Mev.‘ We have continued the study of the Be’+d 
reactions in a search for the latter state, and for the 
4.1-Mev state in Be*® under more favorable conditions. 
The experiment consists largely in an investigation of 
the three-body breakup of the compound nucleus B", 
since particle groups associated with the reported levels 
would generally fall in the three-particle continua. In 
addition it is not always easy to distinguish between 
the onset of a many-body continuum and a particle 
group corresponding to a state,>® unless a detailed 
investigation is made. 

The apparatus was the same as that used earlier 
except for the addition of an automatic current stabilizer 
to the magnetic spectrograph. For most of the spectra, 
unbacked beryllium foils, about 15 microinches thick, 
were used for targets. A convenient method of mounting 
a foil and collimating the reaction products to reduce the 
‘yield of scattered deuterons is shown in the inset in 
Fig. 4. An unbacked foil was essential for the obser- 


* Assisted by a contract with the U. S. Atomic Energy 
Commission. 

¢ Radiation Laboratory, Johns Hopkins University, Baltimore, 
Maryland. 

t Now at Argonne National Laboratory, Lemont, Illinois. 
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46, 807 (1955); Ciier, Jung, and Bilwes, Compt. rend. 238, 1405 
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vations made at forward angles and for runs in which 
scattered deuterons would have been troublesome. 
Detection of the particles was by means of nuclear 
emulsions which were scanned under moderate magnifi- 
cation. Particles were identified by observing range in 
the emulsion. Although this technique fails to separate 
low-energy (H*)+, (He*)**, and (Li’)*+** particles, it 
was possible at higher energies to distinguish the latter 
from alpha particles and tritons. Energy calibration was 
obtained from the known energies of prominent particle 
groups which appear in the spectra. The data are 
plotted to a momentum scale labeled with the alpha- 
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Fic. 1. Charged-particle spectra at 1.)=23° resulting from the 
deuteron bombardment of Be’. A represents the upper energy 
limit of alphas resulting from the Be®(d,t)Be®*(a)He‘ reaction; B 
marks the upper limit of alphas from the Be*(d,a)Li™**(a)H? 
reaction; C indicates protons from the C!(d,p)C™ reaction; D 
shows the expected position of a triton group resulting from a 
transition to a 4.1-Mev state in Be*®; E and F are the Li’*** 
particles from the Be®(d,Li’) He‘ and the Be®(d,Li’™*) Het reactions, 
respectively; G shows the alpha group from the Be(d,«)Li™** 
reaction; H is the proton group from the Be®(d,p) Be reaction; 
and O marks alphas from the 0'*(d,a) N" reaction. All observations 
were made with an unbacked beryllium foil. 
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Fic. 2. The charged particle spectrum at 61,5 =60° of the Be+d 
reactions. The letters are defined in the caption to Fig. 1. The 
run was made with a target on thick backing. 


particle energy. The spectra are uncorrected for the 
change in solid angle with particle momentum which 
amounts to about 20% in going from E to 2E. 

Figure 1 shows the spectra of three observations at 
Ais»= 23° and bombarding energies of 1.15, 0.80, and 
0.50 Mev. At the high-energy end of each spectrum 
there is a low background of tritons, attributed to the 
direct Be*(d,t)Be®** reaction (leading to the 2.9-Mev 
state of Be*) as well as to the three-particle disinte- 
gration Be®(d,a)Li’**(#)He*. The marked increase in the 
yield below the arrow marked A is due to alpha particles 
from three-particle breakup. At the low end of each 
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Fic. 3. Charged particle spectra at 6;4)=90° from the Be®+d 
reactions. The letters are defined in the caption to Fig. 1. Data 
at 0.68 and 1.02 Mev were obtained by using an unbacked foil 
target, others by using a target on a solid backing. 
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spectrum appear lithium particle groups corresponding 
to the ground and first excited states of Li? and an 
alpha group associated with the 4.62-Mev state. The 
expected position of a triton peak corresponding to a 
4.10-Mev state in Be® is shown by the arrow labeled D 


- in each spectrum. For the run at 1.15-Mev bombarding 


energy the expected location falls in the region of low 
triton background, for the 0.80-Mev run the expected 
location is in the rising part of the alpha background, 
and for the 0.50-Mev run it falls just above the lithium 
particle peaks. To obtain better statistics throughout 
the interesting regions, adjacent swaths in the emulsion 
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Fic. 4. Spectra taken at @j,4)=70°. The letters are defined in the 
caption to Fig. 1; in addition, J shows the expected location of an 
alpha peak corresponding to a 5.5-Mev state in Li’. Observations 
were made with an unbacked beryllium foil. 


were read, instead of only one 200-micron swath every 
millimeter along the plate. These data are also plotted 
in the figure. 

Observations made at 6=60° and 90° are shown in 
Figs. 2 and 3. At @=90°, E,=0.47 Mev, there are three 
peaks in the vicinity of D. As the bombarding energy 
increases, however, none of these peaks moves in the 
manner prescribed for a triton group. There appears 
to be no evidence in any of the observations for a state 
in Be® between E..= 3.4 and 4.8 Mev. We estimate that 
a transition having an intensity about 2% of that of 
the 2.9-Mev group would have been detected, It is also 





LOW-ENERGY SPECTRA 
clear that the broad structure below A, which was 
attributed above to an alpha continuum, could not 
alternatively be a triton group indicative of a broad 
state in Be’, since it does not move correctly with a 
change in the bombarding energy. As has been pointed 
out!’ this structure is properly assigned to the 
processes Be*(d,t)Be**(a)He* (cutoff labeled A) and 
Be®(d,a)Li™* (a)H® (cutoff labeled B). The superposition 
of these continua leads to the characteristic shape 
displayed by the curves: the former reaction involving 
a broad intermediate state produces a rise of moderate 
slope; the latter process involving a narrow state leads 
to a sharp high-energy cutoff. 

It is interesting to compare the three-particle continua 
observed here with those obtained recently in several 
different reactions by workers®:® investigating states in 


7P. Ciier and J. J. Jung, Compt. rend. 234, 204 (1952). 
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Be’. They have found relatively sharp structure at the 
high-energy end of the many-body continuum. This 
structure has been interpreted by some’ to indicate the 
existence of a state in Be® and by others® as being due 
to the presence of a very strong directional correlation 
among the disintegrating particles. No such sharp 
structure is observed in any of the Be’+d continua. 

Figure 4 shows the data obtained in the search for a 
5.5-Mev state in Li’. The expected position of an alpha 
group at £.x.=5.5 is labeled with the letter J. There is 
no evidence for a peak in this region of the spectrum. 
We estimate that a transition having an intensity 
greater than 5% of the ground-state intensity would 
have been detected. 

We should like to thank Mr. James Lambert for 
assistance in processing the plates and operating the 


spectrograph. 


NUMBER 6 DECEMBER 15, 1956 


Energy Levels of O'* and F*'y 
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The reactions F!*(t,a)O'* and F'9(t,p)F# have been studied, yielding the following results: the energy 
levels of O'8 up to 6.8 Mev are 1.989, 3.504, 3.929, 5.007, 5.170, 5.311, 5.456, 6.190, and 6.328 Mev. The 
energy levels of F#! up to 2.14 Mev are 0.269, 1.087, 1.694, and 2.036 Mev. The mass defect of F?' is measured 
to be 6.195 Mev, giving a mass of 21.006653 atomic mass units. The yields and cross sections of the levels are 
studied. These results are compared with data obtained elsewhere and the isobaric systems of mass 18 and 


21 are discussed. 


INTRODUCTION 


NTEREST has been growing in the nuclei whose 

protons and neutrons number one or two more or 
less than the closed # shell (O'*). A nucleus with just one 
odd proton or neutron can be described, in part, by 
shell theory. When one considers a nucleus with two 
nucleons above the closed shell (as in O'* with two 
extra neutrons), the additional effect of the coupling 
between these nucleons must be considered. A study 
of such nuclei, assuming predictable behavior of the 
core, may give information on the interaction of two 
nucleons in such a situation. It is with this in mind 
that the results of an experiment to measure the energy 
levels of O'* are given, with the data on F*' coming 
out more or less as a by-product. The results of these 
experiments are of interest, also, in the study of 
reactions with three-particle projectiles. 

The levels of O'8 are obtained from the experimental 
energies of a particle groups in the reaction F"(t,a)O'*, 
using a precision double-focusing magnetic spec- 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


trometer. The F” levels are obtained in a similar way 
from the F"(t,p)F* reaction. 

The F* data given here supersede the preliminary 
information published in 1955.! A preliminary report 
of the O'* work has also been published.? 


EXPERIMENTAL APPARATUS 


The apparatus used is shown in Fig. 1. Tritons are 
accelerated in one of the 2.5-Mev electrostatic 
generators of the Los Alamos Scientific Laboratory. 
The energy of the beam is determined to 1 or 2 kev 
by sending the diatomic (T:+) beam through an 
electrostatic analyzer. The apertures and target are 
part of an elaborate 22-inch diameter reaction chamber. 
Fragments from the reaction on the target leave the 
chamber through a port at 90° to the beam. The 
fragments then enter a 16-inch radius, double-focusing 
magnetic spectrometer and are detected at the focus 
by a scintillation detector employing a thin CsI(T1) 
crystal and a 6292 DuMont photomultiplier tube. The 


1 Nelson Jarmie, Phys. Rev. 99, 1043 (1955). 
? Nelson Jarmie, Bull. Am. Phys. Soc. Ser. II, 1, 28 (1956). 
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Fic. 1. Simplified diagram of the experimental apparatus to 
show the essential features. Not to scale. 


spectrometer is very similar to one designed and built at 
the California Institute of Technology, the major 
improvements being the use of water-cooled hollow 
copper magnet windings and a strong, thin, welded 
stainless-steel vacuum box. Pulses from the phototube 
are amplified and sent to an 18-channe! pulse-height 
analyzer in a straightforward manner without too much 
worry about resolution since the critical energy measure- 
ments are made with the magnetic spectrometer. 

The targets of CaF, and PbF, are made by 
evaporating thin films of the substances onto gold 
disks. Gold is used, in most cases, for target backings 
as it was found that there was much less oxygen in it 
or on it to produce contaminating particles from the 
O'*(t,a) reaction than other high-Z materials like 
tantalum. Calcium and other subsidiary targets are 
also made by evaporation. The target disks are polished 
to less than a few microinches roughness, thoroughly 
cleaned, and then used in a high-vacuum evaporation 
chamber in the usual way with no special difficulties. 

A simple null-type torsion fluxmeter was built to 
make the accurate field measurements in the spec- 
trometer. This fluxmeter is identical in principle and 
similar in design with that described by Lauritsen and 
Lauritsen,’ and will not be described in any detail here. 
For intermittent and relative measurements, such as in 


TABLE I. Energy levels of O'8 and F*#! with standard deviations. 








O"8 levels (Mev) 


F*! levels (Mev) 





1.989+0.024 
3.504+0.034 
3.929+-0.040 
5.007 +0.040 
5.170+0.040 
5.311+0.040 
5.456+0.040 
6.190+0.040 
6.328+0.040 


0.269+0.040 
1.087+0.040 
1.694+0.040 
2.036+0.040 








*C. C. Lauritsen and T. Lauritsen, Rev. Sci. Instr. 


(1948). 
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this experiment, the accuracy of the fluxmeter was 
shown to be surprisingly good, well within the resolution 
of the spectrometer. However, for long-range, con- 
tinuous, or absolute measurements, a nuclear-moment 
device would probably be desirable. 

The spectrometer resolution for this experiment is 
indicated by several numbers. The “half-edge” at 
half-maximum for scattered 1.8-Mev tritons (off a 
thick gold target with a 100-mil beam and a 7g-inch 
slit at the spectrometer focus, which were the 
parameters used in the experiment) was 0.33% (6 kev) 
in energy. The full width at half-maximum for protons 
scattered off a very thin gold evaporated layer 
(beryllium backing) for the same conditions but with a 
6-mil slit at the focus is 0.18%. No real attempt was 
made to attain the ultimate resolution because the 
accuracy of the energy levels was limited to a larger 
value for other reasons. The solid angle of the spec- 
trometer used was about 0.0024 steradian and the 
angular error of the 90° observation was not more 
than 1°. The temperature of the magnet was observed 
and kept to reasonable levels. 


EXPERIMENTAL PROCEDURE 


A fresh target (say, CaF 2) was placed in the chamber 
for each run and a high vacuum produced. The average 
target was about 10 to 40 kev thick to 1.8-Mev tritons. 
Liquid-nitrogen traps on the side of the chamber 
suppressed deposition of a carbon layer from residual 
organic vapors. Beams of about 1 wa were used. The 
scattered triton beam was used to measure the energy 
thickness of the target by comparing the energy of the 
tritons with those scattered off a blank gold disk. 
These measurements were used in the target-thickness 
corrections of the data. Since protons and alpha 
particles have about the same energy for a given 
magnetic field, some method was necessary for separate 
detection. This was found to be easy since the CsI 
crystal was determined to be 1.7 times more efficient 
for protons than for alpha particles of the same energy, 
and the particle groups were well separated in the 
pulse-height analyzer. Proof of the identity of these 
groups was obtained by placing thin metal foils over 
the crystal and observing the proper energy attenuation 
or stopping of the particles. 

Alpha and proton groups were found at various 
settings of the magnetic field, and precise measurements 
of the position of these peaks were taken with the 
fluxmeter. Only particle groups above a certain energy 
could be detected because of the flood of scattered 
tritons from the thick gold backing. More low-energy 
groups could be measured by using a very thin backing, 
but additional problems would arise of background and 
a wealth of contaminant levels. Because a large number 
of levels could already be observed, thin backings were 
not tried. 

Targets of PbF2, Ca, and substances containing 
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Fic. 2, Typical experimental yield curve for protons and alpha particles. The magnet begins to saturate at large currents 
‘so that the horizontal scale is not exactly linear with momentum. 


carbon, nitrogen, and oxygen were used with both gold 
and tantalum backings to cross-check and positively 
identify all particle groups observed. Measurements 
using alphas from the F'(p,a)O'* reaction and from 
Pu*® disintegrations were made to check out the general 
behavior of the spectrometer. 

The levels found were very distinct and isolated due, 
in part, to the high Q of the reactions [11.847 Mev for 
F(t,)O'8], giving very positive and unambiguous 
identification to the observed data. Alphas from the 
O'*(t,v) N° reaction were used as an absolute calibration 
to determine the energy of the nearby proton peak of 
the ground state of the F°(t,p)F*! reaction and subse- 
quently the mass of F”. 

An attempt to measure the absolute cross section of 
the F(t,a)O'8 reaction was considered worthwhile. 
This turned out to be difficult and not very accurate 
with the equipment used, but a measurement was made 
for one of the stronger peaks (first excited state of O'*) 
with some modifications in the apparatus. A triatomic 
hydrogen beam (H;*) is accelerated along with the 
triton beam and must be eliminated from the beam 
current measurement. This was done by using a target 
on a thin gold backing just thick enough to stop the 
H;+ but allow the triton beam to pass through into 
a Faraday cup. There were 1.62X10'* fluorine atoms 
per cm? in the target. The focus slit on the spectrometer 
was opened so that the detector would count the 
entire particle group at one time. 

Background counts in the crystal were due mostly to 
neutrons (and the resultant gamma rays) which were 
generated by the triton beam striking parts of the 
accelerating tube and other apparatus. The neutrons 
presumably come from triton breakup and the ¢+/ 


reaction with absorbed and impacted tritium. However, 
these neutrons mostly produced small pulses and did 
not interfere with the high-energy alphas being ob- 
served (5 to 10 Mev). Very little background came 
from the target or other sources. 


RESULTS 


A typical yield curve of the alpha and proton groups 
is shown in Fig. 2. The energy levels of O'* calculated 
from the experimental results are given in Table I 
and Fig. 3. These are the levels found in this nucleus 
up to an excitation of 6.79 Mev. The error given is the 
standard deviation and to a large extent arises from 
the subtraction of two large, similar, particle energies 
to arrive at an energy level. The measurements were 
made with a 1.802-Mev triton beam. The spectrum 
was also inspected with a beam of 1.5-Mev tritons but 
no difference was found. A measure of the relative 


Mev 
7 


Fic. 3. Energy level diagram of 
O'* as determined in this experi- 
ment. 
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intensity of the levels can be gotten from the yield 
curve of Fig. 2. 

Only one contaminant peak was found in the alpha 
spectrum. This is due to the ground state of the 
O"*(t,v)N*® reaction and produces an occluded region 
in the O'* energy level scheme between 4.423 and 4.471 
Mev where a small level might have been missed. The 
differential cross section (lab system) of F'(t,a)O'™* for 
the first excited state of O'8 at an angle of 90° (lab 
system) and a triton energy of 1.802 Mev was deter- 
mined to be 0.072 millibarn per steradian (+30%). 
Rough excitation functions of the ground state and 
first excited state are shown in Figs. 4 and 5. The graph 
for the first excited state can be normalized to the 
above value for the cross section, but not too much 
reliance should be placed on the exact structure of the 
curves because of difficulty in the analysis of the data. 
They are to be considered only as an indication of the 
trend of the cross sections. This region corresponds to 
an excitation of the intermediate nucleus, Ne”, of 
about 21 Mev. 

The energy levels of F*' are given in Table I and 
Fig. 6. The error is again the standard deviation. The 
levels were determined up to an excitation of 2.14 Mev 
of the F* nucleus. The occluded region where a small 
level might have been missed is from 1.800 to 1.870 Mev. 
This is due to the only contaminant group in the proton 
spectrum: the ground state of the C”(t,p)C™ reaction. 
The mass defect of F* is calculated to be 6.195+0.030 
Mey, or in other units the mass is 21.006653-0.000032 
amu. The Q of the F"°(¢,p)F" reaction is 6.200+0.025 
Mev. Note that the mass value in amu differs consider- 
ably from that quoted in the preliminary report! 
because of a computation mistake in the early value. 

Any level in between those found would have a cross 
section at least 100 times smaller than that of an average 
level and in most cases much smaller. An upper bound 
for the cross section of levels not seen calculates to be 
about 1 microbarn per steradian or smaller if one uses 
the cross section quoted for the first excited state of 
O08. No levels appeared which were due to calcium, 
lead, tantalum, or gold. The widths of the particle 
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groups were estimated to be caused by the apparatus 
so that it was impossible to observe any inherent widths 
of the levels. Masses used in the calculations were 
taken from Ajzenberg and Lauritsen.‘ 


DISCUSSION 
O's 


The region up to 3 or 4 Mev excitation in the 08 
nucleus has now been inspected by a number of experi- 
menters using several reactions. The first excited state 
near 2 Mev has been seen by all observers*~* and is well 
established. The situation at higher energies is not so 
clear. A preliminary observation* of a level at 2.45 Mev, 
counterindicated by the present work and several 
previous experiments,*~’’ is probably spurious. Hough 
and Bach’ observed a level at 3.555+0.013 Mev in 
agreement with our value of 3.504+0.034 Mev; 
however, Ahnlund® searched up to 4.5 Mev and found 
nothing other than the 2-Mev state. At the time of 
writing, the levels included in this report are the only 
ones observed above 3.5 Mev. 
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Fic. 5. Excitation function at 90° for the first excited 
state of F!(¢,)O'%*. 


Theoretical work predicting the structure of nuclei 
of mass 18 is being done by Elliot and Flowers, 
and Redlich." For O"* Elliot and Flowers calculate even 
parity states and can predict the 2-Mev level, but do 
not give any correspondence to other observed levels. 
Information on the levels of F'* that is useful for 
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and private communication. 
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(1955). 
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Ser. II, 1, 95 (1956). 

10 J. P. Elliot and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955), and private communication. 

1M. G. Redlich, Phys. Rev. 99, 1427 (1955); 95, 448 
(1954). 
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comparison with the O'* levels is limited. Almost all 
investigations of F'* states have been made with 
reactions that should not lead to T=1 states, if isobaric 
spin conservation holds. The only work noticed for 
T=1, is that of Butler, Holmgren, and Kunz,” which 
explains only the level in F'® corresponding to the 
ground state of O'*. We are considering an attempt to 
measure the energy levels of O'* and F"8 by very similar 
experiments in order to get a comparison between the 
members of an isobaric triplet as completely devoid of 
systematic error as possible. It is planned to use the 
reaction F"*(t,~)O"8 and the mirror reaction F*(He*,a) F'8 
with the same target, detection system, accelerating 
system, and so on. 

Ne!®, the other member of the mass 18 isobaric 
triplet, has been observed‘ with a mass defect of 10.4 
Mev. If one calculates the “excitation” of the T=1 
state (ground state of F'’) one gets about 1.0 Mev, 
which is in close agreement with the same calculation 
for the O'8—F'® pair, as would be expected from the 
isobaric spin hypothesis. This calculation is the usual 
one™ that eliminates the effect of the Coulomb energy 
and neutron-proton mass difference and uses the mass 
difference of the nearest set of mirror nuclei (in this 
case, Ne’—F"). Also, the calculation assumes nuclear 
force symmetry (n-n=p-p) and assumes the Coulomb 
energy difference is not affected much by the addition 
of a neutron each to a pair of nuclei. 


F2 


Our value for the mass defect of F* predicts a 
maximum energy for beta emission of 5.73 Mev. From 
the known data on nearby nuclei, the value indicates 
that F*' is not a “delayed neutron” emitter as one might 
suspect from the fact that it is a N' nucleus plus an 
alpha particle. The half-life of F* has been reported 
by other sources to be around 5 seconds.":!® 

Besides the preliminary report of this experiment,! 
the detection of F*#! by the F"*(t,p)F*' process has been 
reported by Bigham, Allen, and Almqvist.!® They give 

12 Butler, Holmgren, and Kunz, Bull. Am. Phys. Soc. Ser. II, 1 
29 (1956). 

13D). R. Inglis, Revs. Modern Phys. 25, 401 (1953), for example. 

14 E, C. Campbell and J. E. Strain, Oak Ridge Quarterly Report, 
ORNL-1496, December, 1952 (unpublished), p. 9. 

16H, Morinaga and R. W..King, Purdue University Progress 


Report, COO-173, June, 1956 (unpublished). 
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OF O18 AND F?! 





Fic. 6. Energy"level diagram of 
F* as determined in this experi- 
ment. 














a mass defect of 6.37+0.1 Mev and energy levels at 
0.89, 3.34, and 4.01 Mev. Their mass defect is in rough 
agreement with ours but the values of the excited 
states do not agree well at all. 

Assuming the validity of the isobaric spin concepts, 
the F*! ground state should be a member of an isobaric 
spin 7=% quartet. The other members of this quartet 
are Ne”, Na”, and the unobserved Mg”. A slight 
variation on the usual method of calculating the 
“excitation” of the T=} state over the T=} ground 
state indicates that the first T= state in the Na* and 
Ne” nuclei should be observed at about 9.25 Mev above 
their ground states. Levels in Ne”! have been observed 
at and clustering about this value so there is no contra- 
diction, but no real information can be deduced from 
this comparison except that it shows that there nuclei 
are a little too heavy and the energy levels are too dense 
for comparison, at least for T=4, } systems. Even if 
the energies were measured accurately enough, the 
validity of any conclusions might well be obscured by 
mixing of these nearby states. 

It is interesting to note an early prediction of the F*! 
mass by Barkas of 21.0059 amu.!” 
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A detailed analysis of the decays in flight of negative K mesons 
and hyperons, obtained with the 48-in. cloud chambers in Pasa- 
dena, is presented. The principal results are the following: 

1. Two new fully measurable 7~ events add to the already strong 
evidence for the existence of this particle. 

2. K~ events with a single charged secondary are shown to be 
most consistent with the Ky: and Ky: decay modes. 

3. An analysis of 7 Caltech =~ events is shown to lead to a Q 
value of 65+3 Mev, and a 50% confidence lower limit to the life- 
time of 4.6X10~" sec. A rough upper limit to the lifetime of 
2X 10~-* sec, based on the predictions of the strangeness theory, is 
obtained. Angular correlations among the =~ secondaries are 
studied, but the statistics are insufficient to permit any significant 


conclusion. An additional event which is most easily interpreted 
as a =~ decay is discussed. 

4. The V~ events which are neither K~ nor Z~ are shown to have 
a lifetime less than or equal to (1.52_0.25+**8) X10~" sec and a P* 
value, based on their transverse momentum distribution, of 
197+-7 Mev/c. These values correspond satisfactorily with the 
presently known properties of the =~ hyperon. 

5. It is estimated from a comparison of the numbers of identi- 
fied Z~’s and V~’s that the fraction of A° particles which decay into 
charged secondaries is greater than 0.40_9.1:*°-5, and can, insofar 
as the present data are concerned, be as high as unity. 

All errors quoted in the above results are 50% confidence 
limits. 





I. INTRODUCTION 


NOWLEDGE of the properties of positively 
charged hyperons and heavy mesons has been 
greatly increased recently as a result of the production 
of these particles under highly controllable conditions 
in large accelerators and the analysis of their decays at 
rest in photographic emulsion stacks.’ Indeed the great 
precision possible in this way has diminished the value 
derived from studies of the decays of positively charged 
V particles in cloud chambers. 

On the other hand, because negative mesons and 
hyperons brought to rest in emulsions interact rather 
than decay, information on their decay schemes and 
other properties must be obtained from observations 
of decays in flight. For this reason, magnetic-cloud- 
chamber studies of negative particles can contribute 
important information. 

The data presented in this paper were obtained with 
the 48-in. magnet cloud chambers in Pasadena. During 
33 years of operation, 3 7~ events and 115 V~ events 
were obtained out of about 50000 photographs. Al- 
though some discussion of a part of these events has 
been given in earlier reports,?* the present paper pro- 
vides a more detailed analysis of those properties of 
negative unstable particles concerning which present 
knowledge is still fragmentary. 


II. K- MESONS 
A. = Events 


7 mesons are easily recognized in cloud chambers by 
their decay into three charged secondaries. The first 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Now at the Ecole Polytechnique, Paris, France. 

1 Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, and Gold- 
haber, Phys. Rev. 101, 1085 (1956). 

2G. H. Trilling and R. B. Leighton, Phys. Rev. 100, 1468 
(1955). 

3 Sorrels, Leighton, and Anderson, Phys. Rev. 100, 1457 (1955). 


identified 7~ event was obtained several years ago with 
the 48-in. cloud chambers.‘ Because few other such 
events have been reported, and because the momentum 
and angular distributions of the secondaries are of 
interest in determining the spin and parity relations of 
the r meson,® it is perhaps worthwhile to present data 
on two cases recently obtained. 

The data on these events are summarized in Table I. 
In addition to the presence of the three charged 
secondaries, other evidence for the correctness of the 
identification of these events may be summarized as 
follows: 

1. Momentum : and ionization estimates on the 
secondaries set upper limits on their masses which are 
inconsistent with the mass of any known particle 
heavier than a x meson. The positive secondary of event 
64 388 can be definitely identified from the fact that it 
undergoes r—y decay. 

2. The Q values are in satisfactory agreement with 
the accepted value of 75.0+0.8 Mev.’ 


TABLE I. Data on two r~ decay events (P=laboratory momen- 
tum, /=ionization, (Ax,Ay,Az)=components of the tangent to 
each track at the point of decay*). 








Ay 
(cm) 


Case Par- 
No. ticle 


63 325 


Ax Q 
(cm) (cm) (Mev) 
3.13 —0.18 691716 
2.52 v 2.85 
8.74 0.11 
6.76 —3.99 


—0.58 95+13 
—1.98 
7.00 
—11.28 


P 
(Mev/c) 





789 _67*91b 
152114 
370 65°77 
294_s5 746 


323 428> 2-3.5 1.21 
39 +3 5-10 7.10 
223 +23 < 8.09 


2 
142415 1.3-2.55 —1.99 —9.64 








® The errors in the measurements of Ax and Ay are +0.05 cm and, in the 
measurement of As, +0.15 cm. 

b The momenta of the primaries were computed by taking the vector sum 
of the secondary momenta. 


4V. A. J. van Lint and G. H. Trilling, Phys. Rev. 92, 1089 
(1953). 

5 Aggson, Fretter, Friesen, Hansen, and Lagarrigue, Phys. Rev. 
102, 243 (1956). 

®R. Dalitz, Phys. Rev. 94, 1046 (1954). 

7A. M. Shapiro, Revs. Modern Phys. 28, 164 (1956). 
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TABLE II. Data on five K, events for which an accurate P* value can be obtained (Pi=momentum of primary, /;=ionization of 
primary, Pe=momentum of secondary, J2=ionization of secondary, @=angle of decay, P*(u)=center-of-mass momentum assuming 


u-meson secondary, P*(m)=center-of-mass momentum assuming 7-meson secondary, AP*=probable error in P*). 











Case 


Pi P2 
No. (Mev/c) (Mev/c) 


P*¥(u) 


6 P* (3) 
I: (deg) (Mev/c) 


(Mev/c) 


AP* 
(Mev/c) 





24 018 101+13 
26 717 204_ 697125 
52 791 725+140 
64 559 360+60 
46 944 515445 


220+55 
280+65 
637+60 
425+42 
20517 


<2 102 236 238 

41.5 194 190 
<2 19 243 236 
<2 11 210 207 
<2 200 


+58 
+45 
+32 
+31 
+17 








3. The transverse momentum balance about the line 
of flight of the primary is satisfactory for both events. 

4. The ionization and momentum of the primary of 
event 64 388 indicate a mass of 730m,-1350m., in good 
agreement with the 7 mass. 


B. K,- Events 


The symbol K, will be used to denote K events in 
which only one charged secondary is produced. The 
K,* decay modes have been studied in great detail with 
photographic emulsions exposed to the K-particle beam 
at the Bevatron.' Some evidence that the K;~ modes are 
symmetric to these has already been obtained from 
decays in flight observed in Bevatron-exposed photo- 
graphic emulsions® and in cosmic-ray cloud-chamber 
observations.° 

Further evidence in this respect has been obtained 
in the present work by the analysis of V- events whose 
primaries can be identified as K particles. This identi- 
fication has been possible for 8 events on the basis of 
the momentum and ionization of the primaries. Four of 
these events have secondaries whose momenta are 
sufficiently measurable to permit determinations of the 
P* values to accuracies of better than 25%. Data on 
these events are presented in the first four rows of 
Table II. For completeness, event 46 944, obtained 
with the 48-in. chambers in the course of a separate 
experiment," is also listed in Table II. It is clear from 
inspection of Table II that the events are most easily 
interpreted as the decays of K~ mesons by either of the 
modes : 

Kyu t+y 
K,2.—1-+7° 


The P* value of event 46 944 strongly suggests the 
K,2 decay mode; in the other cases, the measurement 
errors are too large to distinguish between the above 
decay schemes. 

One can conclude from these data that the predomi- 
nant K; decay. modes are two-body decays consistent 
with either K,y2 or K,x2 modes. This conclusion, when 


P*= 236 Mev/c, 
P*= 206 Mev/c. 


8 A. G. Ekspong and G. Goldhaber, Phys. Rev. 102, 1187 (1956). 

® Armenteros, Astier, D’Andlan, Gregory, Mendel, Hennesey, 
Lagarrigue, Leprince-Ringuet, Mueller, and Peyrou, ‘‘Proceedings 
of the International Conference on Elementary Particles, Pisa, 
1955,” Nuovo cimento (to be published). 

10 The authors are indebted to Dr. Carl Rouse for the use of this 
event. 


combined with knowledge of the existence of 7~ mesons, 
gives added weight to the belief that K~ mesons decay 
by modes symmetric to those of K+ mesons. 


C. Plus to Minus Ratios of K Particles 


One of the most striking features observed in studies 
of K particles, from both cosmic rays and accelerators, 
is the excess of slow positives over slow negatives. This 
observation is explained in the Gell-Mann strangeness 
theory" by the fact that some of the reactions in which 
K* mesons are produced have lower thresholds than 
those in which K~ mesons are produced. Indeed, the 
43 K,+ and 8 Ky mesons observed during the course of 
the present experiment exhibit precisely this behavior. 
In contrast, the numbers of + events observed during 
the same time are 4 7+, 3 7~, and 17”. Furthermore, the 
mean momentum of the r~’s is only 484 Mev/c as com- 
pared to 856 Mev/c for the 7*’s. If it is assumed that 
the observed r’s and Ky’s are drawn from populations 
having identical proportions of positive and negative 
particles, the probability of observing an asymmetry 
between 7’s and K;,’s as great or greater than the one 
obtained is about 10%. Thus, while a difference between 
the 7’s and K,’s seems to be suggested, it cannot yet 
be considered significant in view of the meager statistics 
involved. 

Ill. 2- HYPERONS 


A. General Discussion 
Evidence for the existence of hyperons which decay 
by the mode 
A+ 
\ 
ptr 


has already been reported.” Cascade decays must 
satisfy a number of conditions, at least part of which 
can usually be checked with ease. It is very improbable 
that events other than Z~ decays can satisfy any, let 
alone all, of these conditions: 


1. The apex of the V~- decay must lie in the plane of 
the V° decay. 


13M, Gell-Mann and A. Pais, Proceedings of the 1954 Glasgow 
Conference on Nuclear and Meson Physics (Pergamon Press, 
London, 1955). 

22 Armenteros, Baker, Butler, Cachon, and York, Phil. Mag. 
43, 597 (1952); Anderson, Cowan, Leighton, and van Lint, Phys. 
Rev. 92, 1089 (1953) ; E. W. Cowan, Phys. Rev. 94, 161 (1954). 
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2. The apex of the V° decay must lie in the plane of 
the V~ decay. 

3. The transverse momenta of the V° and 2m about 
the line of flight of the V~ primary must balance. 

4. The transverse momenta of the V° decay products 
about the line of flight of the V° primary must balance. 

5. The V° decay dynamics must be consistent with 
those expected for A° decay. In particular, the quantity 
P_sin6, where P_ is the momentum of the negative 
secondary of the V° and @ is the V° opening angle, must 
be less than 118 Mev/c, a requirement which, if the V° 
were really a #, would have only a 10% chance of being 
fulfilled. The value of this test lies in the fact that the 
strangeness theory forbids the associated production of 
a A° and any negative strange particle. 

6. Present knowledge on the energy release in =~ 
decay requires that the transverse momentum of the 
charged secondary of the decay be less than about 140 
Mev/c. It may be noted that the maximum transverse 
momentum of the secondary in =~ or K~ decay is about 
200 Mev/c. 


On the basis of the above conditions, six events 
exhibiting a V~- and a V® decay were identified as Z- 
decays. The data from one of these events have already 
been published in detail.* The results of measurements 
performed on the other five are shown in Table III. 
The extent to which these events satisfy the require- 


TABLE III. Data on five Z~ events. The particles are labeled as 
follows: (1) =~ primary, (2) a~ from =~ decay, (3) A® from =~ 
decay, (4) proton from A® decay, (5) x~ from A° decay. 








Par- P Ax Ay As 
(Mev/c) (cm) (cm) (cm) 


—5.56 —1.12 
—7.52 —5.02 
—5.44 —1.22 
—7.08  —1.50 
—6.72 —0.43 


Case 
No. ticle 


09691 = (1) eee 
(2) 192+25 





—1.74 
—4.62 


1.49 
5.23 
1.32 
0.80 
0.06 


27515 


—5.63 
— 10.09 
—6.54 
—3.19 
—3.34 


0.92 —8.40 
17.25 —35.47 
1.00 —17.86 
0.61 —13.15 
0.55 —9.76 


—17.72 
—12.28 
—10.78 
—3.80 
—3.40 


—3.00 
—40.40 
— 20.54 
— 16.47 
— 18.31 


— 1.00 
—1.75 
—1.21 
—0.87 

0.30 


—1.49 
—4.62 
—3.27 
—3.00 

1.02 


—1.72 

2.38 
—1.45 
—0.38 
—0.20 


0.57 
5.85 
3.45 
2.85 


390_ 971” 


29515 


396415 


230235 


1750+450 
164+13 


—1.60 

7.22 
— 1.66 
—0.51 
—0.92 


0.57 
23.70 
3.98 
2.66 
8.03 


454+40 


365260 
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ments for Z~ identification is shown in Table IV. Those 
momenta needed for the check on transverse momentum 
balance, which could not be measured directly, were 
computed by using the known A° Q value. 


B. Q Value of =~ Events 


The Q values for the Caltech Z- events, computed 
from the measured momenta and angles and the known 
A° Q-value, are listed in Table V. The weighted mean is 
65+3 Mev corresponding to a mass value for the Z~ of 
(2582+6)m,; the quoted errors are probable errors. 


C. Lifetime of =- Events 


Unfortunately the =~ events do not lend themselves 
to accurate lifetime analysis for two reasons: 

1. The number of events available is small. 

2. The necessity of seeing the decay of the A° to 
identify the Z~ reduces the gate time determined by the 
chamber geometry by an amount of the order of the 
A® lifetime. 

Despite these limitations, it is possible to obtain a 
useful lower limit to rz. The usual maximum likelihood 
procedure may be used," provided that the likelihood 
function for each event includes not only the decay 
probability of the Z~ but also the decay probability 
of the A°. 

The most convenient way of treating the data is to 
calculate the S function, defined by the relation 


0 InL/drz Lite —Zdt) 


S = 
{(—0? InL/drz*)}4 {2.(t2)—24(t:)?}" 





where L is the combined likelihood function for all the 
events, rz is the Z~ lifetime, ¢; is the observed time of 
flight of each Z~ and the angular brackets (( )) denote 
averages over all possible a priori values of t; for a given 
lifetime rz and the observed gate time. If the correct 
value of rz is used, S has zero mean, unit variance, and 
an approximately normal distribution. Conversely, for 
a given set of ¢;’s the value S=0 corresponds to the most 
probable value of rz, and the probability that a given 
lifetime rz gave rise to the measured times of flight 


TABLE IV. Evidence for =~ identification (6;=angle between V° 
decay plane and assumed V’° line of flight, 5.=angle between V~ 
decay plane and assumed V® line of flight, A1:=unbalance in the 
transverse momenta of the V~ secondaries about the V~ line of 
flight, As=unbalance in the transverse momenta of the V® 
secondaries about the assumed V? line of flight, P_=momentum 
of negative secondary of V°, = V° opening angle, Pr =transverse 
momentum of charged secondary of V~ about V7 line of flight). 








Pr 
(Mev/c) 


108 +15 
84426 


Az P_ sind 
(Mev/c) (Mev/c) 
107 +7 
119+13 
74211 13326 

102 +8 


ins 0 
91417 154435 


Ai 
(Mev/c) 





0+41 
33 +96 
38 +40 


25 +63 
14+42 

0+30 
14+.40 


834220 18428 








3 J. P. Astbury, Nuovo cimento 12, 387 (1954). 


™“M. S. Bartlett, Phil. Mag. 44, 249 (1953). 





CLOUD-CHAMBER STUDY 


TABLE V. Properties of Z~ events. 








Ti 
(10719 sec) 


2.6 


ti 
(107° sec) 








corresponds to S(rz) standard deviations. S is very 
nearly a linear function of 1/rz so that the limits of rz 
corresponding to any desired confidence level can be 
evaluated with a minimum of computation. 

The measured values of the decay time ¢,; and the gate 
time 7; for each of the Caltech cascades are given in 
Table V. The plot of S versus 1/rz is shown in Fig. 1; 
since S= —0.2 for rz== ©, only a lower limit to rz is 
obtainable. To a 50% confidence level the lower limit is 
4.6X10-" sec while to a 95% confidence level it is 
1.8X10-" sec. 

A rough upper limit to the Z~ lifetime can be obtained 
if one assumes the validity of the prediction of the 
strangeness theory that every Z~ is produced in associ- 
ation with two K mesons. Thus, from knowledge of the 
number of 6° decays observed in the chambers one can 
set an upper limit to the number of nondecaying =~ 
particles going through the chambers and, hence, an 
upper limit to the lifetime of the Z~. For the purposes 
of this analysis, it was assumed that one-half of all K 
particles produced in association with Z~’s are neutral, 
and that one-half of all neutral K particles decay by the 
usual 6° mode. It was also assumed that the A° secondary 
of the 2- always decays into charged particles; this 
assumption gives the most conservative upper limit. 
These considerations lead to an upper limit of about 800 
for the number of nondecaying Z~’s, implying an upper 
limit in the Z> lifetime, 


T2<~2X10-8 sec. 


D. Angular Correlations of Decay Products 
of =~ Events - 


Gatto!® has suggested that a useful method of ob- 
taining information on the spin and parity of the Z- 
and the A° is to study the distribution of the angle 0 
between the A° direction in the rest system of the = 
and the proton direction in the rest system of the A°. In 
particular, any significant departure from isotropy 
would imply a A° spin greater than }. Specifically, the 
distribution for A° spin $ would be of the form, 


F(cos0)= 1+ cos’0, 


where, in the special case where the =~ spin is 3, the 
value of A is 3. Values of 6 for the events for which 


15 R. Gatto, Nuovo cimento 2, 841 (1955). 


1 A 
6 8 10 





\/U= (10°/SEC) 





“2 


Fic. 1. Plot of S(rz) as a function of 1/rz. 


sufficient data were available to make the calculation 
are shown in Table V. These values are accurate to 
about 5°. A maximum likehood procedure was used to 
compute the best experimental value of with the 


result, 
r = #5 a 


where the quoted errors are 50% confidence limits. In 
particular, the probability of obtaining the observed 
values of 0 if the true value of \ is 0 corresponds to 
1.1 standard deviations or about 27%. Thus, although a 
value of \>0 seems to be suggested, the statistics are 
quite insufficient to rule out that A can be 0. If the data 
on =~ decay obtained in other laboratories are combined 
with those presented here, more significant conclusions 
might be obtained. 


IV. V- DECAYS EXCLUDING K’S AND =’S 
A. General Discussion 


All groups of events heretofore discussed in this paper 
have been pure samples of some particular type of 
particle. This is not true, however, of the great number 
of unclassified V~- decays which may be expected to 
consist of fast K~ mesons, Z~ hyperons whose A° 
secondaries either decay into neutral particles or decay 
outside the chambers, and 2~ hyperons. A =~ particle 
can seldom be identified positively because its short 
lifetime does not permit accurate measurements of its 
momentum. In order to determine whether appreciable 
numbers of these particles were present amongst the 
unclassified V~ events, a procedure was used whereby 
the numbers of unidentified K- mesons and =~ hyperons 
were estimated and subtracted statistically from the 
sample, and the properties of the remaining events were 
studied to see whether they correspond to the known 
properties of =~ particles. 


B. Lifetime Analysis of V- Events 


A sample of V~ events suitable for lifetime analysis 
was selected and values of the decay distance, x, and 
the gate distance, D, were obtained for each event in 
the sample. In selecting the V~ events for the lifetime 
sample, all events with decay angles less than 10° and 
all events whose primaries were visible in a chamber 
other than the one in which their decays took place were 
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excluded. This last requirement was used to minimize 
the number of K~ and Z~ events in the sample. A group 
of 57 V~ events satisfied all the requirements for the 
lifetime analysis. 

The velocity of each of these events was computed in 
one of the following ways: 


1. If the primary was heavily ionizing, its velocity 
was computed from the observed ionization. 

2. If the primary was not heavily ionizing but 
measurements of the secondary momentum and decay 
angle were available, the velocity was computed from 
these data on the assumption of a P* value of 200 
Mev/c. This value is correct for the ~’s, roughly right 
for the K~’s, and wrong for the Z~’s; consequently a 
velocity correction term was included in the =~ 
correction. 

3. If only the decay angle was measurable, the 
velocity was estimated by using an empirical curve of 
velocity versus angle obtained from those events in 
group 2 above, which were sufficiently measurable to 
give an unbiased calibration. 


The amount of =~ contamination in the V~ sample 
was estimated from the number of identified Z~ events 
on the assumption that the A® always decays into 
charged secondaries. On this assumption about 15% 
of the V~ events should have been Z~’s unaccompanied 
by visible A° decays. 

An estimate of the K~ contamination was made by 
comparing the number of identified K~ mesons with the 
number of V~ particles whose velocity and location in 
the chamber were such that had they been K~’s and 
had they lived long enough, they could have been 
identified correctly. The results of this comparison, 
expressed in terms of the 76 values of the primaries, are 
the following: 


1. For y8 <1, roughly a third of the unidentified V- 
events are K~ particles. 

2. For 1<y8< 2, less than a tenth of the unidentified 
V- cases are K~ particles. 


The large decrease in the fraction of K~ particles 
with the increasing 7 is entirely reasonable in view of 
the long lifetime of K~’s, the short lifetime of 2~’s and 
the cloud chamber geometry. These same factors 
suggest that the proportion of K~’s among the uni- 
dentified V~’s decreases even more for 78> 2, although 
this cannot be checked experimentally because one 
cannot separate >’s from K’s at such high velocities. 
Hence, it is advantageous, from the point of view of 
reducing K~ contamination, to eliminate from the life- 
time sample events for which y6 <1. 

The lifetime analysis was performed by computing 
the S function, already discussed in connection with the 
=~’s, for various assumed values of the lifetime 7. The 
best lifetime value is given by 


;= (1.52_0,25+°48) x 10-” sec, 
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where the quoted errors, which reflect statistical and 
measurement uncertainties, are 50% confidence limits. 
This figure includes a 15% correction for Z~’s and a 2% 
correction for K~’s not removed by the elimination of 
events for which 78 <1. 

The previous assumption concerning the absence of 
neutral decay modes for A”s coupled with the lower 
limit found for vz, plus the fact that no correction was 
made for the presence of K particles with y8> 2, require 
that the above value of r be interpreted as an upper 
limit to the lifetime of those V~ particles which are 
neither K~’s nor Z~’s. If the estimates of contamination 
were approximately correct, this upper limit is, of 
course, a good approximation to the actual value. 


C. Transverse Momentum Distribution 
of V- Events 


Information on the dynamics of the V~ events was 
obtained from a study of the distribution of transverse 
momenta (Pr) of a sample of events especially selected 
to minimize the effects of unidentified Z~’s and K~’s. 
=~’s were completely eliminated by considering only 
transverse momenta above 150 Mev/c, and essentially 
all K~’s were removed by including only events with 
y8>1 whose decay occurred less than 3X10-" sec 
after they had left the production layer above the 
chamber. 

The mean P* value for the remaining group of events 
was obtained from the measured transverse momenta 
by an averaging procedure similar to the one described 
in an earlier report,’ great care being used to eliminate 
biases. The result so obtained from a study of 19 
events is 

P*=(197+7) Mev/c, 


where the quoted error is the prebable error. It is 
estimated that the possible presence of K~’s in this 
sample can cause this value to be too high by at most 
2 Mev/c. 


D. P* Distribution of V- Events 


Table VI gives data on 6 events whose P* values were 
obtained from knowledge of the secondary momenta 
and primary ionizations, but for which no measure- 
ments of primary momenta were possible, It is estimated 
from the number of identified heavily ionizing K- 
particles that roughly 3 unidentified K~’s should occur. 
Thus the 6 events under consideration are probably not 
all K~’s. The P* values obtained from these events are 
in excellent agreement with the result of the Pr dis- 
tribution analysis presented above, and are also con- 
sistent with the P* value of the K,:~ decay mode. In 
view of the impurity of the sample, the calculation of 
any average value is meaningless. 


E. Identification of V- Events 


From the analysis given in Secs. IVB and IVC the 
main properties of that part of the V~ sample which is 
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TABLE VI. Data on 6 V~ events for which an accurate P* value can be obtained. 








P2 
(Mev/c) 


AP* 
(Mev/c) 


P* (x) 
(Mev/c) 


P*¥(u) 
(Mev/c) 


6 
(deg) 





225+50 
186+18 


21545 


174+7 
15345 


162_o9+#* 


36 132 132 +31 
61.5 138 196 +27 
66 198 198 ba 
82 200 206 £19 
82 204 218 +26 


“ +57 
95 198 203 ba 








neither K~ nor =~ are: 


T& (1.52_0.25+°*8) X 10” sec, (1) 
P*= (19747) Mev/c. (2) 


These properties agree quite satisfactorily with what 
is now known about the =~ decay, 


2—n-+r-. 


The Q value for this decay computed from the above 
P* value is 122+7 Mev. Although this value is a little 
higher than the known 2+ Q-value, 110+1 Mev,’ this 
difference is not sufficiently significant as compared to 
the error of measurement to constitute evidence for a 
mass difference between the 2~ and the =. 

If the above lifetime and Q value are compared with 
recent measurements reported by Steinberger,!® 


T= (1.4_9.5+1-*) XK 10-” sec, 
Q=118+2.6 Mev, 


the agreement is seen to be excellent. It can therefore 
be concluded that those V~ events which are neither 
K~’s nor Z~’s can be well accounted for as =~’s. 


F. Neutral Decay Mode of A° Particles 


It was suggested very early that the A° and @ particles 
may have alternate modes of decay, 


Mn+, 
P—7°+-7°, 


which are not directly detectable in a cloud chamber. 
The fraction of A° particles decaying by the neutral 
mode can be calculated if the ratio of Z~ decays with an 
observed A° decay to Z~ decays without an observed A° 
decay is known. 

Let pa be the fraction of A° particles which decay into 
charged secondaries, m be the number of =~ decays for 
which the secondary A° is also observed to decay, and 
N be the total number of =~ decays observed in the 
cloud chamber. Define P to be the mean probability 
for decay of the secondary A° inside the chamber, the 
average being taken over all Z~ decays. An estimate 


16 J, Steinberger, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, to be published). 


of py can be obtained from the relation 
pa=n/NP. 


Unfortunately, because of the difficulty of identifying 
a =~ unless the A° is also seen to decay, one cannot 
determine WN accurately and thus cannot use the above 
expression to obtain a value of pa. In practice, however, 
one can determine an upper limit to V and thus a lower 
limit to pa. 

The upper limit to V was found in the following way : 


a 


1. The number J, of V~ and identified Z- events 
fulfilling the qualifications required in the lifetime 
analysis discussed above was determined. 

2. The number N2 of V~ events included in N, 
whose P* or Pr values are such as to make them in- 
consistent with the Z~ P* of 138 Mev/c was found. 

3. From the number of V~ events with Pr>138 
Mev/c, the number NW; of events having P*>138 
Mev/c, but Pr<138 Mev/c was obtained, using the 
theoretical Pr distribution. 

4. An upper limit NV’ to the total number of Z~’s was 
calculated by taking N’= N,—N2.—N;3. 


It must be emphasized that the number N’ is not an 
actual estimate of NV, but is really a conservative upper 
limit. This is evident from the following two 
observations: 


(i) All events of unmeasurable Py whether they be 
2~’s, K~’s, or ~’s are included in N’; in fact, they 
constitute its major part. 

(ii) The number WN; obtained as described above is 
really a lower limit to the number of K~ and =~ events 
with Pr <138 Mev/c. This follows from the fact that the 
Pr distribution of observed events is biased toward low 
values by the requirements of measurability. 


The value of P was computed from the decay proba- 
bilities, P;, of the A°’s of the identified Z~- events by the 


relation 
a, a 


n i=1 P; 


This formula is good only if P; is not allowed to have too 
small values. For this reason all events having P;<0.2 
were eliminated from the sample under consideration. 
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TABLE VII. Data on probable =~ event. 








Ay Az 
(cm) (cm) 


—7.31 1.55 
—23.28 2.64 
—33.26 —5.34 
—31.57 —9.96 


P Ax 
Particle Sign (Mev/c) I (cm) 





- 14 <2 —2.15 
- 21129 <2 


Primary (1) 

Secondary (2) 
Secondary (3) 
Secondary (4) + 


4.13 
—12.64 
—10.67 


586 +48 <2 
1342-25078 <2 








The final results of the analysis are the following, 
pa>0.40_6.317°5, 


where the quoted errors define a 50% confidence inter- 
val for the lower limit to pas. Again it must be em- 
phasized that only a conservative lower limit to pa and 
not an actual estimate has been obtained. Indeed, 
insofar as these data are concerned, the actual value of 
pa could easily be as high as unity. 


V. DESCRIPTION OF AN UNUSUAL EVENT 


In a curious event obtained during the course of this 
experiment, a negative particle appears to decay into 
three charged secondaries whose measured momenta 
and directions are completely incompatible with + 
decay. The measured data for this event are given in 
Table VII. To these data may be added the fact that 
particle 3 cannot have been an electron because it 
traverses about 10 radiation lengths in lead without 
producing a cascade shower. The angle between the 
primary track and the vector sum of the secondary 
momenta is 2.2°+1.6°. This result implies that no 
neutral secondary need be assumed, although one may 
be present and may carry off a transverse momentum as 
high as 150 Mev/c. 

A number of possible interpretations of this event 
immediately suggest themselves: 

1. The most obvious of these is the 7~ decay scheme, 


tla +r. 


However, the Q value of this event computed for the 
above decay scheme is 222_35+** Mev, incompatible 
with the known 7 Q value of 75 Mev. It must be noted 
that the above errors are based upon the measured 
values of the momenta and do not give a true measure 
of the unlikelihood that the event is really a r decay. A 
detailed analysis was made to determine what changes 
in the measured values of the momenta are necessary 
to shift the Q value to 75 Mev. From this analysis, it is 
concluded that the interpretation of the event as an 
ordinary 7 decay is completely ruled out. 

2. One may consider the possibility that the event is 
some alternate decay mode of a 7 meson. The following 
schemes were considered : 


tort+artuty, (i) 
—artartet+y, (ii) 
—artute. (iii) 


Only schemes (ii) and (iii) were compatible with the 
data. In view of the fact that out of hundreds of ob- 


served ++ decays, no examples of the above schemes 
have been detected, it is believed very unlikely that 
the event really represents an alternate decay mode 
of a 7. 

3. The event may be interpreted as a nuclear inter- 
action in the gas of the cloud chamber. However, the 
absence of any visible recoil blob and of evaporation 
protons makes this interpretation unlikely. Further- 
more, although the good transverse momentum balance 
suggests that no neutral particle is emitted, if this event 
is assumed to be a nuclear interaction, it is impossible 
to conserve momentum and energy using only the visible 
particles and the assumed target nucleon. 

4, The event may be a Z~—A° cascade decay in which 
the A°® decays very rapidly after being created. The 
validity of this interpretation may be tested by a 
study of the consistency of the measured data with the 
=~ and A° dynamics. In particular, if particles 2 and 4 
are assumed to be the A° secondaries, the A° Q value 
comes out 35_s+§ Mev, and the Z- Q value comes out 
75_23**° Mev, both in satisfactory agreement with the 
accepted values of these quantities. Furthermore, if the 
momentum of the assumed proton is calculated from the 
known A° Q-value (37 Mev) and the accurately meas- 
ured momentum of particle 2, the Z- Q value then 
obtained is 71+12 Mev. These results strongly support 
this interpretation of the event. 

It is estimated that the A° must decay within 1 mm of 
the Z~ apex implying a time of flight of 2X 10-” sec. The 
probability that the time of flight of the A° in this 
particular event is as short or shorter than this value is 
about 0.7%. On the other hand if the other Z~’s ob- 
tained are consider 4, the chance that one of them has 
such a short-lived A° is about 8%, which is appreciable. 

On the basis of the above arguments, it is believed 
that the event may be most easily interpreted as a 
=-—A° decay. This case has not been included in the Z- 
sample previously discussed because the uncertainties 
in its identification are greater than was the case for 
the other Z~ events. If, however, the above identifica- 
tion is accepted as correct, and the case is included with 
the other =~ events, the values of Qz, rz, A, and pa 
thereby obtained are the following: 


Qz=65+3 Mev, 
tz <3.1X10- sec, (50% confidence limit) 
A=1.8.4.5724, 


pa=0.43_9.104 
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The angular distributions of 78+-5 Mev x~ and z* mesons scattered elastically from copper have been 
measured. The experimental results are compared with the distributions found from a range of exact optical 
model phase shift calculations using a complex attractive square well potential for r<Ro (where Ro=1.4A! 
X10~ cm) and the Coulomb potential for r>Ro. The effect of adding to the potential a term depending 
upon the gradient of the nuclear density, and thereby introducing a discontinuity in the matching of loga- 
rithmic derivatives at r= Ro, is also explored. The optical model as well as several modified Born approxi- 
mation calculations show reasonable agreement with the experimental curve in the forward direction and 
in the region of the first diffraction maximum. At backward angles the calculated curves show pronounced 
maxima and minima which do not appear experimentally, perhaps because incoherent transitions at these 
angles mask the true coherent distribution in the experimental measurement. 


I. INTRODUCTION 


HE elastic! scattering of 782-5 Mev a and at 
mesons by copper was measured to examine the 
pion angular distribution produced by a medium-heavy 
nucleus. This is one part of a program to explore 
variations in positive and negative pion differential 
cross sections over the range of available target nuclei. 
A recent measurement? of elastic pion scattering from 
lithium revealed a pronounced minimum and a strong 
backward rise characteristic of the elementary pion- 
single nucleon angular distributions. For the (Z=3) 
lithium nucleus an analysis was made in terms of a 
coherent addition of elementary scattering amplitudes 
using a modified impulse approximation analysis. An 
earlier experiment’ had shown no pronounced minimum 
and only a small backward rise for elastic pion scat- 
tering from the somewhat heavier (Z=13) aluminum 
nucleus. An optical model phase shift calculation using 
a complex square well potential showed strong maxima 
and minima for aluminum which did not appear in the 
experimental curves, but otherwise the general char- 
acteristics of the calculated curves at angles below that 
of the first diffraction minimum could be approximately 
matched to the experimental results. For the present 
experiment, copper (Z= 29) was chosen as a material 
of medium Z whose nuclear radius approximately equals 
the pion mean free path for absorption in nuclear 
matter. For the heavier copper nucleus the complex 
square well might be expected to better represent the 
overlapping fields of the individual nucleons, and the 
experiment was carried out with relatively high angular 
resolution and good statistical accuracy in an attempt 
* This research is supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Submitted by Ross E. Williams in partial fulfillment of the 
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1 Actually, the sum of true elastic plus nearly elastic scattering 
is measured. 

2 Williams, Rainwater, and Pevsner, Phys. Rev. 101, 412 (1956). 

3 Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1955). 


to avoid masking whatever optical model diffraction 
effects might be present. The measured angular distri- 
bution shows some suggestion of a diffraction-like 
oscillation effect in the region of 40° to 80°. Optical 
model calculations have been made using a complex 
square well potential. The effect of including an added 
term which depends upon the gradient of the nuclear 
density* was also tested. When a square well potential 
is used, the gradient term alters the boundary condition 
for matching inside and outside solutions at the nuclear 
surface. 


Il. EXPERIMENTAL ARRANGEMENT 


The scintillation counters and coincidence circuits 
used to measure pion angular distributions from the 
copper target are the same ones previously described 
for the pion experiments with lithium and aluminum 
targets. The arrangement of the scintillation counter 
telescopes and a description of the electronic circuitry 
have been given in earlier papers.’ In brief summary, 
counters 1 and 2 of the incident telescope are placed 
behind a focusing magnet in the 80-Mev pion exit 
channel of the 380-Mev Nevis synchrocyclotron. To 
measure angular distributions, counters 3 and 4 of the 
detecting telescope are rotated vertically about the 
target position as a pivot point. Three fast (10-* sec) 
coincidence circuits are used between various counter 
pair combinations in the two telescopes in such a 
manner as to reduce background due to random 
coincidences between counters to a low level; while a 
slower (10-7 sec) triple coincidence, operating on the 
output of the faster circuits, establishes the overall 
coincidence rate. 


III. EXPERIMENTAL RESULTS 


The measured angular distributions, together with 
the spreads in angular resolution, are shown for 78-Mev 
negative pions in Table I, and for 78-Mev positive pions 
in Table II. The + quantities listed with the cross 
sections are the statistical standard deviations. The 


4L. S. Kisslinger, Phys. Rev. 98, 761 (1955). 
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TABLE I. Experimental angular distribution of 78-Mev 
a mesons scattered from copper. 








iad do/dQ (mb) 


20+4.8° 1459+89 
747+78 
385431 
177+27 
59.4+5.5 
57.5+13.2 
41.4+5.0 
36.143.6 
33.143.7 
31.3445 
27.741.6 
12.12+0.89 
11.52+1.18 
11.7442.37 
12.01+0.81 
11.58+0.84 
10.39+-0.84 
9.13+0.74 
10.19+1.46 
9.95+1.14 
11.04+1.41 





14544.4° 








many corrections to the raw counting data required to 
arrive at the differential cross sections have been 
described in detail in the earlier papers.”* These include 
adjustment for counting efficiency in the electronics, 
multiple Coulomb scattering in the target and copper 
absorber, incident beam width, finite counter size, 7-u 
decay after traversing the target, electron and » meson 
contamination in the incident beam, stopping power of 
the target, nuclear absorption of full energy mesons in 
the target and copper absorber, low-energy pions in the 
incident beam, etc. Plots of the values included in 
Tables I and II are shown in Fig. 1. The m curve 
shows some evidence of a diffraction-like oscillation 
effect near the bottom of the initial decrease of do/dQ 
in going from small to moderate angles. The points 
near 60° appear as a relative bump on the curve that 
would be constructed by interpolating from the points 
on either side. This is the first evidence of such diffrac- 
tion “structure” in the scattering of pions from complex 
nuclei, and provides an interesting feature for com- 
parison with the results of optical model phase-shift 
calculations. 
IV. NUCLEAR MODELS 


Watson‘ and Francis® have given general arguments 
for the validity of nuclear optical model potentials for 
pion scattering from nuclei. It is expected for light 
nuclei that the results will be strongly influenced by 
characteristics of the elementary pion-nucleon ampli- 
tudes, whereas for heavier nuclei an optical model 
analysis using a complex interaction potential should 
become more valid.‘ In a preceding paper’ of this series 
a specific nuclear model was used with the impulse 
approximation to analyze the results of pion scattering 
from lithium in terms of the angularly dependent 


"6K. M. Watson, Phys Rev. 89, 575 (1953). 
6 N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 
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elementary pion-nucleon scattering amplitudes. To 
obtain definite individual particle nucleon wave func- 
tions, a simple harmonic nuclear well was assumed for 
the nucleons. The individual terms in the coherent 
addition of elementary scattering amplitudes from the 
various nucleons were weighted according to the ability 
of the struck nucleon to absorb the momentum recoil 
and remain in the same state in the simple harmonic 
nuclear well. Several obvious adjustments, such as 
relativistic solid angle and phase space corrections, 
were made. Corrections were also made at backward 
angles for the momentum distribution of the nucleons. 
By taking into account the energy dependence of the 
elementary (6), fairly good agreement with the experi- 
mental angular distribution was obtained. The theo- 
retical calculation was quite sensitive to the choice of 
such parameters as nuclear size and the approximations 
used in applying the correction factors. A best match 
with the experimental data corresponded to “reason- 
able” choices of these parameters. 

Kisslinger has constructed nuclear scattering po- 
tentials directly from the elementary s- and p-wave 
amplitudes‘ and has shown the importance of a surface 
term which arises from the p-wave contribution to the 
elementary {(6). The magnitude of the surface term 
depends upon Vp, where p(r) is the nuclear density 
distribution. Variations in both range and shape of the 
nuclear density distribution about various favored 
distributions’ have been made to fit both the experi- 
mental u-mesonic x-ray data® and the electron scattering 
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Fic. 1. Experimental angular distribution for the scattering of 
8-Mev x~ and x* mesons from copper. 


7D. L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954). 
8 V. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 
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data.’ Such studies have led to a favored nuclear 
density distribution which is relatively uniform in the 
center region of the nucleus but tapers gradually to 
zero at the nuclear “surface.” It should be noted, 
however, that the yw-mesonic x-ray and the electron 
scattering experiments give the charge distribution in 
the nucleus, whereas here we are interested in the 
average pion interaction as a function of r. This may 
be nonlinear in nucleon density, may have a range 
extension, and may reflect differences in the neutron 
and proton distributions. 


V. THEORY AND CALCULATIONS 


We have performed phase-shift optical model calcu- 
lations using a constant complex square well potential 
within the nuclear radius (r<Ro=1.44!X10-" cm), a 
Kisslinger-type term at the surface, and a Coulomb 
potential beyond the nuclear radius. Exact solutions 
are obtained to the Klein-Gordon equation in the form 


(E—V)?—mict 
Vy+-——___—y=0. (1) 


h°¢? 


Inside the nuclear surface V=V,+7iV2, at the surface 
V w= — BVp-Vy, where B is a negative constant, and 
beyond the surface V=—Ze?/r. A range of inside 


potentials was chosen taking into account the increased 
Coulomb and nuclear contributions from the heavier 
copper nuclei compared with aluminum, for which the 
m~ potentials V;j= — 30 Mev and V2= — 10 to —25 Mev 
seemed roughly appropriate.’ The following sets of 
values were used : 


(a) Vi=—25 Mev, 
(b) Vi=—35 Mev, 
(c) Vi=—45 Mev, 
(d) Vi=—25 Mev, 


V2=—20 Mev, 
V2=—20 Mev, 
V2=—20 Mev, 


Vo=—15 Mev. 


Nuclear phase shifts were found in the conventional 
way by matching logarithmic derivatives of the regular 
and irregular Coulomb solutions (for r>Rp) to the 
spherical Bessel functions of complex argument inside 
the nucleus." The surface potential affected only the 
matching of logarithmic derivatives of the wave func- 
tions at the nuclear boundary. To be sure that signifi- 
cant partial wave contributions were not neglected, / 
values from 0 to 6 were included in the calculations, 
Actually contributions from partial waves with />5 
should be small, and the results showed negligible 
contribution for />6. 


® Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 

10 R, Hofstadter, Proceedings of the Fifth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1955). 

11 A, Pevsner and J. Rainwater, Phys. Rev. 100, 1431 (1955). 
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TABLE II. Experimental angular distribution of 78-Mev 
a+ mesons scattered from copper. 








iad da/dQ (mb) 


15+2.9° 1882+342 
20+5.0° 748+96 
30+4.2° 267+44 
40+4.2° 63.3+13.4 
50+4.3° 30.2+8.6 
60+5.9° 16.2+6.1 
110+6.5° 8.29+0.84 





The equation for the scattering amplitude” is 


o | 
f(0)=f-A)+> at a 201+60) sind,P,(cosd), (2) 


l=0 
where 


a 
fe(0) = ———————_ exp{ — ta In[sin*(6/2) ]+-2ia0}. 
2k sin? (6/2) 


In order to represent an outgoing scattered wave 
superimposed upon an incident wave unmodified by the 
nuclear potential, the outside wave function must have 
the form 


F1(a,koRo) = Fi(a,koRo)+ [Gi(a,koRo) 
+iF j(a,koRo) Je sind;, (3) 


where F; and G; are the regular and irregular hyper- 
geometric wave functions. Values of F; were obtained 
indirectly from the NBS tables.” Values of G; are not 
tabulated, except for positive values of a." Since our 
a= —0.27487, the existing tables could not be extrapo- 
lated from a=0 with sufficient accuracy. Therefore 
Gi(a,koRo) was calculated from the very lengthy and 
slowly converging series expansions for G;, and other 
G, values derived by recursion formulas." 

If the nucleon density is assumed constant within 
the nuclear radius (corresponding to a square well 
model) but drops to zero within a region y—0 about 
the assumed radius, the matching condition at the 


boundary becomes* 

dy; dy 

—| =], (a 
Oi: OL. 


where n= 1+ (2E/h?c?) Bo= 0.473, E= meson total ener- 
gy, p=nucleon density normalized so that {pdV=1, 
B= (2r)'At, A=total number of nucleons, 


—he 3 
t=——— —n,,(E})-(T}) = —0.3611X 10-” erg cm, 
(2nYER 


2L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), Sec. 20. 

18 Tables of Coulomb Wave Functions, U. S. National Bureau of 
Standards Applied Mathematics Series 17 (U. S. Government 
Printing Office, Washington, D. C., 1952), Vol. 1. 

4 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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Fic. 2. (a) Plot of 2kof=q+-ip for optical model phase shift 
analysis of ~ scattering from @=20° to 80°, where | f|*=do/dQ. 
Curves are for Vi=—35 Mev, V2=—20 Mev, and for wave- 
function logarithmic derivative matching factors of n=0.5, 0.75, 
and 1.00. (b) Plot of 2kof=q+ip for @=40° to 160°, Vi=—35 


















































n4=e++ sind, , for both isotopic spin=$ and j=} 
in pion-nucleon scattering, E;= spin projection operator 
for j=} in the pion-nucleon system, and 7j= isotopic 
spin projection operator for the T=} state of the 
pion-nucleon system. Thus the new boundary matching 
condition, taking account of the logarithmic discon- 
tinuity, is 
ki xi 
+n——=h, (5) 
Ro Xi 


F (1—n) 


F, koRo 


where x; is defined by the inside wave function y= xz/r, 
and &; and ko are the inside and outside propagation 
constants. In our calculation we have used n=0.5, 
0.75, and 1.00 instead of the calculated 0.473 for the 
following reasons: 

(a) Several choices of m values will better demon- 
strate the effect of the surface term. 


Mev, V2=—20 Mev, and »=0.50, 0.75, 1.00. 


(b) An exact choice for m is unnecessary, since the 
expression for :¢ above has not been corrected for the 
difference in available phase space between pion-nucleon 
and pion-nucleus center of mass systems, or for the off- 
energy shell scattering which is actually taking place. 
Furthermore, the s- and p-state interactions between 
pion and nucleon give rise to a mass-like term and an 
ordinary potential term in the pion-nucleus Hamil- 
tonian, in addition to the Vp term. A consistent treat- 
ment would include expressions for these two additional 
terms; we have done so only through our phenomeno- 
logical determination of the complex square well depths. 
Nevertheless, a change in the angular distribution re- 
suiting from a change in » will at least be indicative of 
the effect of the surface potential contribution to the 
scattering. 

The equation determining the nuclear phase shifts 6; 
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from matching at the boundary is 


oe (Fi +iG/) — (Fi +iGoh 
—(F/—iG/)+(Fi-iG) 


eibl 





(6) 


From Eq. (6) 6;, and hence the partial wave coherent 
scattering amplitudes (2), can be found. 


VI. RESULTS OF CALCULATIONS 


The calculations, carried out on a desk calculator, 
are most easily studied by plotting f(@) in the complex 
plane. Figures 2(a) and 2(b) show the complex /(@) 
plots for Vi= —35 Mev, V2= —20 Mev, and boundary 
matching factors n=0.50, 0.75, and 1.00. The corre- 
sponding plot of the differential cross section is shown, 
along with the experimental curve, in Fig. 3. Similar 
complex plots for f(@) derived from Vi=—45 Mev, 
Ve=—20 Mev and the same range of m values are 
shown in Figs. 4(a) and 4(b). The corresponding 
angular distributions are shown in Fig. 5. Figure 6 
shows the calculated angular distributions for all four 
sets of complex potential wells previously mentioned, 
but for no discontinuity in logarithmic derivatives at 
the nuclear boundary (n= 1). 

It is obvious from Fig. 6 that the calculated curves 
heavily overemphasize the diffraction maxima and 
minima in the angular distribution, relative to our 
experimental curve. However, it is difficult to say how 
strongly the experimental curve excludes such sharp 
prominences for strictly coherent scattering. In our 
experimental measurements, states of nuclear excitation 
<9 Mev can contribute to the measured cross section. 
Thus incoherent transitions such as spin flip and slightly 
inelastic scattering may be significant factors in the 
10-mb differential cross sections observed at backward 
angles. Furthermore, our angular resolution of +3.9° 
to 6.4° would tend to smooth out any sharp maxima 
and minima which might exist in the purely coherent 
angular distribution. Finally, a considerable damping 
of the calculated diffraction maxima and minima can 
probably be expected from a more reasonable nuclear 
model which abandons the sharp edged square well for 
a nuclear density distribution tapered toward the edge. 
Calculations with such a model require the use of 
electronic computers and were not attempted here. 

The theoretical and experimental curves are best 
compared on the basis of the diffraction-like oscillation 
in the region from 40° to 80° and the height and slope 
of the curves at angles smaller than 40°. From Fig. 6 
it would seem that best agreement with the angular 
location of the first “hump” in the experimental curve 
might be obtained with the complex potential V 
= (—45—20i) Mev, although the first maximum in 
the V=(—35—20i) Mev calculated curve is only 
slightly displaced toward larger angles relative to the 
experimental curve. (If a smaller nuclear radius or 
values of m less than unity are assumed, the location 
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Fic. 3. Optical model solutions: angular distribution for 78-Mev 
m~ mesons scattered by copper for V;i= —35 Mev, V2= —20 Mev. 
(a) n=1.00; (b) m=0.75; (c) n=0.50. 


of the calculated first diffraction maximum will be 
shifted toward still larger angles.) 

At angles smaller than 40°, both the V= (—45— 201) 
Mev and V=(—35—202) Mev calculated curves agree 
fairly well with the experimental values. In this region 
the partial wave scattering amplitudes are adding 
roughly in phase and interference effects between the 
various partial wave contributions, which may be 
sensitive to the assumed nuclear shape, are less im- 
portant. When one takes into account the slight 
lowering of do/dQ brought about by adding a surface 
term to the potential (decreasing m from unity), slightly 
better agreement for a range of m values at forward 
angles is obtained with the potential V= (—45— 202) 
Mev than with V= (—35—20i) Mev. In the backward 
direction the curve for V= (—45— 207) Mev also stands 
higher and closer to the experimental curve, but it is in 
this region that incoherent scattering may be dominant 
and comparisons therefore less valid. 

In comparing the calculated and experimental angular 
distributions it is difficult to assign a particular choice 
to n, which determines the discontinuity in logarithmic 
derivatives at the nuclear boundary. The choice of m is 
sensitive to the locations of maxima and minima in the 
backward direction, but since these are not clearly 
apparent in the experimental curve they are not useful 
criteria. As 7 is decreased from unity, the first minimum 
and subsequent maximum in the calculated curves are 
damped and displaced slightly toward larger angles. 
The plots of f(@) in the complex (¢+ip) plane in Figs. 
2 and 4 show how this is brought about. The complex 
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{(@) plots also show that the locations and magnitudes 
of maxima and minima at larger angles vary with n in 
a complex manner, and are not easily predicted. In 
Figs. 3 and 5 a higher backward cross section is obtained 
for the smallest » (n=0.5), but this value of n does not 
allow a good match with the experimental curve in the 
region of the first diffraction maximum. Values of n 
from 0.75 to 1.00 appear to be favored when matching 
at the first diffraction maximum. 

Optical model calculations were not made to fit the 
x* experimental distribution. However, the statistically 
weak experimental points at 50° and 60° suggest that 
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Fic. 4. (a) Plot of 2kof=q+ip for 6=20° to 80°, 
V,=—45 Mev, V2=—20 Mev, and =0.50, 0.75, 1.00. 
(b) Plot of 2kof=q+ip for @=40° to 160°, Vi= —45 Mev, 
V2=—20 Mev, and n=0.50, 0.75, 1.00. 


a maximum may not be present in the w+ curve in this 
region. 

The total reaction cross section has also been calcu- 
lated from the partial wave nuclear phase shifts for 
each of the real and imaginary square well potentials 
and boundary matching factors already discussed. 
Results are shown in Table III. For most values of the 
potentials, o, is slightly larger than the copper geo- 
metric cross section of 1006 mb (assuming Ro=1.414A! 
10-" cm). A similar result was found in the optical 
model study of pion scattering from aluminum.’ Al- 
though the geometric cross section is the limit for 
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Fic. 5. Optical model solutions: angular distribution for 78-Mev 
a mesons scattered by copper for Vi= —45 Mev, V2= —20 Mev. 
(a) n=1.00; (b) n=0.75; (c) n=0.50. 


absorption in the simple Fernbach, Serber, Taylor 
treatment,!® much larger than geometric cross sections 
become possible with a partial wave analysis. The 
corresponding mean free paths for absorption, Aa 
=1/2k», are all in the neighborhood of 4X 10-® cm. 
We have also made two modified Born approximation 
calculations for scattering from a copper target (linear 
superposition of scattering amplitude contributions 
from the different nucleons) in order to compare with 
the results of the exact phase shifts of the optical 
model as well as to aid in the choice of well depths for 
the lengthier optical model calculations. Although the 
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Fic. 6. Optical model solutions : angular distribution for 78-Mev 
m~ mesons scattered from copper, for: (a) Vi=—45 Mev, V2 
=—20 Mev, n=1; (b) Vi=—35 Mev, V2=—20 Mev, n=1; 
(c) Vi=—25 Mev, Ve=—20 Mev, m=1; (d) Vi=—25 Mev, 
V2=—15 Mev, n=1. 


normal first Born approximation does not take into 
account attenuation effects or the difference in propa- 
gation constants inside and outside the nucleus, it does 
make allowance for nonisotropic scattering from each 
element of nuclear matter, and coherently combines 
the scattering contributions from all parts of the nucleus 
according to a weighting function f,(@) which is found 
from the nuclear density distribution. Thus the total 
scattering amplitude f(@) can be written as fa(6) f.(@), 
where fa(9) is the nuclear volume times the Born 


TABLE III. Calculated optical model reaction (total minus coherent) cross sections for 78 Mev: kx=ki+ike, V=Vi+iV2, 


Ro=5.658X 10-" cm, koRo 


=4.80, rR.?= 1006 mb. 








n=1 


(2141) xX? Case ee ne eee ean! 


n =0.50 
A. 








V; (Mev)= —25 —35 

V2 (Mev) = —20 

ki Ro= . ° 6 

k2Ro= f 0 

Aa (10-8 cm) = ? i 4 

oro (mb) = 39 
aan 126 
out 182 
poset 285 
eats 350 
On= 158 
or4= 27 


6 
Lon=or= 982 1167 
1=0 


wRy = 1006 


—45 —35 —35 —45 
—20 —20 —20 —20 —20 
056 6.396 6.056 6.396 6.056 6.396 
.6874 0.6766 0.6874 0.6766 0.6874 0.6766 
12 4.21 4.12 4.21 4.12 4.21 
38 42 41 44 43 
129 117 123 99 107 
181 195 188 201 184 
252 295 288 282 301 
384 311 357 248 297 
208 145 187 121 151 
34 26 32 23 27 


1226 1131 1216 1018 1110 








15 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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Fic. 7. Modified Born approximation results: angular distri- 
bution of 78-Mev x~ mesons scattered by copper, for: (a) Vi 
=—45 Mev, V2=—20 Mev, modified Born approximation 1; 
(b) Vi=—35 Mev, V2=—20 Mev, modified Born approximation 
1; (c) Vi=—25 Mev, Ve=—20 Mev, modified Born approxi- 
mation 1; (d) Vi=—30 Mev, V2=—20 Mev, modified Born 
approximation 4. 


contribution to the scattering amplitude per unit 
volume of nuclear matter, and /,(6), the nuclear density 
weighting function, gives the effect of the finite nuclear 
size. It is given® by 


f= f Pole 


Our modifications to this usual Born approximation 
have already been described." Plots for the Born 
approximation 1 (modified)" are given in Fig. 7 for 
three of the four sets of potentials for which the exact 
phase shift calculations were performed. Curve (d) 
of Fig. 7 represents Born approximation 4 (modi- 
fied)," for a nuclear potential V=(—30—20i) Mev. 
By interpolating between the curves of Fig. 7, it 
is easily seen that the two modified Born approxi- 
mations agree fairly well, and, with regard to angular 


locations of maxima and minima, both are fairly good 
approximations to the exact phase shift results. 


VII. CONCLUSIONS 


When one takes into account the limited experi- 
mental angular and energy resolution, reasonably good 
agreement is obtained for angles up to 80° between the 
experimental distribution and calculated curves for 
V=(—45—20i) Mev and V=(—35—20i) Mev. The 
calculated curves for V= (—45—20i) Mev give slightly 
better agreement with the magnitude of do/dQ in the 
forward direction and the angular location of the first 
diffraction maximum. However, the calculated results 
are expected to be sensitive to the choice of nuclear 
radius, chosen here as Ro= 1.4144#X10-* cm, and the 
shape of the nuclear density distribution. Introducing 
a discontinuity in the logarithmic derivative matching 
at the nuclear surface has a pronounced effect upon the 
shape of the calculated curves, but values of m less than 
about 0.75 do not appear to improve the agreement 
with the experimental distribution, at least when applied 
to the square well model. At backward angles where 
incoherent transitions may mask the elastic scattering, 
the predicted maxima and minima do not appear 
experimentally. It is expected that a more reasonable 
nuclear model with a tapered edge, and an improvement 
in the experimental angle and energy resolution, may 
account for a large part of the discrepancy that still 
exists.’® 

The authors wish to thank Miss Hilda Oberthal and 
Dr. Manfred Kochen for their aid in carrying out parts 
of the optical model phase shift calculation, and Mr. 
Ronald Rockmore for discussions concerning the gradi- 
ent term in the potential. We are also indebted to the 
members of the Nevis Cyclotron operating and mainte- 
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experimental measurements. 


16 Note added in proof.—Since this paper was submitted for 
publication, we have developed a new detection method which 
greatly improves the discrimination against inelastic events for «~ 
mesons in the region 20° to 115°. Preliminary results indicate 
that our experimental differential cross-section curve is approxi- 
mately correct for 0<35°, but for more nearly elastic events 
should be lowered at larger 8 by multiplying by the or oon an 


factors 0.6, 0.8, 0.4, 0.6, and 0.17 at @=40°, 55° 90°, and 
110° , respectively, Similarly, the previously S| results for 
aluminum? should also be lowered by a factor of ~0.5 for 50°< 
6<85°, and by a factor of ~0.2 for 90°<@<110°. The theoretical 
curves are obviously unchanged. 
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Cloud-Chamber Study of the Production and Decay of Strange Particles* 
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Out of 1242 decay events observed in a magnetic cloud chamber array triggered on penetrating showers, 
a total of 54 associated V-particle pairs has been obtained. All the associations observed are consistent with 
the “strangeness” selection rules. A statistical analysis of the numbers of double and single events has been 
used to obtain rough estimates of the fractions of neutral K particles and neutral hyperons which decay by 
“invisible” modes, and of the relative frequencies of occurrence of various production processes. The main 
uncertainties in the resulting values are discussed in detail. 





I. INTRODUCTION 


HE production of V particles in pairs was sug- 
gested! very early as a possible way of reconciling 
their copious production with their long lifetime. More 
recently the idea of pair production has been replaced 
by that of associated production in which only certain 
combinations of these particles may be produced 
together. Various schemes have been proposed to 
classify V particles according to their production as- 
sociations.? One of the most useful of these is the so- 
called ‘strangeness number’’ classification introduced 
by Gell-Mann and Pais. Under this scheme all strongly 
interacting particles are assigned a new quantum 
number called the strangeness, denoted by the symbol 
S, which can assume only integral values. The strange- 
ness numbers assigned to the presently known or 
postulated particles are shown in Table I. According 
to the rules proposed by Gell-Mann and Pais, the per- 
mitted associations of V particles are described by the 
selection rule that the total strangeness does not change 
at production, whereas the observed slow decay of V 
particles is governed by the rule that the strangeness 
changes by one unit. The consequences of these rules 
insofar as production is concerned will be discussed in 
Sec. IT. 

Early experimental attempts to test the pair produc- 
tion hypothesis by comparing the relative numbers of 
double and single events in cosmic-ray cloud-chamber 
photographs seemed to give negative results.’ However, 
these investigations were subject to the important 
objection that no account was taken of either the 
possible existence of decay modes having solely neutral 
secondaries or of V particles of such lifetime that their 
detection efficiency in a cloud chamber is very small. 
Indeed, it is now well known that the long lifetime of 


* Assisted by the joint program of the Office of Naval Research 
and U. S. Atomic Energy Commission. 

+ Now at the Ecole Polytechnique, Paris, France. 
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K+ particles‘ and the short lifetime of 2+ particles® 
gives these a relatively poor detection efficiency in 
ordinary cloud chambers. There is also evidence for the 
existence of neutral modes of decay,® so that the 
results of the early experimental work on pair produc- 
tion of V particles must be considered inconclusive. 

The work of Shutt and his collaborators at Brook- 
haven’ gave the first positive experimental evidence in 
favor of associated production, and further work at the 
Cosmotron has continued to strengthen this evidence.’ 
In addition, other cosmic-ray research both with cloud 
chambers and photographic emulsions has given results 
in agreement with the hypothesis of associated pro- 
duction.*™ Finally, it should be noted that recent 
photographic emulsion work on the interactions of K+ 
and K~ mesons has given additional strong support to 
the predictions of the strangeness selection rules.” 

The results to be described in the present paper were 
obtained by using data from the 48-in. magnet cloud 
chambers.” This work consisted of two parts: first, a 
detailed study of all associated V-particle events to 


TABLE I. Strangeness classification. 
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test whether the predictions of the strangeness scheme 
are fulfilled; and second, a statistical study of single 
and double events to obtain information on neutral 
decay modes and on relative production probabilities 
for various associations of particles. 


II. PRINCIPAL PRODUCTION PROCESSES 
FOR STRANGE PARTICLES 


A. Theory 


The strangeness selection rules require than an 
S=-—1 particle be produced in association with an 
S=+1 particle, and than an S=—2 particle be pro- 
duced with any two S= +1 particles. According to Table 
I, this means that A°, 2°, 5+, K° or K~ must be produced 
with K® or K+, and that Z- or =° must be produced 
with 2K°, 2K*, or K°+Kt. 

In connection with these permissible associations the 
following points should be noted: 

1. The =° particle, postulated to decay according to 
the scheme 

E> A°-+-x?, 


whose existence is predicted by the strangeness theory, 
has as yet not been found experimentally. 

2. The existence of the 2°, which is supposed to decay 
rapidly (~10-* sec) according to the scheme 


D—M+y, 


is not firmly established, though there is considerable 
evidence in its favor.’* It is difficult to distinguish 
experimentally between the direct production of a A° 
and the production of a 2° which subsequently decays 
into a A°. 

3. Experimentally, one observes several different 
decay schemes for K+ particles, all of which seem to 
correspond to about the same mass and lifetime. How- 
ever, there are theoretical reasons for believing that 
not all of these schemes correspond to the same physical 
particle. Arguments on the basis of spin and parity™ 
suggest that there may be at least two different types 
of K+ particles, one being responsible for all ++ decays 
and the other giving all 6* decays. 

4. According to the strangeness theory, every Kt 
particle must have a neutral counterpart. At present, 
only the existence of the neutral counterpart (6°) of the 
6* has been firmly established, but several cases of so- 
called “anomalous #” events have been observed,!® 
some of which might be examples of the expected 7° 
decay. 

5. Gell-Mann and Pais have suggested'* from theo- 
retical arguments that the @ particles should manifest 
themselves experimentally as two different particles, 
which they call 6;° and @,°, produced in equal numbers, 


“4 R. Dalitz, Phys. Rev. 94, 1046 (1954); Orear, Harris, and 
Taylor, Phys. Rev. 102, 1676 (1956). 

1 Van Lint, Anderson, Cowan, Leighton, and York, Phys. Rev. 
94, 1732 (1954). 

16M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 
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having equal mass, spin and parity, but with markedly 
different lifetimes, only one of the particles (@,°) being 
able to decay into two m-meson secondaries. By the 
same argument, # particles should exhibit themselves 
as half 6,° and half 6,°. These authors suggest that the 
lifetime of the @:° may be such as to make the detection 
of its decay in a cloud chamber improbable. Some of the 
anomalous # events mentioned above might be ex- 
amples of these predicted 62° decays. 


B. Experiment 


The data to be discussed in this paper were obtained 
from approximately 50 000 photographs taken with the 
48-in. cloud chambers. The various V-particle decays 
were classified according to the accepted decay schemes 
using the methods outlined in Table II. The following 
points should be noted in connection with Table IT. 

1. Only one of the three methods given for the 
identification of a @ decay requires that the positive 


TABLE ITI. Identification procedures used in the classification of 
events. (P, 7, M=momentum, ionization, and mass of primary, 
respectively; P+, J+, M+=momentum, ionization, and mass of 
positive or negative secondary; @=opening angle of V® decay; 
t=time of flight of primary inside the chamber.) 








Condition for identification 


A° sith 273m,.<M*~1840m, 
ia Pr r* M+ <1840m, 
ia P-0 P~ sind>118 Mev/c 
Sign of Pt—P- P*+—P-<0* 

I M <~2000m, 


Particle Necessary information 





” 
K,*> 
r tee 3 charged secondaries 
_. tee V° secondary 


’ 


P~ sind < 118 Mev/c 


Are P-,6 
t>5X10- sec 


"=." t 








* It is taken for granted that very slow A®’s which may satisfy this crite- 
rion will be identified from P* and J*. 

b The term Kz includes only K mesons which do not decay by the r mode. 

© The “‘A®”’ and “Kx” indentifications are given only to events not other- 
wise identifiable. 


secondary be lighter than a proton. The other two 
methods are based on the dynamics of A° and @ decay, 
and depend on the fact that the Q value of the known 
A° decay is 37 Mev. If particles having a proton second- 
ary and a Q value significantly greater than 37 Mev 
were present, these would sometimes be classified as 
@’s. If such decays are present, however, their propor- 
tions are exceedingly small. 

2. The “A” identification is based on the fact that 
less than 10% of ordinary # events can fulfill the given 
criterion,!? while all A®° events must fulfill it. Thus, 
whereas not every event labeled “A®” is in fact a A°, all 
but a few of these events are A”’s. 

3. The “K+” identification depends upon the fact 
that the lifetime of the 2+ is about 5X10" sec.® Hence 
events with time of flight greater than 5X 10-" sec are 
almost certainly not 2+, and are hence assumed to be Kt. 

4. A detailed examination of a large sample of single 


17 J. P. Astbury, Nuovo cimento 12, 387 (1954). 
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neutral events, to be discussed in Sec. ITI, has shown 
that with the A° and @ criteria given in Table II one 
can positively identify about 40% of the As and 55% 
of the @’s. On the other hand, if one lumps the “A”’ ’s 
and As together, then the identification efficiency for 
A’’s goes up to about 85% accompanied, however, by 
a slight contamination of #’s. 

Table III gives a breakdown on the events obtained 
up to the present time. From this sample a total of 54 
cases were found which showed the decays of two or 
more associated V particles. The term “associated” 
is intended to convey the fact that the lines of flight 
of the primaries of these decays intersect, within the 
errors of measurement, in the producing material 
surrounding the chambers. Although this strongly 
suggests that the particles were produced in the same 
interaction, it must be noted that there is no experi- 
mental way of distinguishing whether the two members 
of the “associated pair’? came from a single interaction 
or from two different interactions, perhaps in the same 
nucleus. 

Table IV lists the identifications of the members of 
the 36 pairs of associated neutral V particles obtained. 


TABLE III. Breakdown of the decay events obtained. 








Identified events Unidentified events 


ays 228 es 564 
238 vt 48 
42 V- 93 
7 V+ 10 
6 
6 











® These do not include ‘‘A®’ and ‘‘Kx*"’ events. The latter are included 
in the V° and V* categories, respectively. 


Inspection of this table leads one to the following 
observations: 

1. Every event in which both members of the pair 
are completely identified is a A°—@ pair. There are no 
identified A°— A° or &°—@ pairs. 

2. If the “A®’ events are lumped with the A° events, 
thus permitting an identification of A°’s which is not 
nearly as energy sensitive as the requirement that the 
positive secondary be identified as a proton, then three 
A°—A° pairs are obtained. However, one would expect, 
if all events were A°—@ pairs that about three #° decays 
would be identified as “A°”’ events. In fact, just three 
@ decays satisfying the symmetrical requirement 
P+ sind<118 Mev/c are present in the sample. Hence, 
there is no evidence for even a single A°—A° pair. This 
statement is particularly strong in view of the 85% 
identification probability for A”s, when “A” and A° 
events are lumped together. 

3. Other evidence for the absence of #&—# pairs 
among the events under discussion can be obtained 
from a consideration of the number of #—V° events. 
From the identification probabilities given above, one 
calculates that about 8% of A°—@ events should be 
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TABLE IV. Identities of the members of the 36 V°— V° pairs. 








Ae “Ae’ ve 





A® 


yo 2 








identified as V°—@ pairs while 50% of the &°—@ pairs 
should be so identified. The fact that only 4 V°—@ events 
were obtained from 36 associated pairs strongly suggests 
that the proportion of #°—@ cases is small. 

4, The numbers of identified events in Table IV are 
completely consistent with the assumption that all 
pairs consist of a A° and a @ and that the identification 
probabilities are those given above. 

The net conclusion of these observations is that 
essentially all of the 36 neutral pairs observed are A°—6° 
pairs. This is in good agreement with the strangeness 
scheme which forbids A°—A° associations and inhibits 
°—@# production because of the higher threshold energy 
required. These results also indicate that plural produc- 
tion contributes very little to the pair events observed. 

The identifications of the members of 15 associated 
V°— V= pairs, excluding Z~ events, are shown in Table 
V. Here the following observations apply : 

1. There are no identified A°— V~ events present, in 
complete agreement with the strangeness selection rules. 

2. The principal associations seem to be A°— K+ and 
&—V-. The latter are probably ®— Z~ pairs (#—Z+ 
pairs are more difficult to detect because of the shorter 
lifetime of the =*). 

3. All observed associations are completely com- 
patible with the strangeness theory. 

To these data should be added the observation of a 
=-—P—#," a Z-—, and a K+—V-. The first of these 
is in spectacular agreement with the strangeness selec- 
tion rules, and the others are also in good agreement. 
All of these results serve to confirm, on the one hand, 
the validity of the strangeness rules, and on the other 
hand the fact that all of the pair events observed are 
probably cases of true associated production. 


III. STATISTICAL ANALYSIS OF THE DATA 
A. Theory 
In view of the results just given, it seems reasonable 
to assume that the processes responsible for the large 


majority of both single and double events are those in 
which one hyperon and one K meson are produced in 


TABLE V. Identities of the members of the 15 V°— V# pairs. 





Ao “Ao” ye 


0 





Ky,* 1 

“Ky, 2 1 

yr 1 0 

0 0 
0 0 
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association, i.e., in which the observed pairs are A°— K°®, 
A°— K+, 2+— K®, and 2+— Kt. (A° events will of course 
include both those directly produced and those resulting 
from the decays of 2’s.) With this assumption, one can 
derive considerable information concerning the pro- 
duction and decay of V particles from studies of the 
numbers and types of single and double decay events. 

Let p¢ be that fraction of all neutral K particles which 
decay by the mode, 


P—at+an-+214 Mev, 1r=10-" sec. (i) 


Similarly, let p, be that fraction of A° particles which 
decay by the mode, 


A°>p+2-+37 Mev, 1r=3.6X10-sec. (ii) 


Neutral particles which do not decay in these ways and 
which will be said to decay by “invisible modes” may 
be in one or both of the following categories: (1) those 
whose secondaries are all neutral ; (2) those which decay 
into charged secondaries with a lifetime of such mag- 
nitude as to make their detection probability in the 
chamber negligible. 

Define P(A°K®) to be the number of A°—K° pairs 
actually created'* in the production layer of a cloud 
chamber during a specified time of operation. Let 
N(A°@) be the number of these pairs actually observed 
in the chamber as A°—@ decays. Similarly define the 
quantities P(A°K+), P(2+K°), P(2+K+), N(A°K*), 
N (2+), and N(2+K+). Let N(A°), N(@), N(2+), 
and N(K*) be, respectively, the observed numbers of 
A°, ®, 2+, and K* decays, either singly or in association 
with another particle, during the same period of 
operation. Finally, let the quantities 7(A°™), (A°K*), 
w(2*), w(Z*K*), w(A°), (6), w(Kt), and x(2+) 
represent the probabilities that, if the events referred 
to decay visibly in the sense of the definition previously 
given, they will be observed in the chamber. Let a bar 
over any of these symbols denote an average over the 
events actually created and angle brackets (( )) denote 
an average over the events observed. 

The following relations will then apply: 


N (A?) = P(A°R®) pape (A), (1) 

N(A°K+) = P(A°K*)pa#(A°K*+), (2) 

N (240°) = P(Z*K") pet (2+0"), (3) 
N(2*K*)= P(2*+Kt)#(2+Kt), (4) 
N(A°)=(P(A°K")+P(A°K*) Jon (A"), (5) 
N(@)=(P(A°K®)+ P(2+K") Joot(®), (6) 
N(Kt)=([P(A°K*)+ P(2+K*) ja(K*), (7) 

N (2+) = P(2+K")+ P(2+Kt) Je (2+). (8) 

18 Tt should be clearly understood that the pairs referred to here 
are those which actually leave the nucleus in which the interaction 
took place. They are not necessarily the pairs produced in the 
initial interaction, since secondary interactions in which strange- 


ness is conserved may take place in the same nucleus with appreci- 
able probability. 
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Because of the statistical limitations of the present 
experimental data, only Eqs. (1), (5), (6), and (7) can 
be used effectively for further analysis. Combining (1) 
with (5), (1) with (6), and (6) with (7), one obtains: 


(9a) 


N(A°) #(A°0") af P(A°K+) 
(A) (A) pp 


P(A°K)]’ 
P(3+K®) 
aes 


N (O°) #(A%°) -1 


(9b) 
#() N(A%®) pa 





_N(K+) #0) g  Sesctaah nut ms 


3= =— 
(Kt) N(@) pel P(A°K°)+P(2+K°) 

The quantities ;, 2, and J; are combinations which 
can be experimentally determined, and from which in- 
formation concerning nonvisible modes of decay and 
the various modes of production can be obtained. 


B. Experimental Evaluation of h, J2, and J; 
1. Calculation of I, and Iz 


The main problem involved in measuring the quanti- 
ties J; and J¢ is in the evaluation of the #’s. The life- 
times used are the following: 


Ta=3.6X10-" sec, 
Te=1.3X10-" sec. 


In carrying out the analysis, only events with origins 
in the 5 cm of production layer adjacent to the chamber 
were considered. The probability, 7, of observation of 
each case was calculated by assuming that the event was 
drawn from a population of events of the same momenta 
and emitted in the same direction, but with origins 
uniformly distributed throughout the volume of pro- 
duction layer considered. The mean probability of 
observation #, averaged over events produced, was then 
obtained in terms of the average of 1/x over observed 
events, (1/2), using the relation, 


#=(1/r). (11) 


The main limitation in the accuracy of the results 
comes from the statistical inaccuracy inherent in the 
small number of double events. In order to reduce the 
labor of computation, therefore, only those single events 
occurring in a certain subregion of the chambers were 
considered, the numbers being suitably scaled when put 
into formulas (9a) and (9b). 

The validity of the above procedure and of the use 
of Eq. (11) rests upon the assumption that the observed 
events are a fairly good representation of the events 
produced. That is, one assumes that the observation 
probabilities of the produced sample are well repre- 
sented by those of the observed sample. A partial 
justification of this assumption is provided by Fig. 1 
which shows a plot of the average detection probability 
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for events produced in the first 5 cm of production layer 
above the chambers as a function of L, the vertical 
component of their decay distance y6cr. It should be 
noted from Fig. 1 that the detection probability varies 
by only a factor of three as the A° or 6 momentum 
varies from about 200 Mev/c to 10 Bev/c. Thus only in 
the unlikely eventuality that a large fraction of the 
produced events are outside this very wide range is the 
analysis given here in large error. 

However, a possible difficulty arises from the fact 
that, because some events are emitted at very large 
angles to the vertical or even backward in the laboratory 
system, their detection probability in, say, the top 
chamber, may be very small or indeed zero. Careful 
studies were made of the angular distributions of 
A°’s and @°’s, and corrections were made for these effects. 

Another point which deserves mention is the identi- 
fication of the single and double events as A°’s and @”’s. 
It was, of course, necessary to use all V° events decaying 
within the allowed regions of the chambers and fulfilling 
the origin requirements regardless of one’s ability to 
identify them. In addition to the rigid and approximate 
identification criteria previously discussed, association 
with identified As and @°’s was also used as a criterion, 
on the assumption that all V° pairs were A°—@ events. 
With all these methods of identification only a very 
small number of events remained which gave no 
preference as to being identified as As or 6°’s. These 
events were apportioned among A°’s and @°’s in the same 
ratio as the identified events. The momenta of all 
events were computed by using all information derived 
from measurements on the secondaries plus knowledge 
of the dynamics of the decays. 


2. Calculation of I; 


Somewhat similar procedures were used to calculate 
the detection probabilities of K+’s and @°’s as required 
for the computation of J;. In this analysis all V+ events 
were assumed to be the decays of K+ mesons having a 
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Fic. 1. Average detection probability of downward traveling 
particles created in the 5 cm of producing material above each 
chamber, plotted as a function of their mean decay distance 
L=y7£cr. 
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Fic. 2. Expected distribution of J, from a set of measurements 
of the same statistical accuracy as the present experiment. This 
curve is computed on the assumption that the true value of /; is 
the one obtained in the present experiment and shown in the figure 
by a dashed line. 


lifetime? 
TK=1.2X10- sec. 


Indeed, evidence has already been given that 2+ con- 
tamination is very small probably as a result of the 
very short lifetime of the =*. 

Again only events with origins in the 5 cm of pro- 
ducing material just above each chamber were con- 
sidered. Because of their long mean life and consequent 
small detection probabilities, the mean detection prob- 
ability for the K* particles was computed from the 
more numerous sample of #’s on the assumption that 
their momentum distribution, at production, is the 
same as that of the #’s, using the relation 


(Kt) 


N (0°) (0°) N @)ar(6°) 


#(K+)= are (12) 


In evaluating N(K*), only K+ particles with decay 
angles greater than 10° were included and this fact was 
taken into account in the calculation of the (Kt) 
corresponding to each @. In addition it was required 
for each K* included in the analysis that the detection 
probability of a # with the same origin and momentum 
be greater than a certain minimum amount, and only 
#’s with detection probability greater than this amount 
were used. 


IV. RESULTS OF THE ANALYSIS 
A. Values of J; and J, 


From an analysis of 60 A®° events, 54 events, and 
21 A°—@° pairs, the following values were obtained for 
I, and J, after suitable corrections were made for 
unseeable events emitted at large angles to the vertical. 


T= 3.08_0,52+°-®, 
Ih= 1.86_0.317°™, 
where the quoted errors, which arise from the limited 


statistics and from random measurement errors, define 
a 50% confidence interval. 
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Fic. 3. Expected distribution of J, from a set of measurements 
of the same statistical accuracy as the present experiment. This 
curve is computed on the assumption that the true value of J» is 
the one obtained in the present experiment and shown in the 
figure by a dashed line. 


Because of the small sizes of the numbers involved, a 
more detailed statistical analysis was carried out, in 
which a Monte Carlo calculation was used to evaluate 
the expected distribution of mean detection proba- 
bilities, and Poisson distributions for the numbers of 
events were folded in. The results of this analysis are 
shown in Figs. 2 and 3. From this calculation, the 98% 
confidence limits upon J; and J, were found to be 
1.50<J,<5.50 and 1.00 <J2<3.50. 

In addition to the random errors just discussed, 
systematic effects can also have some importance. One 
such effect can arise if the A° or lifetimes used are in 
error. However, it is clear from Fig. 1 that the detection 
efficiency is rather insensitive to the lifetime except at 
very high momenta. Thus, the values of J; and J; are 
virtually independent of the lifetimes unless these are 
widely in error. Another source of systematic bias 
might arise if the scanning efficiency for doubles is not 
the same as for singles. Indeed, it is estimated that the 
scanning efficiency for single V° events is about 80%, 
a result which might suggest a bias against the detec- 
tion of pair events. However, every frame containing 
at least one V° decay has been thoroughly searched for 
others, in addition to which the probability of finding at 
least one decay in a picture where there are two is about 
96%. Hence, it is believed that scanning efficiency has 
introduced little bias. 


B. Value of J; 


From an analysis of 58 # and 14 K+ events, the 
following value for J; was obtained: 


I= 3.85_0.757?-%, 


where again the quoted errors are 50% confidence 
limits arising from all random effects. 

Here, unlike the analysis for J; and J», the results are 
rather sensitive to the lifetimes used. The dependence 
on the @ lifetime arises from the fact that only the very 
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lowest part of the 6° momentum spectrum contributes 
appreciably to the predicted number of K+ particles, 
because of the long K* lifetime. It is however, just this 
low-momentum part of the spectrum whose detection 
efficiency is most sensitive to the 6° lifetime. Un- 
fortunately the @ lifetime is not very well known, partly 
because of large statistical errors in determinations up to 
date, and partly because of the unknown effects in- 
troduced by a possible contamination of the anomalous 
& events in the samples of ’s used. In view of recent 
work on anomalous @ events'® and recent determina- 
tions of the @ lifetime which give somewhat lower 
values than had been obtained previously,” is seems 
likely that the lifetime value used in the present 
analysis may be, if anything, somewhat high. Con- 
sequently the value of 7; was also computed for a # 
lifetime of 6.5X10—" sec with the following result, 


I3= 1.81_0.35t?™. 


The value of J; is also sensitive to the K* lifetime, being 
proportional to it. However, the accuracy of the known 
value of this lifetime is about 10% so that the error 
introduced thereby into J; is not very important. 


V. DISCUSSION OF THE RESULTS 
A. Estimates of 0», 9, and Production Probabilities 


If the assumptions leading to Eqs. (9a), (9b), and (10) 
are valid, then certain results follow immediately. In 
particular, it is clear that 


po>0.32_o.06*°”, 
pa> 0.540.107", 
P(A°K*)/P(A°R®) <2.08_0.52°-%, 
P(2*K®)/P(A°K°) <0.86_0,317°”. 


It must be emphasized that the lower limits just 
quoted for pe and pa, are not estimates of the actual 
values of these quantities unless P(A°K+)/P(A°K®) and 
P(2+K°)/P(A°K®) are both negligible in comparison to 
unity. Although the available data are insufficient to 
give accurate experimental values for these ratios, they 
do indicate that both ratios are of the order of unity. 
It then follows that ps and p, are probably considerably 
larger than the lower limits given above. Indeed, in the 
approximation that protons and neutrons occur in 
equal numbers both in nuclei and in cosmic rays at sea 
level, and the + and mw mesons are also equally 
numerous, one would expect that P(A°K*)/P(A°K®)=1, 
The corresponding value of pg would then be, 


pe= 0.65_0. 1 1? : od 


1 Kadyk, Trilling, Leighton, and Anderson, Bull Am. Phys. Soc. 
Ser. II, 1, 251 (1956). 

2% E. T. Booth, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, to be published). 
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From the same approximation it also follows that 
P(2+Kt)/P(+K°)=1, in which case one gets the 
following values for pe from the measurement of J3: 


po=0.26_0.051°* if 


po=0.55_0.117°'8 if 


Te=1.3X10-" sec, 
T9=6.5X10-" sec. 


The effects of not having equal numbers of neutrons 
and protons, and positive and negative x mesons, while 
not in a completely clear direction, are probably not 
large enough to change the above estimates of pp 
very much. 


B. Effects of Processes Not Considered in the 
Previous Analysis 


The analysis just given has neglected the effects of 
all processes in which two K particles are produced. 
These include the associations K—K and =—K—K. 

The effects of these processes can easily be discussed 
qualitatively by rewriting Eqs. (9) and (10) in the form 


T,= (1/po) (1+), (13a) 
T2= (1/pa)(1+8), (13b) 
I3= (1, pe), (14) 


where X, £, and » are positive constants which in the 
approximations of the previous sections have the values 


P(A°K+) 
” P(A°K)’ 


P(3+K°) 
* P(AK)’ 
P(A°K+)+-P(S4K+) 
0 P(AK) + P(SEK®) 





It can easily be seen that the effects of the processes 
neglected are to change the values of \, & and 7 to 
different but still positive values. Hence, the lower 
limits on pe and pa obtained previously are still valid. 

The effects of the neglected processes on \, &, and 7 
can be summarized in the following way: 


> £0, 


Information on the extent to which the values of 
, €, and » are changed can be obtained by a study of 
the numbers of #°—@ pairs, Z~ events and K~ events, all 
of which can arise only in the neglected processes. In 
view of the relative scarcity of all these types of events, 
it is believed that the true values of \, £, and 7 are not 
significantly different from Xo, £0, and mo. 


\<Ao, n<no Or n>. 


C. Effects Due to Anomalous 6s 


A fundamental assumption, which is satisfied only 
to an approximate degree, has been made in the fore- 
going analysis to obtain estimates of ps and pa, namely 
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that all events identified as @°’s by the criteria of Table I 
are examples of the decay, 


Poart+a-, 1r=10- sec. 


It is now well known that there are “anomalous” 
events which, while they may fulfill one or more of the & 
identification criteria, do not have the decay scheme 
above. In view of the fact that such events have been 
excluded from this analysis only when clear evidence of 
their being anomalous existed, it is very likely that some 
did get mixed in with normal @’s. Too little is known 
about these anomalous events at the present time to 
be able to say to what extent their effect is important, 
although the fact that only a very small number of 
these decays has been found would tend to suggest that 
they do not introduce important changes. In any case, 
however, if the anomalous events are neutral K-particle 
decays, their presence will tend to make the values of 
I, and J; somewhat too low, and the corresponding 
estimates of pe too high. 

A somewhat different interpretation of the analysis 
given in this paper can be got by redefining the quan- 
tities pp and p, in the following way. Let p 9’ and py’ be 
the fractions of K® particles and A° particles, respec- 
tively, which decay into charged secondaries, regardless 
of decay scheme or lifetime. It can be seen from Fig. 1 
that the lifetime which maximizes the detection proba- 
bility is just about equal to the ordinary A° or # lifetime. 
It then follows from the fact that all observed decays 
have been assumed to be one of the well-known types 
that the detection probabilities have, if anything, been 
overestimated. Hence, the estimates of pe and pa 
obtained above are lower. limits to the values of pg’ 
and pa’. 


VI. INTERPRETATION AND CONCLUSIONS 


The data and analysis which have been presented in 
the previous sections have shown that both from the 
standpoint of the identities of individual events and 
from the numbers involved, associated production of 
strange particles is strongly indicated. The data have 
also yielded rough estimates of the values of pg» and pa. 
These are subject to rather large errors and uncer- 
tainties; therefore, a detailed interpretation of them is 
not justified. It is, however, of some importance to note 
to what extent the interpretation of these values 
depends upon present knowledge of the production of 
strange particles. Thus, the value of pg given by the 
value of J; must really be interpreted as the fraction 
of all neutral K particles, produced in association with 
observed A°’s, which decay by the usual # scheme. 
Similarly the value of pa given by J. is really the fraction 
of neutral hyperons of strangeness —1, which decay by 
the usual A° mode, produced in association with observed 
6s. On the other hand, the value of p¢ derived from J; is 
more in line with the definition originally given, that is, 
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the fraction of neutral K particles, produced in any way, 
which decay by the # scheme. Thus, although statistics 
and lifetime uncertainties do not permit one to say that 
the values of pp obtained from J; and J; disagree, the 
fact that the latter appears somewhat lower could 
conceivably arise from a real physical effect. 

It appears clear that further elucidation of these 
questions will have to be carried out under the much 
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more highly controllable conditions available with high- 
energy accelerators. 
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Momentum of Nucleons in Various Nuclei from the High-Energy Photoeffect* 
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The previously reported studies of the high-energy photoejection of neutrons and protons showed the 
basic validity of the “quasi-deuteron” model. Due to the motion of neutrons and protons in a complex 
nucleus one observes that the kinematics of the “quasi-deuteron” disintegration are modified from those 
of the photodisintegration of a free deuteron at rest. The modification of the kinematics was measured for 
Li, C, O, Al, and Cu in an attempt to compare the “average” momentum of the nucleons in these nuclei. 

It is found that a Fermi momentum distribution (with T= 0°) does not fit the observed data. A calculation ~ 
employing only conservation of momentum and assuming a three-dimensional Gaussian momentum distri- 
bution for the neutrons and protons, gives an expression that fits the data quite well for Li, C, and O. 
The 1/e values of the Gaussians for Li, C, and O, respectively are 8, 19, and 19 Mev. These values have 
been corrected for the experimental angular resolution and for refraction at the nuclear surface. 


I. INTRODUCTION 


HEN nuclei are bombarded by high-energy 
X-rays, neutrons and protons are observed in 
coincidence,' which is in agreement with the qualitative 
prediction of the “quasi-deuteron” model of Levinger? 
On this model, high-energy x-rays interact with a pair 
of nucleons in a complex nucleus rather than with the 
entire nucleus. 

A previous paper by the authors’ on the photoejection 
of high-energy neutrons and protons gives some of the 
results of a series of experiments undertaken at the 
M.I.T. Synchrotron. The experiments previously re- 
ported indicate that the mechanisms involved in a 
complex nucleus, in the simultaneous photoejection of 
a neutron and proton, are the same mechanisms re- 
sponsible for the photodisintegration of a free deuteron. 

The kinematical relationships for a free deuteron (at 
rest) are modified in a complex nucleus by the initial 


* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now at the Massachusetts Institute of Technology, Cam- 
bridge, Massachusetts. 

1M. Q. Barton and J. H. Smith, Phys. Rev. 95, 573 (1954); 
Meyers, Odian, Stein, and Wattenberg, Phys. Rev. 95, 576 (1954). 

2 J. S. Levinger, Phys. Rev. 84, 43 (1951). 

*Odian, Stein, Wattenberg, Feld, and Weinstein, Phys. Rev. 
102, 837 (1956). 


momentum of the center of mass of the neutron-proton 
pair. Specifically, if the protons energy and angle are 
held fixed, the coincident neutrons are observed to have 
an angular spread about the angle at which one observes 
the neutrons from deuterium. In the preliminary meas- 
urements, the spread in neutron angles was found to be 
in semiquantitative agreement with what one would 
expect if the spread arose from the initial momentum 
of the center of mass of the neutron-proton pairs. 
Therefore, as part of the series of measurements, we 
undertook to study the momentum of nucleons in 
various nuclei; this article is a report on these measure- 
ments. 

At the time these momentum studies were under- 
taken, the published data on the momentum of nucleons 
was somewhat discrepant and was limited essentially to 
data on Li, C, and O. The data available at that time 
are listed in Table I. More recently, Wilcox and Moyer* 
have used the quasi-elastic scattering of protons to 
study the momentum in Li, Be, and B, and Selove® 
has used the deuteron pickup process to study Be and C. 

It is to be pointed out that the earliest experiments 
and the meson experiments were in general not moti- 
vated by a desire to determine momentum distribution, 


4]. M. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955). 
5 W. Selove, Phys. Rev. 101, 231 (1956). 
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TABLE I. Early data on the momentum of nucleons. 








Element Experimental method 


Momentum distribution By whom interpreted 





(n,d) deuterium pickup, 
Hadley and York» 

(p,2p) quasi-elastic scattering, 
Chamberlain and Segré4 

(p,2p) quasi-elastic scattering, 
Cladis et al.‘ 

(y,7) photomeson production, 
Steinberger and Bishop 

(p,) proton meson production, 
Richman and Wilcoxi 

(p,r) meson production Block ef al.! 


Chew-Goldberger distribution,* 

Fermi distribution with KT =9 Mev 
Fermi distribution, Ey.x=20 Mev, T=0° 
Gaussian distribution, 1/e=16 Mev 
Chew-Goldberger distribution 


Gaussian average, Ey =19.3 Mev 


Gaussian average, E,,=19.3 Mev 


Chew and Goldberger,* 
Heidman* 
Chamberlain and Segré 


Wolffe 
Lax and Feshbach* 
Henley and Huddlestone,' 


Henley* 
Block et al.! 








* G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). Their distribution is a/[x(a?+ *)*]; a2/2M =18 Mev. 


b J. Hadley and H. F. York, Phys. Rev. 80, 345 (1950). 

¢ J. Heidman, Phys. Rev. 80, 171 (1950). 

40. Chamberlain and E. Segré, Phys. Rev. 87, 181 (1952). 
eP. A. Wolff, Phys. Rev. 87, 434 (1952). 

f Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952). 

« M. Lax and H. Feshbach, Phys. Rev. 81, 189 (1951). 

b J. Steinberger and A. S. Bishop, Phys. Rev. 78, 494 (1950). 
iE, M. Henley and R. Huddlestone, Phys. Rev. 82, 754 (1951). 
iC. Richman and H. A. Wilcox, Phys. Rev. 78, 496 (1950). 
k E. M. Henley, Phys. Rev. 85, 204 (1952). 

! Block, Passman, and Havens, Phys, Rev. 88, 1239 (1952). 


but that an understanding of the data required trying 
various momentum distributions to fit the data. 

In the light of the data in Table I, it seemed worth- 
while to perform an experiment which might answer 
the simple questions of whether the “average” mo- 
mentum is the same in various nuclei, as would be 
predicted if the nuclear radius varies as A‘. It was 
hoped that the measurement of a single parameter, 
such as the full width at half-maximum of the neutron 
angular spread, might be sufficient to provide an answer 
to such a question. 

Actually it was found worthwhile to understand the 
shapes of the experimental curves. This is discussed in 


Sec. IV. 
II. EXPERIMENTAL PROCEDURE 


The measurements were performed at the M.LT. 
synchrotron with a 340-Mev bremsstrahlung beam. 
The arrangement of the apparatus is shown in Fig. 1. 
The characteristics, angular resolution, and efficiency 
of the neutron counter are discussed in some detail 
elsewhere.® The neutron counter was set at a 15-Mev 
bias, and it had no other energy discrimination. The 
neutron counter was on a rolling table that pivoted 
about the midpoint of the target. It always subtended 
a 10° angle (midway along its axis). 

The proton counter was the same as that previously 
described.*:* The absorbers in the proton counter were 
chosen so that protons from about 120 to about 140 
Mev would be detected. The proton telescope subtended 
a 10° angle centered about 76° in the laboratory. This 
energy and angle setting of the proton counter were 
held fixed throughout all the measurements reported 
here. They correspond to 90° in the center-of-mass 
system of a deuteron at rest being disintegrated by a 
photon of about 260 Mev. 


6 Christie, Feld, Odian, Stein, and Wattenberg, Rev. Sci. Instr. 
27, 127 (1956). 


The electronics (see reference 6) included two 
parallel coincidence circuits fed by a prompt and a 
delayed pulse from the neutron counter to enable the 
simultaneous determination of the accidental rate 
correction. 

The targets employed in this work were water, heavy 
water, lithium, carbon, aluminum, and copper. All the 
targets had an average energy loss of about 9 Mev for 
130-Mev protons, except the lithium which had about 
a 5-Mev average loss. All targets were larger than the 
beam. The targets were placed at an angle to the 
bremsstrahlung beam so that the beam’s interception 
of the target would subtend an angle of about 7° at 
the back of the proton telescope. 

The single and coincidence counting rates were then 
measured as a function of neutron angle. First a setting 
of 78° for the neutron counter was run, then two other 
angles, and then back to 78° to provide a cyclic method 
of taking the measurements. 

Runs were made for a fixed number of monitor units. 
However, to remove all experimental drifts except 


\ Proton Counter 
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Fic. 1. The geometrical arrangement of the apparatus. The 
proton angle was kept fixed; the angle of the neutron counter 
was varied. The cross-hatching surrounding both counte 
indicates lead shielding. 
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Fic. 2. Neutron-proton coincidences from deuterium. This 
shows the angular resolution due to the geometry employed. The 
ratio of coincidences to total single protons is plotted as a function 
of the angle of the neutron counter; the solid curve is the calcu- 
lated distribution. 


those in the neutron counter, the data are reported as 
a ratio of neutron-proton coincidences to proton counts. 
The deuterium measurements required a heavy-water 
light-water subtraction. All counters were frequently 
checked by a radioactive standard. 


III. EXPERIMENTAL RESULTS 


The neutron-proton coincidence rate as a function of 
neutron angle for deuterium is shown in Fig. 2. The 
width of this curve arises from the finite angular 
resolution of the geometrical arrangement (not from 
the relative momentum of the neutron and proton). 
The calculated curve was obtained by Christie’ by 
taking into account the finite size of the intersection 
of the bremsstrahlung beam with the target. Figure 2 
has a full width at half-maximum of about 11°; this 
can be considered the angular resolution of the experi- 
mental setup employed in these measurements. 

In Figs. 3 through 7 are shown the data from Li, C, 
O, Al, and Cu. The ratio of neutron+proton coinci- 
dences to single proton counts are plotted as a function 
of neutron angle. The data have been corrected for the 
accidental counting rate. These corrections contribute 
appreciably to the experimental uncertainty especially 
at smaller angles in the heavier elements. (An electronic 
failure occurred in the accidental rate measuring circuit 
during the aluminum runs, and the corrections were 
calculated from the singles counting rates in this case.) 

In the heavier elements the measurements could not 
be made at sufficiently large and small angles to deter- 
mine if the curves went to zero. 


STEIN, WILSON, AND WEINSTEIN 


The lines drawn through the data are arbitrary. All 
of these curves are appreciably broader than the 
instrumental resolution. 

In the case of lithium, the narrowest curve is ob- 
tained, and it is about 20° broader at half-maximum 
than the experimental resolution. The Li curve is in 
agreement with that obtained by Barton and Smith! 
who employed a similar (not identical) geometrical 
arrangement. The broadening of the width of these 
curves is attributed to the finite momentum of the 
center of mass of the neutron-proton pair in the nucleus. 

The increase in the spread occurring between lithium 
and carbon is considered to be definite evidence that 
the average momentum of nucleons in carbon is greater 
than that in lithium. Some reservations are necessary 
regarding the observed increase in spread in going from 
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Fic. 3. Neutron-proton coincidences from lithium. The ratio of 
coincidences to total proton counts is plotted as a function of the 
angle of the neutron counter. The curve is drawn so as to connect 
the experimental points. 


carbon to aluminum and copper. As the curves for Al 
and Cu were not taken at sufficiently large and small 
angles to establish that they went to zero, a background 
might be present which should be subtracted. (E.g., 
neutrons internally scattered in the nucleus could be 
present.) If there were a background, the widths indi- 
cated in the Al and Cu figures would be too large. 
Some data on scattering within the nucleus have already 
been obtained in our search for p-p coincidences’ and 
in other experiments to be described in a later publi- 
cation. However a knowledge of the angular distribution 
of scattered neutrons would be needed to correct the 
Al and Cu data. Obviously curves on Cu and Al that 
extend to larger and smaller angles need to be obtained 

7 Weinstein, Odian, Stein, and Wattenberg, Phys. Rev. 99, 
1621 (1955). 
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before definite quantitative statements are made about 
the average momentum of the nucleons in the heavier 
elements relative to the average momentum in carbon. 


IV. INTERPRETATION OF DATA 


We attempted to be more specific about what kind 
of “average” was being indicated by the widths at 
half-maximum. A simple calculation was performed 
employing only conservation of momentum and a 
Fermi distribution. It was found that a Fermi mo- 
mentum distribution leads to an experimental distri- 
bution of the type shown in Fig. 8; this does not bear 
much resemblance to the curves of Figs. 3 through 7. 

A (three-dimensional) Gaussian momentum distri- 
bution was then tried employing only conservation of 
momentum. The neutrons and protons were assumed 
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Fic. 4. Neutron-proton coincidences from carbon as 
a function of neutron angle. 


to each have a distribution of the form 
P'dp exp(—p"/2ME,), (1) 


with E, the same for both neutrons and protons. The 
calculation can then be carried through analytically 
with no approximations and is given in the appendix. 
The result is that the neutron+proton coincidences 
should have an angular distribution given by, 


Eg E’ 
constant] —-+- cosy] exp( -— sin'y Ja (cosy). (2) 
E’ 2E, 


Here E’ is essentially the energy of the proton; it differs 
from the exact energy by a small relativistic correction 
and the binding energy of a nucleon in the nucleus. 
(See Appendix.) EZ, is the parameter of the Gaussian 
distribution (i.e., the 1/e energy) ; ¥ is the deviation of 
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Fic. 5. Neutron-proton coincidences from oxygen as 
a function of neutron angle. 


the angle of observation from the angle at which one 
observes the neutron from the photodisintegration of a 
deuteron at rest; d(cosy) is the differential solid angle 
which is constant in the experiments. 

The experimental data were first compared with this 
calculated distribution on the assumption that the term 
E,/E’ is small; specifically, E,/E’~0.2 where E’=152 


“Mev. The observed neutron-proton coincidences (N np) 


were divided by cos*y and plotted on semilog paper 
against sin*y (i.e., In[ (Nap)/cos*y |= — (£,/2E,) sin*y). 
The results are shown in Fig. 8, and it appears that this 
simple theory fits the data quite well. 
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Fic. 6. Neutron-proton coincidences from aluminum 
as a function of neutron angle. 
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Fic. 7. Neutron-proton coincidences from copper as a 
function of neutron angle. 


Using the approximate results of Fig. 9, we fitted 
the data to expression (2) and also corrected for the 
finite angular resolution of the detecting equipment. 
The values of Eg obtained are: for Li, 9.0+1.0 Mev; 
for C, 19.741.5 Mev; and for O, 19.7+2.5 Mev. The 
errors given are obtained from the slopes of the most 
extreme straight lines that will still fit the corrected 
data. 

A three-dimensional Gaussian is the momentum 
distribution one would get for the lowest state of an 
harmonic oscillator potential. The next highest state 
of an harmonic oscillator has a momentum distribution 
which is dominated by a Gaussian factor. The data 
certainly are not good enough to distinguish between 
such similar distributions. 
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Fic. 8. The hypothetical angular distribution of neutron-proton 
coincidences as a function of neutron angle predicted by a crude 
theory assuming a Fermi momentum distribution. The shape of 
this curve is to be compared with the data of Figs. 3 to 7. 
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The theory as given in the appendix is very naive 
and neglects conservation of energy, the effect of the 
bremsstrahlung distribution, scattering before escape 
from the target nucleus, and scattering (or refraction) 
by the potential well. Investigation of these has not 
led to any better fit of the data. If one includes refrac- 
tion at the nuclear surface of a potential well which is 
15 Mev deep, the value of Eg is decreased by about 1 
Mev. However, there is some question of the legitimacy 
of adding to the momentum spread a nuclear surface 
refraction effect. A nuclear surface is a somewhat 
questionable construct for a nucleus with five residual 
nucleons. 

These questions and the legitimacy of the (classical) 
momentum calculation deserve further study. It would 





100 


80 
Lithium 
60 1 /e value « 9 Mev 


40 


oe : 

/ lue #!I9M 

J 7 ‘e value # lev 
ae: 

Oxygen- 

\/e value «19 Mev 


Coincidences 
cos? y 
os 


oa 


Lithium 

















0.3 
sin? y 


Fic. 9. Experimental data for Li, C, and O fitted to theoretical 
expression. This is a plot of coincidences/cos*y versus sin*y; on 
this semilogarithmic plot, one should obtain a straight line if the 
theoretical expression is correct. From the slope of the straight 
line one can immediately obtain the 1/e value of the Gaussian 
(see text). 


be nice to have a theory that did not start in momentum 
space and then switch over to ordinary space. One 
possibility would be to use other than plane waves. 


V. CONCLUSIONS 


The shape of the experimental curves indicates that 
a Fermi momentum distribution (with T=0°) does 
not fit the data for any of the elements studied. A 
Gaussian-type distribution seems to fit the lighter 
elements quite well. This would be in agreement with 
the interpretation of the data of Hofstadter et al. which 
requires nucleon density distributions which do not 

8 See K. W. Ford and D. L. Hill, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 25. ° 
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cut off sharply at the edge of the nucleus. Such density 
distributions, if carried over to light nuclei, have little 
resemblance to a square well density distribution and 
the concomitant Fermi momentum distribution. 

Lithium clearly has a mean momentum that is 
appreciably smaller than the mean momentum in 
carbon and oxygen. Carbon and oxygen have the same 
mean momentum within our experimental accuracy. 
However, considering the assumptions and the naivete 
of the theory employed, one should probably take the 
absolute values less seriously than the relative values. 

It is important to note that in the process employed 
in these measurements, the momentum being studied 
is that of the center of mass of a neutron and proton 
pair. The kinematical deviations measured give no 
information on the relative momentum of the neutron 
and the proton. The experiments listed in Table I 
referred to measurements involving a single nucleon. 
For this reason one should not necessarily expect 
agreement between our results and those of Table I, 
and the more recent results of Wilcox and Moyer‘ and 
of Selove.® 

These recent measurements seem to be more extensive 
and accurate than those in Table I. Wilcox and Moyer 
also find that the momentum of lithium is relatively 
low. They did not give a quantitative momentum 
distribution for lithium. They found that their Be data 
would be fitted by a Gaussian with Eg=20 Mev. 

Selove’s interpretation of his own data requires that 
the higher momentum components are more frequent 
than would be given by a Gaussian momentum distri- 
bution. Selove believes these higher momentum compo- 
nents arise from the interaction of two nucleons. If 
this is the case, such momentum components should 
not appear in the kinematical deviation measurements 
of the quasi-deuteron disintegration. More accurate 
measurements of the wings of our curves might be 
useful in quantitatively evaluating this question. How- 
ever the higher momentum components required to 
interpret pickup data have not been required in 
analyzing the data from quasi-elastic p-p scattering 
experiments. i 

In comparing our results with those of others, it is 
also to be noted that others have not included the 
effect on their data of refraction at the nuclear surface. 
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VI. APPENDIX 


The calculation which follows is based on the follow- 
ing assumptions: (1) The neutrons and protons both 
have a Gaussian momentum distribution. (2) There is 
no correlation in the motion of the neutrons and 
protons. (3) The observed spread in neutron angles is 
due to the momentum of the center of mass of a random 
neutron-proton pair. (4) Conservation of energy can 
be neglected. . 

Figures 10(a) and 10(b) show the conservation of 
momentum for a deuteron at rest (a free deuteron) and 
for a deuteron in motion (quasi-deuteron). The experi- 
mental situation was that the proton’s momentum, Kp, 
was held constant (i.e., both the angle and the energy 
were fixed). For the deuteron at rest, 


Kp+ Ky=k; 
for the deuteron in motion, 
Kp+ Ky’=k+P. 


Ky and k are the momenta of the neutron and photon, 
respectively. Ky’ is the momentum of the neutron from 
the photodisintegration of a neutron-proton pair in 
motion. Ky’ makes an angle y with Ky, and it is desired 
to obtain a distribution as a function of y. 

P is the momentum of the center of mass of the 
neutron and proton in the nucleus, namely, 


P=p+4q, 


where p and q are, respectively the initial momentum 
of the proton and neutron; the appropriate second 
variable for a transformation is the relative momentum 


Q=p-—4. 


re Photon 


(a) Deuteron at rest (b) Deuteron in motion 

Fic. 10. Conservation of momentum diagram. (a) is for a free 
deuteron at rest; (b) is for a neutron-proton pair whose center of 
mass has momentum P. 


of the group at the University of Illinois. However, there appears 
to exist a discrepancy in the 1/e value of the momentum obtained 
from the independent interpretations of the data. 
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The probability for p to be between p and p+dp and 
q to be between g and g+dgq is assumed to be 
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The observations being made are kinematical and 
are affected by the motion of the center of mass, P. 
The relative momentum affects the matrix element and 
the cross section for the process. Therefore an integral 
over the Q distribution occurs as a multiplicative 
constant of the P distribution. In treating the Q 
distribution as a purely multiplicative constant, the 
center of mass and relative momenta are assumed 
independent. They might not be independent on certain 
models which include correlation between neutrons 
and protons in the nucleus, or more generally, models 
in which interactions between more than two nucleons 
are included. 
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WILSON, AND WEINSTEIN 
Transforming to cylindrical coordinates Pz and R 
with the Z axis parallel to Ky, one obtains for (3) 


P?+R 
Cc exn( - 
4M 


G 


)RaraPe, 


where C includes all multiplicative constants. In this 
coordinate system, tanY=R/(Ky+Pz), and substi- 
tuting for R gives 





(Ky+Pz)? tany+P;? 
c exn( _ ) 
4ME, 
xX (Ky+Pz)? siny secdydPz. (4) 


Expression (4) is the appropriate expression to use if 
the neutron’s energy is being measured. In our meas- 
urements there was no energy discrimination; conse- 
quently we integrate over all values of Pz and obtain 


Ky 


A 
sin )d (cosy), 
E, 


C’[2ME,+-K»* cosy] exp( = 
4 


i 


where C’ is a new constant. Substituting 


Ky? E 
p-—=2(1+—), 
2M 


2M 
where E is the kinetic energy in the laboratory, we 
obtain Eq. (2) of the text. 
The E’ used in Eq. (2) of Sec. IV was taken as 152 
Mev. 
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The yields of some isotopes of palladium, rhodium, and ruthenium produced by the reaction of ~ mesons 
with silver were determined radiochemically. These results, together with those from a similar study with 
bromine, make possible a comparison with the data obtained with photographic plates. The results are 
consistent with each other within the uncertainties of the experimental data. 





STUDY has been made of the reaction with silver 

of negative pions produced at the University of 
Chicago synchrocyclotron. The irradiation arrange- 
ment was much the same as in the bromine experiments 
of Sugihara and Libby.! 2 to 4 kg of powdered silver 
were irradiated with a collimated 5 cm? beam of 122- 
Mev negative pions. The targets were thicker than the 
pion range. The irradiations were conducted for 7 to 12 
hours at intensities of about 5000 mesons per second. 
The irradiated silver was dissolved in concentrated 
nitric acid in the presence of palladium, rhodium, and 
ruthenium carriers. The carriers were chemically 
recovered from the silver nitrate solution and the decay 
of the activities in the respective fractions was followed 
on Geiger counters. The product isotopes were identified 
by their half-lives. Counting efficiencies of product 
isotopes which decayed primarily by the K-capture 
process were estimated by producing these same isotopes 
by the proton irradiation of silver nitrate and counting 
their K x-rays with Geiger counters filled with mixtures 
of krypton, helium, and butane. 

The results are presented in Table I. The percent 
yields signify the fraction of the incident mesons which 
produced the nuclide in question. The total yield for all 
rhodium isotopes was estimated from a plot of yield 
versus mass number. The yield curve was taken to be 
smooth and symmetric about a line parallel to the yield 
axis. The yields for the other elements were determined 
by fitting the rhodium yield curve to the yield data for 


TABLE I. Yields from negative pions on silver. 








Isotope Yield (%) 

Pdi 4.9+0.8 
Pd 6.8+0.6 
Pd 1.9+0.3 
Rh! 0.9+0.1 
Rh! 3.8+0.4 
Rh™ —0.2+1.2 
Rh™ 1.8+0.3 
Ru" 1.1+0.2 
Ru” 0.8+0.2 








* This research was supported in part by the Air Research and 
Development Command of the U. S. Air Force. 

t This paper is taken in major part from the thesis submitted 
by W. Goishi in partial fulfillment of the requirements for the 
Ph.D. degree in the Division of Physical Sciences of the University 
of Chicago. 

t Presently a member of the U. S. Atomic Energy Commission. 


1T, T. Sugihara and W. F. Libby, Phys. Rev. 88, 587 (1952). 


palladium and for ruthenium. The yield of Pd! 
appeared to be too high. Assignment of part of the 
observed ~9-hr palladium activity to 13-hr Pd 
instead of all to 9-hr Pd'” would explain not only the 
apparently high yield of Pd but also the low yield 
of Rh, Pd! could have been produced from Ag!” 
by a (m-,r°) reaction, a (u,v) reaction with the u- 
meson contamination in the pion beam, or an (m,p) 
reaction with the secondary neutrons resulting from 
the pion reactions. The yield data indicate that five 
or six neutrons are emitted with the highest probability 
in the pion reactions with silver which involve the 
ejection of zero, one, or two protons. This is in reason- 
able agreement with results of previous radiochemical 
work,!-* 

From the yield curves, the total elemental yields 
were estimated to be 22% for palladium, 16% for 
rhodium, and 22% for ruthenium. Considering the 
rather large uncertainties in the results of the present 
work, the averages of the yields of corresponding 
reactions of the mesons with silver and bromine cannot 
be said to be in disagreement with the prong distri- 
bution of the heavy-element stars deduced by Menon 
et al.4 from photographic plate studies. The results are 
also in rough agreement with the mean numbers of 
neutrons, protons, and a-particles deduced by Puppi 
et al.,5 from Monte Carlo calculations. They made these 
theoretical calculations on the absorption of m~ mesons 
at rest by hypothetical nuclei with Z=43 and A= 100. 

Studies of spallation reactions of projectiles in the 
hundred-Mev range with medium weight nuclei have 
shown that the products which are displaced from the 
target nucleus by a few units of Z account for a large 
fraction of the total yield and tend to be neutron- 
deficient. The yields of the products of the reaction of 
m- mesons with medium-weight nuclei behave in a 
similar fashion. This supports the belief that the events 
that follow absorption of a pion by a nucleus are 
similar to those in spallation; namely (a) escape from 
the nucleus of fast nucleons, some of which were formed 
from knockon processes, and (b) the stabilization of the 
excited residual nucleus by the evaporation mechanism. 

2 Turkevich, Niday, and Schmitt, Atomic Energy Commission 
Progress Report ‘The interaction of s~ mesons with As’5,” Con- 
tract AT(11-1)-104 (March, 1953) (unpublished), p. 2 

3 L. Winsberg, Phys. Rev. 95, 198 (1954). 

; Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 


uppi, ‘De Sabbata, and Manaresi, Nuovo cimento 10, 1704 
(1983). 9, 726 (1952). 
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The correlation of variations in the neutron intensity of cosmic 
radiation with variations in meteorological conditions has been 
investigated at 6262 ft and at sea level over the period from 1952 
to 1955. A low-energy directional neutron detector was operated 
during the summer months of this period to monitor the intensity 
of neutrons with energies less than 0.5 ev. In addition a lead- 
paraffin pile detector was used to monitor the moderate energy 
neutrons. c 

From the partial correlational analysis for the low-energy neu- 
tron intensity the following regression coefficients are obtained : bar- 
ometric pressure (—10.9+-0.9) percent/cm Hg; specific humidity 
(—2.04-2.5)%/0.01S, where S is the local specific humidity ; local 
atmospheric temperature (—0.07+0.09)%/F°. For the moderate- 


energy neutron detector the only significant regression coeffi- 
cient obtained is for barometric pressure, a= (—9.70+0.15)%/ 
cm Hg. The results for the dependency of neutron intensity 
upon barometric pressure and temperature are in agreement with 
the predicted values, but the results for the specific humidity 
correlation do not agree with the theoretical predictions. The 
significance of the latter result is discussed. 

Experiments have also been made to determine the energy 
spectrum of low-energy neutrons at ground elevations by using 
paraffin moderators of different thicknesses placed over the low- 
energy directional neutron detector. The observed proportion of 
neutrons with energy exceeding 0.6 ev is less than predicted 
theoretically. 





I. INTRODUCTION 


HILE considerable study has been made of the 
cosmic-ray neutron intensities in the atmos- 
phere’ as a function of altitude, latitude, and longi- 
tude, far less attention has been devoted to the effect of 
changes in metéorological conditions at a given station 
upon neutron intensities. 

Several investigations** have determined the baro- 
metric coefficient for fast neutrons. The most accurate 
value appears to be that reported by Simpson.’ 

The effect of temperature upon neutron intensity 
should be very small since the neutrons are produced by 
the primary cosmic radiation through a nucleonic 
cascade process. If the cosmic-ray neutrons attained 
thermal energies in the slowing down process in the 
atmosphere, then one might expect some temperature 
effect for neutrons of energies ~k&7. Since on the 
average the neutrons are slowed to 0.25-0.30 ev before 
capture by nitrogen,’ the fraction of thermal energy 
neutrons is ~0.5%. Even if the temperature dependence 
of meson links in the nucleonic cascade process is in- 
cluded, it has been shown’ that the total temperature 
coefficient should be <—0.006%/C° at geomagnetic 
latitude A= 50°N. 

The reported effect of changes in the water content of 
the atmosphere upon the neutron intensity appear to be 
anomalous. Bethe, Korff, and Placzek! have calculated 
the change in the low-energy neutron intensity due to 


* Supported by the Geophysical Research Directorate of the 
Air Force Cambridge Research Center, Air Research and De- 
velopment Command. 

1 Bethe, Korff, and Placzek, Phys. Rev. 57, 573 (1940). 

*L. C. L. Yuan, Phys. Rev. 81, 175 (1951). W. P. Staker, Phys. 
Rev. 80, 52 (1950). J. A. Simpson, Phys. Rev. 73, 1389 (1948) ; 
~ 1214 (1948); 76, 165 (1949); 83, 1174 (1951) and references 
therein. 

3J. A. Simpson, Phys. Rev. 90, 934 (1953) and references 
therein. 

*'V. Cocconi Tongiorgi, Phys. Rev. 76, 517 (1949). 

5 W. Heisenberg, Cosmic Radiation (Dover Publications, New 
York, 1946), p. 152. 


presence of water vapor, which they attributed to the 
larger scattering cross section and higher efficiency of 
the slowing down process for neutrons by hydrogen, and 
concluded that it would not be significant except on hot, 
humid days. The results of Agnew, Bright and Froman,® 
which showed large increases in the neutron counting 
rate at airplane altitudes when underneath large clouds, 
are difficult to explain on the basis of the above- 
mentioned process. In any event to determine the effects 
of specific humidity upon the neutron intensity, meas- 
urements should be confined to the low-energy portion 
(E<0.5 ev) of the neutron energy spectrum. 

Simpson® has developed a relationship between the 
observed neutron intensity at a given location and the 
flux of primary cosmic radiation. Hence, variations in 
the neutron intensity may be related to variations in the 
primary intensity provided the effects of the earth’s 
atmosphere upon the neutron intensity are evaluated. 
The present investigation was initiated to study the 
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Fic. 1. Lead-paraffin neutron monitor, D-1, with eight 
BF; counters. 


6 Agnew, Bright, and Froman, Phys. Rev. 72, 203 (1947). 
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CORRELATION OF METEOROLOGICAL PARAMETERS 


effect of barometric pressure, atmospheric temperature, 
specific humidity, precipitation, and cloud cover upon 
the low-energy (E<0.5 ev) atmospheric neutrons and 
also upon the moderate-energy neutrons as measured by 
locally produced neutrons in lead-paraffin piles both at 
Durham, New Hampshire (sea level) and Mt. Washing- 
ton (elevation 6262 ft). 


II. APPARATUS AND METHODS OF MEASUREMENT 


Two types of cosmic-ray neutron monitors were 
employed which differed in neutron energy response. 
Both monitors employed commercial boron trifluoride 
proportional counters enriched in B” isotope.’ In Fig. 1 
is shown a section of the lead-paraffin pile used to moni- 
tor the moderate-energy neutrons, hereafter referred to 
as D-1. The regular geometric arrangement of the lead 
and paraffin permits enlargement of the basic unit of 
D-1 to contain any number of BF; counter tubes. The 
counting rate of the tubes placed in such an arrange- 


Fic. 2. Low-energy directional neutron detector, D-2, with five 
BF; counters in each half-section. 


ment is due principally to neutrons originating from 
stars produced in the lead and paraffin. 

The second type of neutron monitor used, hereafter 
referred to as D-2, is shown in Fig. 2. D-2 is more 
sensitive to neutrons of energy less than 0.5 ev, and is 
designed to minimize the effect of changes in local 
surroundings. 

D-2 is practically opaque to neutrons incident on any 
surface except the top. By alternating each hour Cd and 
Sn shields of 0.033-in. thickness over the top of the two 
sections of D-2, the resulting difference in hourly 
counting rates is then proportional to the number of 
neutrons with energies less than 0.5 ev. The thickness of 
the paraffin for the sides and bottom was determined by 
requiring that the maximum of the energy distribution 
at the cadmium lining for neutrons of ~1-Mev energy 
incident on the outside be much less than the Cd cutoff 
and that at the same time D-2 be of reasonable physical 
size. 


7 Boron trifluoride counters (214 inches) supplied by Nancy 
Wood Counter Laboratories, Chicago, Illinois. 
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Fic. 3. Directional selectivity of low-energy neutron detector 
measured with a Ra-Be source. 


The directional selectivity of D-2 was measured by 
placing a Ra-Be neutron source at different positions 
equidistant from the center of the BF; tubes and in a 
plane perpendicular to the axis of the tubes. The results 
of this test are shown in Fig. 3. Since the energy distribu- 
tion of neutrons from a Ra-Be source surrounded by 7.5 
cm paraffin approximates that of cosmic-ray neutrons, 
it can be expected that the response of D-2 should be the 
same for cosmic-ray neutrons. 

The electronic systems for both D-1 and D-2 are 
identical and are of the conventional type used for 
proportional counting. The positive high voltage applied 
to the BF; tubes was regulated at 2400+10 volts. To 
maintain a check on the operational stability, dual 
electronic systems were used for each detector. The 
over-all stability of both detecting systems was checked 
periodically by a Ra-Be neutron source and by means of 
calibrated test pulses. 


III. REDUCTION OF DATA AND EXPERIMENTAL 
RESULTS 


A. Low-Energy Neutron Detector D-2 


Data obtained with detector D-2 operating at Mt. 
Washington during the summer months of 1953-1955 
have been correlated with the meteorological data 
recorded at the Mt. Washington Observatory for corre- 
sponding periods. A linear correlation of neutron count- 
ing rate, V, with the meteorological parameters— 
barometric pressure, specific humidity, and local ground 
temperatures—was assumed : 


N=Not+bws.seBt+bws.poS+bwo.z90, (1) 


where No=neutron counting rate under arbitrarily 
defined standard atmospheric conditions, B=baro- 
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TABLE I. Partial correlation of 12-hr average neutron counting rate for detector D-2 with barometric pressure, specific humidity, and 
temperature at elevation 6262 ft, geomagnetic latitude 55.5°N. 








\\Period 1953 
\ July 21-September 13 


1954 1955 June 9-September 13 
July 3-August 31 (D-2a) (D-2b) 





Mean 12-hr average counting 216 
rate (+2) hr“ 

Standard deviation of count- 16 
ing rate, o, hr= 
by B. se, hr in. Hg 
CyB. se, %/in. Hg 
by s. Be, hr /unit S 

Cys. Be, %/0.01S 

bye. Bs, hr*/F° 
Cyne. Bs, %/F° 
BN B- 86 

BN s- Be 

BNO-BS 

R 


—43.5422.4 
—20.1+10.2 
—9380+5520 
—43425 
+2.92+1.82 
+1.34+0.84 
0.16 
0.64 
0.63 
0.22 
Q, =— estimate of error, 15 
ro 


R’ 0.21 


245 222 214 
18 14 12 


—72+9 —61.74+5.5 —59.8+5.3 
—29.5+3.6 —27.8+2.5 —28.0+2.5 
2850+1790 — 4524554 —370+541 
+1227 —2.0+2.5 —1.742.5 
—1.7+0.5 —0.16+0.19 +0.09+0.19 
—0.7+0.2 * —0.07+0.09 j X 
0.67 0.63 
0.22 0.079 
0.46 0.100 
0.74 0.66 
12 10.7 


0.29 0.29 








metric pressure,’ S=local specific humidity (mass of 
water per unit mass of moist air), 2=local ground tem- 
perature, byz.se=net regression of the neutron count- 
ing rate on the barometric pressure with temperature 
and specific humidity constant, bys.g9=net regression 
of the neutron counting rate on specific humidity 
with barometric pressure and temperature held con- 
stant, bye.gs=net regression of the neutron counting 
rate on the temperature with barometric pressure 
and specific humidity held constant. It should be 
noted we have assumed that the neutron counting 
rate depends linearly upon the atmospheric pressure 
which is only a first approximation since V = Ne~*?-?»), 
where V=neutron counting rate at pressure p, No 
=neutron counting rate at pressure po, a=pressure 
coefficient, appears to fit the experimental data best.2~+ 
For the ordinary pressure variations observed and the 
statistical accuracy of the counting rates for D-2, the 
first order approximation of a linear correlation is suffi- 
ciently accurate. 

The results of the correlational analysis for 1953-1955 
are given in Table I. In these results no significance 
should be attached to the higher counting rate during 
1954 since a slightly different arrangement of BF; tubes 
was used. It is apparent that the correlational analysis 
for the 1955 run is the most significant and the results 
from both halves of D-2 are shown separately, desig- 
nated as D-2a and D-2b. The multiple correlation 
coefficient R is much larger than the multiple correlation 
coefficient with the barometric effect excluded, R’, 
except for 1953 when R itself is small. This shows the 
predominant meteorological factor to be the barometric 


§ The relation between the barometric pressure measured at a 
mountain station and the air mass above the mountain is compli- 
cated by the effect of the high wind velocities at these elevations. 
The barometric pressure recorded at Mt. Washington is partially 
corrected for the effect of the wind velocity by use of a Pitot tube. 
For details, see R. D. Falconer, Trans. Am. Geophys. Union 28, 
385 (1947). 


pressure. This is also verified by the values of the 6 
coefficients, defined by Bis-34= D10.34 0/02, where 01 
=standard deviation in variable 1, and o2=standard 
deviation in variable 2. The values of the relative 
barometric coefficient, Cygz.se=a, are in agreement 
with previously cited results?‘ within experimental 
errors. 

The relative regression coefficient for the neutron 
intensity with local ground temperature is negligibly 
small for the data obtained in 1955. The large positive 
coefficient for 1953 was probably due to the temperature 
dependence of the background of the BF; tubes, as some 
tubes were found to have backgrounds which depended 
critically upon temperature.*® The negative temperature 
coefficient obtained in 1954 is not felt to be any more 
significant than the values for 1955, since the total 
number of 12-hour periods is less and three BF; tubes 
were removed from D-2 because of spurious background 
counting rates. 

The dependence of the low-energy neutron intensity 
upon specific humidity is not in agreement with theo- 
retical predictions. It would be expected that the num- 
ber of low-energy neutrons would increase with in- 
creasing water vapor content of the atmosphere, for the 
efficiency of the slowing down process is greater under 
these conditions owing to the additional hydrogen 
atoms. A calculation of the effect of the addition of 
water, either as a vapor or a liquid, upon the slowing 
down process of neutrons yields the results shown in 
Table II assuming the fraction V/No of neutrons of 
initial energy E which attain the energy Ez without 
capture, is 


( a \- 
expt — f = pire 
E2 OcaptCucat/ AE 


® Lockwood, Woods, and Bennett, Rev. Sci. Instr. 25, 446 
(1954). 





CORRELATION OF 


0.31 10-*4 


JE 
Cocat = 8.5X10-%4 cm?2, 


Tcap — cm’, 


and 
AE/E=2A/(A+1)?=K. 


The appropriate values of K for dry air and moist air 
are used in the calculation. The effect of changes in the 
water content of the atmosphere upon the neutron 
production has been considered negligible. 

From this calculation the most probable energy prior 
to capture is 0.34 ev for dry air and 0.28 ev for moist air, 
and an increase of about 8%/0.01S would be expected 
for the fraction of neutrons with E<0.5 ev. 

If any significance is to be attached to the values of 
Cys.pe given, then there is no consistent agreement 
with theoretical predictions. The fluctuations in the 
specific humidity during each of these three periods are 
approximately the same as indicated by the standard 
deviations in the specific humidity : 1953, o=2.2 10"; 
1954, o=1.35X10-*; 1955, c=2.5X10-. It seems evi- 
dent that there is no appreciable change in the neutron 

-intensity under conditions of high specific humidity. 
The lack of any significant correlation may be due 
to the fact that the experiments were not conducted 
in the free atmosphere and that the local specific 
humidity is not a true indication of the average specific 
humidity over a large fraction of the mean distance 
travelled by the neutrons in slowing down. A correla- 
tion of upper air data from the Portland, Maine, 
weather station with the counting rate of D-2 was not 
significant. 

The effect of changes in cloud cover upon the ob- 
served low-energy neutron intensity has been found to 
be negligible, which does not agree with the results of 
Agnew, Bright, and Froman.® 

The effect of world-wide neutron intensity-time varia- 
tions upon these correlations is negligible owing to 
absence of any variations greater than the statistical 
uncertainty, oo>=2.5%, in the 12-hour average neutron 
counting rate for D-2 during these periods. Referring to 
Table I, the neutron intensity-time variations in 1953 
were on the average <1%, with a maximum intensity 
variation of 2% ; in 1954, <1%, and 2.5%, respectively ; 
in 1955, <1.5% and 2.5%, respectively. 


B. Moderate Energy Neutron Detector D-1 


Table III presents the results of a similar correlational 
analysis of the data obtained from detectors of the type 
D-1 during 1953-1954 at Mt. Washington and Durham. 
D-1 consisted of five BF; tubes in 1953 and eight BF; 
tubes in 1954-1955. 

From Table III it is apparent that the only meteoro- 
logical variation producing a detectable change in the 
neutron counting rate of a type D-1 detector is the 
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TABLE IT. Calculated effect of humidity on the slowing down of 
neutrons in air. 





0.05 
8.4 2.2 0.6 


10 5 1 05 O02 O.1 0.02 0.01 


82 76 55 44 27 16 


Energy, E: (ev) 


N/No, dry air 
(percent) 





N/No,moistair 84 79 59 47 31 20 11 3.3)1.0 
(percent) 


S=0.012 





barometric pressure. The values of a in Tables I and IIT 
agree, recognizing that the values for type D-1 detector 
will be ~3 percent lower due to the inclusion of the 
background counting rate of the BF; counters. As the 
counting rate N depends linearly upon barometric 
pressure B only to a first approximation, a simple 
correlation of InN with B during this period of a mini- 
mum in worldwide intensity-time variations was made 
to give a more precise value of a= —9.70+0.15%/cm 
Hg, which is now being used to correct the observed 
neutron counting rate to a standard station pressure. 


C. Determination of Energy Spectrum of 
Low-Energy Cosmic-Ray Neutrons 


From Table II it is seen that the energy distribution 
of cosmic-ray neutrons should be changed by the pres- 
ence of water vapor in the atmosphere. To analyze this 
effect, the energy distribution of at least the low-energy 
portion of the atmospheric neutrons should be measured. 
If thin shields of different materials, the transmission 
coefficients of which have a different functional energy 
dependence upon the neutron energy for E<0.5 ev, are 
placed directly over D-2, two difficulties are encoun- 
tered. First, the neutron production in the materials 
must be equal and as small as possible. Second, the total 
cross sections of the materials must be relatively large 
(or>50 barns) and vary rapidly with neutron energy. 
It is difficult to simultaneously satisfy both of these 
conditions. 

Therefore, an alternative method of estimating the 
low-energy neutron spectrum was sought. Different 
thicknesses of a single moderator, paraffin, were placed 
over one-half of detector D-2, which was modified to 
reduce the solid angle of acceptance for neutrons. If the 
known theoretical energy spectrum for neutrons is 
assumed, then the number of neutrons which will be 
slowed down by different moderator thicknesses to 
energies <0.4 ev can be calculated. The theoretical 
variation in the number of neutrons having E>0.4 ev 
can be compared with the Sn-Cd difference in counting 
rate for D-2. If corrections are applied for the scattering, 
albedo effect, and efficiency of the BF; tube arrange- 
ment measured with a Ra-Be neutron source surrounded 
by 3 inches of paraffin, and a factor included for the 
neutron production in the paraffin, it is found that the 
observed energy spectrum of neutrons is shifted more 
toward lower energies in comparison with the theo- 
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TaBLe III. Partial correlation of 12-hr average neutron counting rate for D-1 detectors with barometric pressure, specific humidity, 
and temperature at elevation 6262 ft, geomagnetic latitude 55.5°N (Mt. Washington), and at sea level, geomagnetic latitude 54°N 


(Durham). 








Mt. Washington 
July 21-September 13 


~~: 


1954 
June 12-September 16 


1955 Durham 
June 12-June 21 b 


July 9-July 21 January 12-May 3 





Mean 12-hr average counting 1907 
rate (+8), hr 


Standard deviation of counting 62 


rate, hr 
R —0.944 
bn B. 86 hr~t/in. Hg 
Cy B. se %/in. Hg (=a)* 
Cn B- se %/cm Hg* 
by s. Be hr/unit S 
Cys. pe %/0.01S 
bye. Bs hr*/F° 
Cne.Bs %/F° 
Q, standard estimate of 


error (%) 


—24.341.1 
—9.6+0.5 
4730 
+2.48+2.80 
—1.73 
—0.09+0.09 
1.1 


353.7 
25.4 


—0.983 
— 88.4 
—25.0+0.4 
—9.84+0.15 


3744 3693 

158 150 
—0.9951 

—892 


—24.2+0.4 
—9.5+0.2 


9.8 0.4 1.3 








a Relative barometric pressure coefficient defined as bvs/N, where N =total counting rate including background of BF: counters. This background is 


3% of N. ; 
b D-1 type detector using 4 sections only. 


retical spectrum. In particular, the fraction of neutrons 
with 0.6<E<25 ev seems to be } that predicted; the 
fraction with 0.6 ev<E£<300 kev is larger but this 
latter result is subject to greater uncertainty. 


IV. CONCLUSIONS 


The only important meteorological parameter in pro- 
ducing changes in the cosmic-ray neutron intensity is 
the barometric pressure. The average barometric coeffi- 
cient a has been determined to be (— 9.70.2) percent/ 
cm Hg from several different correlational analyses. 
Changes in local specific humidity, precipitation, cloud 
cover, and temperature apparently do not produce a 
measurable effect upon the neutron intensity as moni- 
tored by either type of detector. The absence of a 
significant correlation for the neutron counting rate of 
detector D-2 with the latter meteorological parameters 
may be due to: (a) the order of magnitude of this effect ; 


(b) the fact that local meteorological parameters were 
used; (c) the location of the monitor at ground eleva- 
tions rather than in the free atmosphere. A detector 
sensitivity of at least an order of magnitude greater 
would be required to measure the changes in the low- 
energy neutron spectrum due to variations in the 
specific humidity. 
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Direct Determination of Primary Cosmic-Ray Alpha-Particle Energy Spectrum 
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The flux of cosmic-ray alpha particles has been measured at \=41°N and 55°N and the energy spectrum 
in the region 883-285 Mev/nucleon has been determined by the use of a combination of a scintillation 
and Cerenkov counter. This spectrum is not dependent on geomagnetic theory. It has been found that the 
integral alpha spectrum can be fitted with the function 


43 


1 
(i+B)'08 particles/m*-sec-sterad, 


Joa(E) = 
Joq(E:) =87+9 particles/m*-sec-sterad, \=41°N, 
Joq(0.285 Bev) = 292+25 particles/m*-sec-sterad, A=55°N. 
Joa(E) is the flux of a particles at the top of the atmosphere with kinetic energy =E (in Bev/nucleon). 


E, is the cutoff energy/nucleon for @ particles at 41°N. An absorption mean free path \g=45+:7 g/cm? has 
been measured for alpha particles. The properties of this new detector are discussed and a study is made 


of the energy response of the Cerenkov counter to fast multiply-charged particles. 


I. INTRODUCTION 


ECENTLY it has been demonstrated’ that it 
is possible to obtain consistent and accurate flux 
values of the low-Z components of the primary cosmic 
radiation by using Cerenkov counters at low latitudes. 
However, it appears impossible to extend these meas- 
urements to higher latitudes since, with the Cerenkov 
counter, slow particles of high Z give pulses equivalent 
to those of fast particles of lower charge. If such an 
extension were possible, it would be of great interest 
since the region from 41° to 55° geomagnetic latitude 
covers the velocity-sensitive region of the average 
Cerenkov counter, and it should make possible the 
direct determination of the energy spectrum of various 
components without having the uncertainties intro- 
duced by combining the geomagnetic theory with a 
latitude survey. In addition, an electronic detector 
has great advantages in the study of time variations 
at high latitudes. Many investigators have proposed 
that the combination of a Cerenkov counter and an 
ionization device would provide a means of extending 
the range of the Cerenkov counter, and indeed, might 
be an instrument with greatly improved charge and 
velocity resolution. Calculations to this effect were 
first carried out by Linsley.! The ionization device has 
for the most probable energy loss a response of the 
form‘: 
2Z*mec*Cay 
€p= In 
e 





( 4Cm2cxZ? 


Toe, w+ (1) 


* Assisted by the joint program of Office of Naval Research and 
the U. S. Atomic Energy Commission. 

1J. Linsley, Phys. Rev. 97, 1292 (1955). 

2.N. Horowitz, Phys. Rev. 98, 165 (1955). 

955) R. Webber and F. B. McDonald, Phys. Rev. 100, 1460 
(1955). 

4K. R. Symon, thesis, Harvard University, 1948 (unpublished) ; 


In this formula, Z and 8 are the charge and velocity of 
the incident particle, Z,; and A; are the charge and 
mass number of the stopping material, x is the thickness 
of the crystal in g/cm?, and J is a small correction 
factor which is a function of 8, Z, and x. I(Z;) is the 
average ionization potential of the medium, and the 
other symbols are standard. For the Cerenkov counter® 
the number of photons per cm, dN, emitted between 
wavelengths \ and A+dA in a medium with an index 
of refraction by a particle of velocity 8 and charge Z, 


is 
2rZ*dr 1 
dN= ( 1 -—). (2) 
137d? Bn? 


It will be noted that for the Cerenkov detector the 
output signal, N., is decreased as the velocity is 
decreased, while for the ionization detector the output 
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Fic. 1. Plot of Cerenkov pulse height in 1-in. Lucite radiator 
vs the most probable energy loss for protons and alphas in a }-in. 
Nal crystal. Fast albedo particles will be along A-B. R-B repre- 
sents particles below, geomagnetic cutoff. Triangles represent 
observed response of Cerenkov detector to fast multiply-charged 
particles in Flight III. 


see also B. Rossi, High-Energy Particles (Prentice-Hall, Inc., 
New York, 1952), Sec. 2.7. 

5L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 265, 
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Fic. 2. Schematic drawing of telescope. 


signal is increased as the velocity is decreased. In Fig. 1, 
a plot is given of the response of such a combination of 
these two types of detectors to protons and alpha par- 
ticles in the energy range above 320 Mev/nucleon. For 
energies less than 1 Bev/nucleon, the curve of e€, vs 
N,. can be represented by 


N.=ZK,—K2E», (3) 


where K,; and Kz are constants. With the individual 
detectors, resolution of the cosmic-ray charge spectrum 
is possible only for relativistic particles. However, 
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Fic. 3. Schematic diagram of electronic circuits, 


Fig. 1 demonstrates that the combination of these two 
types of detectors gives charge resolution which is 
independent of velocity. This resolution will be extended 
below the Cerenkov threshold because of material in 
the telescope beneath the ionization detector. In the 
present experiment incident particles must have an 
energy greater than 120 Mev/nucleon. This prevents 
slow protons from extending into the nonrelativistic 
alpha region. Since the response of both detectors is 
velocity-dependent, it follows that if effective charge 
resolution can be achieved, it will also be possible to 
obtain a velocity spectrum of the various Z components 
of the cosmic radiation in the range 1 Bev to 100 Mev. 
This determination of the energy spectrum would 
depend only on the properties of the detector and 
would be independent of geomagnetic theory. In addi- 
tion other useful information would be obtained. 
Because of the directional properties of the Cerenkov 
counter, particles lying along the line A-B in Fig. 1 
would represent the upward moving albedo of the 
cosmic radiation, and it would be possible to gain some 
idea of the energy distribution of these particles. The 
particles lying along R-B, where R is at the vertical 
geomagnetic cutoff energy, would represent most of 
the protons in the returning albedo and slow secondaries 
generated in the atmosphere. 

Detectors using this principle have been developed 
at the State University of Iowa, and three flights using 
Skyhook balloons have been completed. Two flights 
were made at \=41°N (San Angelo, Texas). One flight 
was made at A=55°N (Minneapolis, Minnesota) on 
July 7, 1955. These initial flights were made to measure 
the proton and alpha-particle flux. Further flights are 
planned at 58°, 55°, and 52° to study Z=1—6 com- 
ponents. The results of the flight at A=55°N dealing 
with alpha particles, in addition to related data from 
the A= 41°N flights, will be discussed in this paper. The 
data on primary protons and cosmic-ray albedo will be 
discussed in a future paper. 


II. APPARATUS 


A schematic drawing of the telescope is given in Fig. 2. 
The telescope geometric factor is 4.020.15 cm? sterad 
for Flight III and 7.25+0.3 cm? sterad for Flight I. 
Figure 3 gives a schematic drawing of the electronic 
circuits. A coincidence is formed when there is a 
simultaneous pulse from the Geiger counter tray and 
a pulse greater than 0.5 X the most probable energy 
loss for a proton at minimum ionization in the crystal 
channel. The pulses from the lower Geiger counter tray 
also actuate a shower circuit so that there is an indi- 
cation on the horizontal cathode ray tube plates when 
an event occurs and more than one counter in the 
lower tray is discharged. A ring of guard counters is 
placed above the lower tray to assist in the detection 
stars and side showers and to provide better definition 
of the telescope geometric factor. 





PRIMARY COSMIC-RAY a-PARTICLE 


Ill. DETECTOR RESOLUTION 


The sea-level cosmic-ray mu mesons are convenient 
particles for checking the resolution of the telescope. 
In actual practice, particles of a given charge will not 
lie along one of the lines shown in Fig. 1, but will be 
distributed in a region about this line because of various 
types of fluctuations. In the scintillation counter the 
principal fluctuation is the Williams-Landau effect. 
This fluctuation arises when fast charged particles 
traverse a thin absorber since large energy transfers to 
single electrons can occasionally occur. The most 
probable energy loss, ¢,, is given by Formula (1) and 
there is a straggling of the individual losses around this 
value. The curves presented in Symon’s‘ thesis are 
used in the calculation on fluctuations in energy loss. 
Figure 4 gives an observed pulse-height distribution for 
sea-level mu mesons and the predicted curve based on 
the Williams-Landau effect. It is seen that excellent 
agreement with the predicted curve is obtained on 
the high-energy side of the curve. In Fig. 5 is shown 
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Fic. 4. (a) The solid circles and line give the experimental pulse 
height distribution for sea level mu mesons in a 1.16-g/cm? Nal 
crystal. The dashed line is the calculated curve for a Williams- 
Landau distribution. (b) Experimental sea-level mu meson pulse 
height distribution in Lucite Cerenkov detector. The dashed line 
represents a Poisson distribution with 7 = 34. 


the calculated Williams-Landau distribution for a 
particles with energies of 4, 1.5, 0.8, 0.4, 0.3, and 0.2 
Bev/nucleon. The distributions become more Gaussian 
in shape and become progressively sharper as the 
kinetic energy of the particles is decreased. Figure 4 
also gives the experimental Cerenkov distribution for 
sea-level mu mesons. It is seen that the observed 
distribution is asymmetric. This represents an effect in 
the Cerenkov counter similar to the Williams-Landau 
effect in an ionization detector. 


IV. FLIGHT DATA 


The time-altitude data for Flight I at \=41° (San 
Angelo, Texas) on January 17, 1955 and Flight III at 
A=55° (Minneapolis, Minnesota) on July 7, 1955, are 
given in Fig. 6. 

Reduction of the data was carried out by displaying 
the film on a Model C Recordax microfilm reader and, 
for each event, measuring the pulse height in the 
Cerenkov channel and in the ionization channel. The 
data were tabulated on a 40X40 rectangular array. 
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Fic. 5. Calculated Williams-Landau distribution for alpha par- 
ticles of 1.5, 0.8, 0.4, 0.3, and 0.2 Bev/nucleons. P(£) represents 
the probability of energy loss Z in the crystal by a particle of 
given energy. 


After the film data had been transferred to the 40 40 
array, it was divided into various ionization intervals 
and the Cerenkov distributions in these intervals were 
studied. This is illustrated in the uncorrected data of 
the a-particle region given in Fig. 7. These give the 
the distribution of the regular Cerenkov counts in the 
selected ionization intervals and the distribution of the 
multiple particle counts. No corrections have been 
applied. It is felt that the good peak-to-valley ratio, 
the sharp falloff on the higher side of the distribution, 
and the multiple-particle pulse distribution indicate a 
minimum of background in the alpha region. This is 
further strengthened by the observed altitude de- 
pendence given in Fig. 8 which will be discussed later. 


V. CORRECTIONS IN ALPHA REGION 


There are four corrections to be applied to the 
observed alpha data in order to deduce an absolute 
flux at the top of the atmosphere. There are: a general 
background correction, a correction for the absorption 
of alpha particles in the telescope and in the atmosphere 
above the telescope due to nuclear interactions, a 6-ray 
correction, and a correction for the production of 
alphas in the atmosphere by the fragmentation of 
primary heavy nuclei. 
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Fic. 7. The solid circles and lines give raw differential pulse 
height data, in selected ionization intervals. The heavy dashed 
line represents background counts in the interval. The triangles 
and dashed line gives the distribution of J counts in the interval. 
The ordinate scale represents the actual number of counts at 
altitude. 


The shape of the background correction is taken to 
be the interval at 3Xe, for protons at minimum ioni- 
zation. In Fig. 1 this corresponds to a line drawn parallel 
to the ordinate and intersecting the abscissa at 3.6 
on the arbitrary scale. The ionization distribution 
rises rapidly so it is possible to select a region just 
behind a group of particles with the desired charge and 
this region will be almost completely free of particles 
having this charge. The flight at \= 41°N demonstrated 
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Fic. 8. Vertical intensity of alpha particles as a function of 
atmospheric depth. This gives an apparent mean free path of 
45+7 g as indicated by the solid line. 





that the shape of the background curve did not change 
across the complete alpha interval. The background 
curve obtained at A=55°N was normalized on the 
low-energy side of the Cerenkov distributions. The cor- 
rections to the various intervals by this method are 
given in Fig. 7. 

In order to correct for the attenuation of the a 
particles by nuclear interactions, it is necessary to 
know the interaction mean free path, Aq. A value of 
45+7 g/cm? is obtained from the observed atmospheric 
absorption (Fig. 8) of a’s in Flight III. This is in 
agreement with the values of \. obtained by Wad- 
dington,® Quarenti and Zorn,’ and Webber and 
McDonald.® 

The 6-ray correction is necessary, as it is possible for 
particles traversing the top two elements of the tele- 
scope to produce knock-on electrons which will trigger 
one of the Geiger counters. For particles which would 
normally pass through the telescope, this results in 
their being classified as multiple particle counts. Some 
particles which miss the bottom element will appear as 
regular counts and there will be a spurious increase 
of the geometric factor. Details of this calculation 
have been given by Webber and McDonald.’ At ener- 
gies below 800 Mev/nucleon, this correction becomes 
negligible. 

To extrapolate the observed alpha flux to the top of 
the atmosphere, it is also necessary to correct for the 
production of energetic particles by the fragmentation 
of heavy nuclei above the telescope. This is similar to 
the correction required in the Li, Be, and B region. 
The fragmentation probabilities derived by Noon and 
Kaplon® have been used to obtain the number of 
secondary a’s incident on the telescope. At \=55° the 
number of secondary alphas as 12 g/cm? is 11+4 par- 
ticles/m*-sec-sterad. At \=41° the number of secon- 
dary alphas at 15 g/cm? is 6.5+3 particles/m?-sec- 
sterad. This correction has not been applied to the 
differential and integral spectrum in Figs. 9 and 10.° 


VI. ENERGY CALIBRATION 


The selected intervals of ionization were calibrated 
in terms of the most probable energy loss for a par- 
ticles at minimum ionization, (€p)a min. From the data 
at A=41° it is known that some 25% of the alphas at 
55° will have energies greater than 2 Bev/nucleon and 
will be at minimum ionization. The ionization dis- 
tribution of these particles can be studied by selecting 
an interval along the high side of the Cerenkov dis- 
tribution. In Fig. 1 this corresponds to taking an 
interval parallel to the e, axis and intersecting the 
Cerenkov axis at 21. This gives a pulse-height dis- 


6 C, J. Waddington, Phil. Mag. 45, 1312 (1954). 

7G. T. Quarenti and G. T. Zorn, Nuovo cimento 1, 1282 (1955). 

8 J. H. Noon and M. F. Kaplon, Phys. Rev. 97, 769 (1955). 

® Complete details on all corrections can be obtained from the 
State University of Iowa Physics Department Report, SUI 56-4 
(unpublished). 
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TABLE I. Summary of a-particle data for Flights I and III. 








Flight III. 4 =550 


Energy 
interval 
corrected 
to top, of 
atmosphere 
Mev/nucleon 


Energy 
interval 
defined at 
12 g residual 
atmosphere 
Mev/nucleon 


dE/dX in 


Interval crystal in Mev 


f Na 
(No. of a with Landau- 
counts in 
interval) 


Ja 
at 12 g/cm? 
(particles/ 
m?-sec- 
sterad 
per unit 
interval) 


Joa 
(particles/ 
m?-sec- 


r 


dJoa/dE 

(number of 

a’s/m?-sec- 
sterad Mev) 


sterad 
per unit 
interval) 


Williams 
correction 





> 883 
570-883 
436-630 
320-436 
286-360 


>855 
540-855 
398-600 
278-398 
241-328 


<5.68 
5.68-6.70 
6.45-7.75 
7.75-9.30 
8.52-10,06 


784 
190 
202 
145 
118 


182 
42.5 
45.5 
32.6 
26.7 


525 
348 
285 
166 
134 


108 
26.0 
27.8 
20.0 
16.3 





Flight I. \ =41° 


Jaq at detector 


Na 
(No. of alpha counts) (particles/m?-sec-sterad ) 


J0a 
(particles/m?-sec-sterad 
at top of atmosphere 
(with fragmentation 
correction) ] 


J0a 
(particles/m?-sec-sterad 
at top of atmosphere 
(without fragmentation 
correction ) ] 





460+22 56.0 


96+8 87+9 








tribution similar to that shown in Fig. 4. The peak in 
the distribution thus obtained is (€p)amin, and the 
values of (€,)a of the other intervals are known in 
terms of (€,)a min Since the system is a linear one. The 
peak in the ionization distribution is quite accurately 
defined and the position of (€))a min on the 40X40 array 
is known to 3%. The data relevant to the energy cali- 
bration are summarized in the first four columns of 
Table I. Thus the energy calibration is furnished by the 
relativistic alphas as defined by the Cerenkov counter, 
and the calibration of the system is provided internally 
and does not depend on preflight calibration. Because 
of the accuracy of the determination of (€p)e min and 
the linearity of the system, it is estimated that the 
energies defined by the intervals are known to +5%. 
The extrapolation of these intervals to the top of the 
atmosphere was carried out by using standard range- 
energy relations” for alpha particles in air. 
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Fic. 9. Differential energy spectrum for primary alpha particles. 
The emulsion data obtained by Waddington" are shown for com- 
parison. The data have been fitted to a curve of the form J(2£) 
=c/(1+£)7. The point on the right at 1.3 Bev was obtained by 
using data at \=41°. This is the only point involving geomagnetic 
theory and was disregarded in fitting the data. 


10 Range Energy Curves, U. S. Atomic Energy Commission 
Report AECU-663 (unpublished). 


VII. ALPHA-ENERGY SPECTRUM 


To derive an energy spectrum from the distributions 
given in Fig. 7, it is necessary to relate the observed 
number of particles within an interval of energy loss to 
the actual number in the corresponding energy interval. 
The calibration of the energy intervals in terms of 
ionization loss was discussed in the previous section. 
However, due to fluctuations introduced by the 
detectors, the number of particles within an interval 
of energy loss is not necessarily the number in the 
related energy interval. The largest correction will 
be the Williams-Landau correction for high-energy 
alphas. It is a major correction only in the energy 
region 21 Bev and becomes completely negligible at 
energies less than 0.6 Bev/nucleon. This is illustrated 
in Fig. 5. This correction has been calculated for 
intervals I and II (E>883 Mev/nucleon) and III 
(570-883 Mev/nucleon). The effect of applying this 
correction is to remove the asymmetry in the ionization 
distribution. Thus the pulse-height distributions from 
both detectors should be approximately Gaussian in 
the energy-sensitive region. If now the intervals have 
been selected so that there are equal numbers of alphas 
per interval after the Williams-Landau asymmetry has 
been removed, then this number should represent a 
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Fic. 10. Integral energy spectrum of primary alpha particles. The 
point at 1.7 Bev/nucleon is based on \=41° data. 
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good approximation to the actual number of particles 
in the energy interval since the loss to neighboring 
intervals will tend to be balanced by the gain from 
these intervals. The energy spectrum data are sum- 
marized in Table I. It is seen that this condition has 
been well satisfied in intervals 3 and 4 but the value 
of Nq falls off in intervals 5 and 6. A correction factor 
was computed by the synthesis of the pulse-height 
distributions. This correction factor was never greater 
than 10%. This gives added confidence that this method 
of analysis has not introduced major errors in the 
derivation of the energy spectrum. In a similar manner 
the contributions of intervals I and II to III were 
computed. This is necessary because of the great dif- 
ference in NV, in the three intervals. These corrections 
have all been applied with the Williams-Landau cor- 
rection in column 6 of Table I. In column 7, N, is 
converted to a vertical flux value and in Column 8 the 
6-ray correction and the correction for nuclear absorp- 
tion in the telescope and in the atmosphere above the 
telescope have been applied. In column 9 the values 
for the differential energy spectrum are given. The 
flux data for Flight I are also included in Table I. 
Figures 9 and 10 give the points obtained for the 
differential and integral energy spectrum. In each 
graph the high-energy point makes use of Jo, at 41°N. 
A geomagnetic cutoff of 1.65 Bev/nucleon has been 
calculated for this point. This is the only point de- 


pendent on geomagnetic theory. Also in Fig. 9 are the 
experimental points measured by Waddington® at 
A=55° using emulsion. The general agreement is good. 
The data in Figs. 9 and 10 have been fitted with a curve 
of the form 


Jva(2 E)=c/(1+£)”, (4) 


where E= kinetic energy in Bev. It is found that a best 
fit is obtained for y=1.4++0.2 and c= 431. 
The vertical a flux values at A\=55° and 41° are 


J va(E> 285 Mev/nucleon) 
= 306+24 particles/m?-sec-sterad (without 
fragmentation correction), 


J va(E1)=96+9 particles/m?-sec-sterad ; 


NUMBER OF COUNTS/HOUR 


350 AM 1050 
(CENTRAL STANDARD TIME) 
Fic. 11. Observed hourly rates for total alpha, fast alpha 


(E>800 Mev/nucleon), slow alpha (E<800 Mev/nucleon), and 
total telescope rate. Time is central standard time. 
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where E,= vertical geomagnetic cutoff in Bev/nucleon 
at 41°, 
When the fragmentation correction is applied, 


Joa(E>285 Mev/nucleon) = 292+ 25 particles/m?-sec- 
sterad, 
J va(E1) =87+9 particles/m?-sec-sterad. 


Because of a gain shift caused by repairs just prior 
to launching, it was not possible to say anything con- 
cerning the geomagnetic cutoff at A=55° except that 
it is less than 285 Mev/nucleon. 

Table II provides a summary of a flux measure- 
ments 7-61-16 at }=41° and 55°. The over-all agree- 
ment is quite good. 


TABLE II. Summary of a particle flux measurements at 
A=55°N and 41°N. 








Flux (particles 
per m?-sec- 
Author and reference sterad) 


\=41° 


Method 





Proportional counter Perlow* 110+20 

Cerenkov counter and 
cloud chamber 

Cerenkov counter 

Cerenkov counter 

Double scintillation 
counter 

Scintillation counter and 


Cerenkov counter 


88+8 
99+16 
82+9 


Linsley> 
Horowitz*® 
Webber-McDonald4 


Bohle 90+ 10 


Present experiment 96+9 


\=55° 


Ney and Thon! 
Davis ef al.€ 
McDonald® 
Waddington 


340 

320+40 
240+40 
320436 


Scintillation counter 
Proportional counter 
Cloud chamber 
Emulsion 

Cerenkov counter and 


scintillation counter 305+25 


Present experiment — 








® See reference 11. 
b See reference 12. 
¢ See reference 2. 
4 See reference 3. 
¢ See reference 13. 
f See reference 14. 
® See reference 15. 
b See reference 16. 
i See reference 6. 


VIII. TIME VARIATION 


One of the advantages of the Cerenkov—scintillation 
counter combination is in the study of time variations 
of the various components and a determination of the 
energy interval giving rise to this variation. A plot of 
the observed hourly rates for total apha-particle inten- 
sity, fast alphas (E>900 Mev), slow alphas (E<900 
Mev) and total telescope rate is given in Fig. 11. It is 


11 Perlow, Davis, Kissinger, and Shipman, Phys. Rev. 88, 321 
(1952). 

12 J. Linsley, Phys. Rev. 101, 826 (1956). 

13 L. Bohl, thesis, University of Minnesota, 1954 (unpublished). 

4 E, P. Ney and D. M. Thon, Phys. Rev. 81, 1068 (1951). 

16 Davis, Caulk, and Johnson, Phys. Rev. 101, 800 (1956). 

16 F, B. McDonald, thesis, University of Minnesota, 1955 (un- 
published). 
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felt that the data are consistent with no time variation 
over the period at altitude. However, it is suggestive 
that the slight increase around 12:30 (central standard 
time) occurs at the same approximate time as noted 
by Ney and Thon, Yngve,!’ and Anderson, Frier, and 
Naugle.'* It is planned to repeat this experiment with 
an apparatus having a greater geometric factor. 
Simpson” has made available the neutron data for 
July 7, 1955 from Climax, Colorado. There are no 
observed fluctuations during the period of the flight 
and the neutron counting rate is in close agreement 
with the yearly mean—illustrating that this was a 
“normal cosmic-ray day.” 


IX. ENERGY RESPONSE OF CERENKOV COUNTER 
TO FAST MULTIPLY-CHARGED PARTICLES 


The theoretical dependence on Z and £8 of the 
Cerenkov radiation is given by Eq. (2). However, this 
equation was not used explicitly in deducing the energy 
spectrum. It was assumed merely that the radiation 
was Z dependent and decreased monotonically as the 
velocity decreased. It is of interest to measure the Z 
and 6 response of the Cerenkov counter to fast multi- 
' ply-charged particles. By comparing the relativistic 
proton and alpha distribution (E>2 Bev/nucleon) it 
was established that for 8~1, the radiation varied as 
Z* within the 7% experimental error. The 6 dependence 
of the Cerenkov radiation can be studied by noting the 
position of the peak in the Cerenkov distribution in the 
various ionization intervals given in Fig. 7. These 
experimental points are plotted in Fig. 1. In Fig. 12 
they are replotted as function of E. In both cases the 
experimental points have been normalized to the 
theoretical curve at interval I (H=3 Bev). Agreement 

17,V. H. Yngve, Phys. Rev. 92, 428 (1953). 

18 Anderson, Frier, and Naugle, Phys. Rev. 94, 1317 (1954). 

v - Simpson, University of Chicago (private communi- 
cation). 
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Fic. 12. Plot of Cerenkov light vs kinetic energy/nucleon for 
alpha particles. The experimental points have been normalized 
to the theoretical curve at the highest experimental point. 


with the theoretical curve is excellent for the higher 
values of E. However, at levels near the Cerenkov 
threshold there appears to be some fluorescence. This 
is not unexpected. 


X. CONCLUSIONS 


It is believed that the method described in this paper 
is equally applicable to the proton and to the light and 
medium cosmic-ray components. It is interesting to 
note that at 300 Mev/nucleon, the alpha spectrum is 
still rising rapidly toward lower energies. It is planned 
to extend these measurements to higher latitudes in 
the near future. 
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Photodisintegration of Deuterons at High Energies*{ 
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Photodisintegration of deuterons has been investigated by use of the photon beam from the 342-Mev 
synchrotron at Berkeley. A liquid deuterium target was used. Protons were detected with a telescope consist- 
ing of either twelve or thirteen scintillation counters. The height of the pulse from one of the first counters 
and the number of subsequent pulses served to identify the protons and determine their energy. 

Differential cross sections were determined at laboratory angles of 36°, 49°, 75°, 106°, and 141° and at 
energies ranging from 136 Mev to 293 Mev, and curves of the form 


do /dQ’ = A+B cos6’+C cos*6’ 


were fitted to the experimental points at various energies. Total cross sections in the region of 70 ub were 


obtained. 


A comparison with the results of similar experiments at other laboratories indicates that beam monitoring 
is within 10% agreement in absolute value between the Berkeley synchrotron and other synchrotrons. 
A method is described for experimentally measuring the nuclear attenuation correction inherent in range 


counters, rather than calculating the correction. 





INTRODUCTION 


HEN this experiment was undertaken, experi- 
mental results on deuteron photodisintegration 
at high energies had been published by Benedict and 
Woodward,! Kikuchi,’ Littauer and Keck,’ and Gilbert 
and Rosengren.‘ These experiments established some 
of the qualitative features of the process, but there were 
disagreements as to the angular distribution and 
magnitude of the total cross sections. In view of these 
inconsistencies in the existing data and because of the 
fundamental nature of the reaction, it was thought 
worth while to do the experiment at this laboratory by 
using a different experimental technique. 

Before this work was completed, results of high- 
energy experiments at California Institute of Tech- 
nology, Cornell University, and University of Illinois 
were reported. A comparison of those results with 
results of this experiment is made in a later section. 


EXPERIMENTAL METHOD 


A diagram of the experimental arrangement is shown 
in Fig. 1. The photon beam was produced by the high- 
energy electron beam striking a 0.020-in. platinum 
target in the Berkeley synchrotron. The maximum 
electron energy in the synchrotron at the target was 
taken to be 342+6 Mev. This is based on pair spec- 
trometer measurements made by Anderson, Kenney, 


* This work was presented as a doctoral thesis by D. R. Dixon 
(UCRL-2956). 

t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Schlumberger Well Surveying Corporation, 
5000 Gulf Freeway, Houston, Texas. 

§ Present address: University of California Radiation Labora- 
tory, Livermore, California. 

1T. S. Benedict and W. M. Woodward, Phys. Rev. 85, 924 
(1952). 

2S. Kikuchi, Phys. Rev. 85, 1062 (1952). 

* R. Littauer and J. C. Keck, Phys. Rev. 86, 1031 (1952). 

4W. Gilbert and J. W. Rosengren, Phys. Rev. 88, 901 (1952). 


and McDonald.° Powell et a/.° give the photon spectrum 
for a 0.020-in. platinum target. It was modified to 
account for the spread in the energy of the electrons as 
they struck the target. After suitable collimation the 
beam entered a liquid deuterium target which consisted 
of a vertical cylinder 1.5 in. in diameter with 2-mil 
brass walls. 

Since this is a two-body reaction, measurements of 
the angle of emission of the proton and its energy is 
sufficient to determine the energy of the photon 
producing the event. Protons were detected with a 
scintillation counter telescope consisting of a series 
of either twelve or thirteen counters with intervening 
copper absorbers as indicated schematically in Fig. 2. 
Counter C; was a 0.5-in. plastic scintillator viewed by a 
5819 phototube through a light pipe. Counters C; 
through Ci; were thin plastic disks viewed from the 
edge by 1P21 phototubes, with counter C; determining 
the aperture of the telescope. Coincident pulses from 
C; and C; triggered the sweep on an oscilloscope when 
a sufficiently heavily ionizing particle passed through. 
The circuits that provide the trigger signal have been 
described by Madey.’ Pulses from all counters except 
C3 were successively delayed, combined, and presented 
on the oscilloscope sweep by connecting the phototube 
collectors in series with a 50-foot length of 93-ohm 
cable between each collector. The oscilloscope sweeps 
were photographed individually and the required 
information was later read from the film. The height 
of the pulse from Counter C2 determined the rate of 
energy loss of the particle, and the number of pulses from 
the subsequent counters determined, within limits, the 
range of the particle. These two pieces of information 
were generally sufficient to tell whether or not the 
particle was a proton. Once the particle was identified, 


5 Anderson, Kenny, and McDonald (private communication). 
® Powell, Hartsough, and Hill, Phys. Rev. 81, 213 (1951). 
7™R. Madey, Rev. Sci. Instr. 26, 971 (1955). 
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the range measurement gave the energy of the proton 
and this, together with the angle of emission as deter- 
mined by the position of the counter telescope, gave 
the energy of the photon producing the disintegration. 

Figure 3 gives proton kinetic energies as a function 
of laboratory angle for various photon energies. The 
upper and lower curves, labeled 306 Mev and 130 Mev, 
respectively, indicate the extreme photon energies that 
were utilized in this experiment. The vertical lines 
indicate laboratory angles at which cross sections were 
measured. The spaces between iso-photon-energy lines 
are the energy intervals of the range counter as deter- 
mined by the copper absorbers between counters, 
requiring a different set of absorbers to be used for each 
angle at which data were taken. The counter telescope 
can distinguish between protons and pions or muons. 
Deuterons from y+d—7°+d do not have enough 
energy to enter the first range counter (C4) of the 
counter telescope. Protons from y+n— +p) or 
y+p—7°+p have forward emission angles and low 
energies, which make their detection in appreciable 
numbers impossible. 

Data were taken during two synchrotron runs, with 
a check point at 49°. In the second run the target 
diameter was increased from 1.5 in. to 4in., and Counter 
C, was placed at the beginning of the telescope to 
identify neutral particles which might materialize in 
the absorber preceding C». 

Previous to the experiment the counter telescope was 
operated in a low-intensity 340-Mev proton beam from 
the 184-in. cyclotron, and the phototube voltages were 
set 100 volts above the lower end of the plateau for 
detecting protons of this energy. During the experiment 
large numbers of mesons were always detected, and 
since many of these particles produced smaller dE/dx 
pulses than the highest energy protons, this was taken 
as evidence that the counter was detecting the protons 
with high efficiency. 

The total photon beam energy was measured with a 
Cornell-type thick-walled ionization chamber. Because 
of other experiments that were being done concurrently 
with this one, it was not always possible to have the 
Cornell chamber in place immediately behind the 
deuterium target, and therefore a thin-walled pre- 


collimator ionization chamber was used as a secondary 
standard ; but it was calibrated in terms of the Cornell 
chamber at least twice per day. At no time did the 
ratio of the readings obtained from the two chambers 
vary more than +4% from the mean value. Monitoring 
of the beam is considered in more detail in a later 
section. 


TREATMENT OF DATA 


Individual events were read from the film and plotted 
as shown in Fig. 4. One sees the proton points in a 
distribution fairly well separated from the mesons 
below. There were always a few points in the region 
between the proton line and the mesons. Many of these 
points were due to protons that interacted with nuclei 
in the range counters or in the absorbers between them. 
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Fic. 2. Electronics block diagram. 
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Fic. 3. Kinematics of deuteron photodisintegration. 


When there was any question as to where the line 
separating protons from mesons should be drawn, 
pieces of data taken under the same conditions were 
grouped together and histograms were drawn for the 
points in each range channel. Examples of such histo- 
grams are given in Fig. 5. 

There was an appreciable probability that a proton 
in passing through the counter telescope would interact 
with a nucleus and be absorbed or strongly deflected. 
In other deuteron photodisintegration experiments 
where range- or energy-measuring counters have been 
used, the correction for this effect has been calculated 
on the basis of assumptions about the cross sections 
and angular distributions involved. Yamagata et al.® 
found that in the energy range of our experiment a 
maximum correction of 17.6% was obtained if the 
geometrical cross section was taken as the nuclear 
scattering cross section. To get an upper limit for the 
size of this correction, they used the tota] neutron cross 
section which gave a maximum correction of 28.3%. 
Gilbert and Rosengren‘ calculated a maximum correc- 
tion of 40%, using geometric nuclear area. Because of 
the magnitude of the effect and the uncertainties in its 
calculation, the correction for the counter used in our 
experiment was determined experimentally. 

The 340-Mev proton beam from the 184-in. cyclotron 
was used to produce nearly monoenergetic protons by 
p-p scattering at various pairs of conjugate angles. To 
obtain information on the nuclear absorption for a 
given channel in the range counter and for a given set 
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Fic. 4. Examples of data plots. 
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of range absorbers, the angle of the proton detector was 
set to select protons of the appropriate energy. The 
angle of another scintillation counter was set at the 
angle calculated for the companion proton. About 1000 
counts were then taken and recorded photographically. 
Upon reading the film one could tell (a) how many of 
the protons failed to get to the range channel they 
should have reached, and (b) the apparent stopping- 
point distribution of those that fell short. 

Two corrections to the number of protons in a given 
channel were necessary. It was necessary to add a 
number to account for the loss of protons that should 
have reached the channel and to subtract a number to 
account for protons that should have reached a higher 
channel but appeared to stop in the channel under 
consideration. The maximum correction obtained for 
any channel was 26%. 


RESULTS 


The differential cross section for a given laboratory 
angle and a given photon energy is 


(protons in AE,/unit beam at angle @) 





do ~~ 

(Opes 

dQ AQ(photons in AE,/unit beam) (target deuterons/cm’) 
8 Yamagata, Barton, Hanson, and Smith, Phys. Rev. 95, 574 (1954). 
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Here AE, is one of the photon spectrum intervals 
described in “Experimental Method.” £, is taken as 
the center of this interval. AE, is the proton energy 
interval corresponding to AE,. AQ is the proton detector 
solid angle. 

The unit of beam was taken as that required to 
produce 0.1 microcoulomb of charge in the precol- 
limation ionization chamber, which was frequently 
calibrated in terms of the Cornell-type thick-walled 
ionization chamber. 

Several articles from the California Institute of 
Technology (CIT) synchrotron group,’"’ reported 
calibration of this type of chamber at 500 Mev. A 
value of (4.75-0.13) X 10'8 Mev/coulomb was obtained 
by use of a pair spectrometer and a value of (4.12++0.20) 
X10'8 Mev/coulomb was obtained by use of the shower 
method of Blocker, Kenney, and Panofsky." They 
decided to use an average value of 4.44, which they 
state corresponds to 3.91 at 300 Mev. They also state 
that the calibration at the Cornell synchrotron for 
this type of chamber is 3.68 at 300 Mev. The spread 
about their average value is +7%. 

William Imhof at Berkeley constructed the Cornell- 
type thick-walled chamber and calibrated this chamber 
by the shower method. He obtained a number that 
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Fic. 5. Differential pulse-height spectra in dE/dx counter for 
particles of defined residual range. 


® Walker, Oakley, and Tollestrup, Phys. Rev. 97, 1279 (1955). 
0D. C. Oakley-and R. L. Walker, Phys. Rev. 97, 1283 (1955). 
1 Blocker, Kenny, and Panofsky, Phys. Rev. 79, 419 (1950). 
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TABLE I. Differential cross sections for photodisintegration of 
deuterons at various energies and angles (@=lab angle; 6’ =c.m. 
angle). 








Photons in 
AE, per unit 
beam 
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do/dQ 
(ub) 


da/dQ’ 
(ub) 
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o 
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0.503 X 108 
0.490 
0.482 
0.471 
0.462 
0.454 
0.443 
0.417 


0.518 X 108 
0.503 
0.490 
0.482 
0.471 
0.462 
0.454 
0.443 
0.417 


2.41 X 108 
2.34 


12.73-0.9 
8.8+0.9 
8.51.1 
6.9+1.0 
9.9+1.0 
8.6+0.9 
10.5+1.0 
8.50.9 


9.71.2 
10.1+1.4 
8.4+1.1 
7.9+1.2 
6.61.2 
8.31.0 
8.71.0 
8.01.2 
7.51.2 


10.0+1.0 
7.3+1.0 
8.00.9 
8.9+0.9 
6.5+0.8 
7.8+0.9 
8.10.8 
8.9+0.9 
9.2+0.9 


6.70.7 
8.00.7 
7.2+0.7 
6.2+0.7 
6.80.7 
6.2+0.7 
6.90.7 
7.50.7 
6.2+0.7 


4.2+0.6 


9.6+0.7 
6.60.7 
6.30.8 
5.10.8 
7.10.7 
6.10.6 
7.4+0.7 
5.9+0.6 


7.8+0.9 
8.1+1.1 
6.70.9 
6.2+0.9 
5.2+0.9 
6.4+0.8 
6.7+0.8 
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agreed with the Cornell calibration value at that time 
of 3.74 (which had been transmitted via letter from 
R. R. Wilson to A. C. Helmholz) ; however, the limit 
of accuracy of Imhof’s measurements was ~10%. The 
Cornell machine has a peak energy of 315 Mev, and at 
that time it was thought that the Berkeley machine 
had a peak energy of 322 Mev; hence, the difference in 
peak energies would have been negligible. Recently, 
however, the peak energy of the Berkeley synchrotron 
has been found to be 342 Mev.° 





D. R. DIXON AND K. C. BANDTEL 





22 (C.M) (ub / STERAD) 


2 @ (LAB) = 49° 
Ir 4 


Ou A 4 . x rt 4 
20 140160 180200 220 240 360 280 300 


Ey, (LAB ) (MEV) 











Fic. 6. Differential cross sections versus photon energy for @=49°. 


We used 3.74X 10'* Mev/coulomb in our calculations. 
As it is now believed that the Berkeley synchrotron has 
a peak energy of 342 Mev, the calibration value ob- 
tained at Cornell (i.e., 3.74) should in principle be 
raised by ~2% (according to the CIT data) when it is 
compared with calibration measurements performed at 
Berkeley by Imhof. In point of fact, 2% is much less 
than the 10% accuracy of Imhof, and this small 
difference would not be evident. To further complicate 
the picture, the Cornell chamber that was used as a 
monitor in our experiment was recalibrated during the 
second synchrotron run, with a result of 3.34x10'* 
Mev/coulomb, a value about 11% lower than the 3.74 
value. We are forced to conclude that we do not know 
the beam calibration to better than 10%, and have 
decided more or less arbitrarily to use the value of 
3.74X 10'® Mev/coulomb in reducing our data. 

Correction was made for the actual temperature 
and pressure of the air in the chamber. 

Laboratory and center-of-mass differential cross 
sections for various energies and angles are given in 
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Fic. 7, Angular distributions as functions of energy. 


Table I. The errors quoted are standard deviations due 
to counting statistics. Figure 6 shows the agreement 
between cross sections measured at 49° in the first 
and second synchrotron runs. For obtaining angular 
distributions and total cross sections, data from 
Channels 1 and 2, from 3 and 4, from 5 and 6, and from 
7 and 8 were combined. Curves of the form do/dQ’ 
= A+B cos6’+C cos*6’ were fitted to the experimental 
points at photon energies of 143, 173, 209, 253, and 293 
Mev, and the ratios of the constants B and C to the 
constant A are plotted as a function of photon energy 
in Fig. 7. Integration of the angular distribution curves 
gives for the total cross section or=4r(A+4C). 
Figure 8 shows the total cross sections as a function 
of energy. 

High-energy photodisintegration of deuterons has 
been under investigation at most laboratories where 
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Fic. 8. Total cross sections as functions of energy. 


accelerators are available, and at least preliminary 
results on several of these experiments have been 
reported. For example, Keck e¢ al.,” working at Cornell, 
measured angular distributions at photon energies of 
180 and 260 Mev. They employed a counter telescope 
that measured dE/dx and range. Their differential 
cross sections are shown with some from our experiment 
in Figs. 9 and 10. The total cross sections are included 
in Fig. 8. It can be seen that the angular distributions 
agree fairly well, but there is a small difference in 
absolute .lues. A series of experiments at Illinois has 
covered the energy region from 20 to 260 Mev. Allen™ 
measured cross sections from 20 to 65 Mev, using 
nuclear emulsions. An experiment extending into the 


” Keck, Littauer, O’Neill, Perry, and Woodward, Phys. Rev. 
93, 827 (1954). 
LL, Allen, Jr., Phys. Rev. 98, 705 (1955). 
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energy region of our experiment was done by Whalin," 
who also used nuclear emulsions. Yamagata ef al.* used 
a proton counter telescope of five organic scintillators 
to measure cross sections at three angles and at energies 
from 142 to 260 Mev. Schriever ef al.'® used nuclear 
emulsions in an experiment extending from 70 to 235 
Mev. Some of the results of the above experiments are 
plotted with those of our experiment in Figs. 7 and 8. 
No errors are available for the ratios B/A and C/A in 
the Illinois experiments. 

At the California Institute of Technology, Tollestrup, 
Keck, and Smythe'® have obtained excellent angular 
distributions at energies from 100 Mev to 450 Mev, 
using a counter telescope which measured dE/dx and 
range. The coefficients of the angular distributions and 
the total cross sections are given in Figs. 7 and 8. 

From Fig. 7 it is evident that the data of all experi- 
ments in the region from 140 to 300 Mev agree in showing 
a decreasing value of the asymmetric cos’ contribution, 
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Fic. 9. Angular distribution for ZE,=173 Mev. 


while the symmetric cos’@’ term remains fairly constant, 
with perhaps a slight decrease indicated by the Cal 
Tech data. 

The total cross sections obtained in our experiment 
are about 15% higher than the average of cross sections 


“4 E. A. Whalin, Jr., Phys. Rev. 95, 1362 (1954). 

15 Schriever, Whalin, and Hanson, Phys. Rev. 94, 763 (1954). 
16 . Keck, and Smythe, Phys. Rev. 96, 850(A) 
1954). 
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obtained elsewhere. The discrepancy is possibly due to 
the uncertainties in beam calibration discussed earlier, 
or to the differences between our experimentally 
measured corrections for nuclear attenuation and those 
calculated by others using estimated fractions of the 
total cross sections for proton removal from their 
counter telescopes. 

Because of the familiarity of this subject, we will not 
discuss further the interpretation of experimental 
results. Reference may be made to a brief discussion by 
Whalin" of possible theoretical interpretations. Recent 
theoretical papers on deuteron photodisintegration have 
been published by Levinger,’’ Yamaguchi and 
Yamaguchi,'* and others.'*-*! 
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Fermi interactions are examined from the standpoint that the interaction between bare nucleons and 
light fermions may have simple form. The relation of this proposal to the usual expression of Fermi inter- 
actions in terms of physical nucleons is evaluated. This relation is specified fairly definitely by current 
meson theories for allowed 8-decay processes. The possibility of a simple universal Fermi interaction and 
the relation of associated allowed and forbidden 8-decay matrix elements are examined. Although some 
interesting conclusions can be drawn in these cases, the effects do not appear observable at the present time. 





1. INTRODUCTION 


HE general theory of Fermi processes must, at 
present, be reconsidered in the light of newly 
observed Fermi processes in strange-particle decay. 
But before these new considerations appear, it is 
perhaps of interest to attempt to complete the study 
of the processes with respect to nonstrange particles. 
In particular, we would like here to study the effect of 
pion-nucleon interactions on the Fermi processes.! Our 
motivation is the possibility that Fermi interactions of 
nucleons in the absence of pions, i.e., the Fermi inter- 
actions of bare nucleons, may have a simple form. 
Consider the physical nucleon to be made up of a bare 
nucleon and a pion cloud. Assume that Fermi inter- 
actions see directly the bare nucleon. Direct interaction 
with the pion cloud is assumed negligible as are nucleon 
pair effects. Thus, the pion cloud is effective only in a 
geometrical way, i.e., it carries some of the total spin 
and charge of the physical nucleon (we shall not con- 
sider the role of the electromagnetic field analogous to 
this role of the pion field,? such effects should be of 
order a). It is proposed then that the light fermion 
fields measure properties (particularly charge and spin) 
of the bare particle in distinction to the usual situation, 
ie., with the electromagnetic field, where we can only 
observe properties of the nucleon as a whole, the bare 
particle being only a concept of theoretical interest. We 
shall discuss two models of the physical nucleon and 
evaluate the relation between Fermi couplings to the 
bare particles and the same couplings as conventionally 
expressed in terms of the physical nucleons. We shall 
discuss possible application of these results to a univer- 
sal Fermi interaction, to the relation between allowed 
and forbidden transitions in 8 decay, and to a universal 
Fermi interaction explanation of pion decay. 
We can immediately discern some general properties 
of the proposal. The Fermi processes are usually dis- 


1 T. Kotani et al., Progr. Theoret. Phys. (Japan) 6, 1007 (1951); 
R. J. Finklestein and S. A. Moszkowski, Phys. Rev. 95, 1695 
(1954). Note added in proof.—See also S. S. Gerschtein and Ia. B. 
Zel’dovich, Soviet Physics (JETP) 2, 576 (1956); B. Stech, Z. 
Physik 145, 319 (1956). 

2See Behrends, Finklestein, and Sirlin, Phys. Rev. 101, 866 
(1956). 


cussed in terms of couplings of the form (e.g., 8 decay) 


H=¥ gi f dol aT is! Ns! Oe @) +0, 
(1.1) 


where (WoT ;'~x’) for i=1, ---, 5 are the covariant 
quantities: scalar, tensor, vector, axial vector, and 
pseudoscalar. The operators I,’ are usually limited to 
Dirac y matrixes. As conventionally employed, the 
fields ¥,’, yp’ and operator I';’ are taken to refer to 
physical nucleons, those essentially involved in any 
phenomenological description of nuclei, where there is 
no explicit reference to the pion field. We want to 
consider the Hamiltonian H when it is written in terms 
of bare particles: 


H=E gf dxVolaPl)\Vo(a\Pale))+e05 (1.2) 


ie., here Wn, Wp, 'y concern bare nucleons. (Unprimed 
operators should be considered as acting on bare par- 
ticles in the following.) It is seen that matrix elements 
of (1.1) will involve 


£:'(po|T | mo), (1.3) 


where |) is the wave function of a bare neutron (this 
is just to say, for example, that (p|o’|n)=(po|a| mo), 
where |), | p), and o’ are wave functions and operators 
for the nucleons as a whole). Meanwhile matrix ele- 
ments of (1.2) will involve 


gXp|Ts|n). (1.4) 


Now let us consider starting with a simple form for 
(1.2) and evaluating the conventional form (1.1) for H. 
The I',’s in (1.2) are assumed to be formed from y 
matrixes (it is also convenient to include the appro- 
priate isotopic spin operator). What will (1.1) look like 
in terms of the g,’s? Since the form of the light particle 
matrix element is completely unaffected, the relativistic 
transformation properties of the nucleon matrix element 
of (1.1) will be the same as in (1.2). Thus, corresponding 
to the scalar term in (1.2) there will only be scalar 
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terms in (1.1), but we may expect terms of form 


Fs) , 
ags (¥.|—v-| v') ’ 
OX, 


in addition to the usual 
Bgs(vp'tt'pn’) 


[in the notation of (1.1) ]. The new matrix element 
terms are such that they relative magnitude (v/c), 
where » is nucleon velocity. Our interest is then to 
determine the relation of the coupling constant g’= 8g; 
of each term in the conventional form (1.1) of the inter- 
action. 


2. Infinite-Mass Model 


In order to evaluate (1.4) we need some information 
about the physical nucleon in terms of the bare nucleon 
and meson cloud. Let us first consider the currently 
popular infinite-mass nucleon model. In this model we 
can only evaluate nuclear matrix elements such as those 
corresponding to allowed 6-decay processes, i.e., for 
scalar and vector terms in (1.2) the nucleon matrix 
element becomes 


gs, v(p|r*|n), 


and for tensor and axial vector it is 


gr, (p|or*|n). 


In order to evaluate these matrix elements, only the 
total angular momentum and isotopic spin of the meson 
cloud and no detailed features, need to be described.’ 
Thus, we can write 


| m,n) = doofoo(x)x™E"+aufi(x)o-r ety" 


+ aro fio(x)o-r+ fore-t]y™é", (2.1) 


where |m,) is the wave function of a physical nucleon 
with a z component of angular momentum m and of 
isotopic spin m; x, are spin } functions of the bare 
nucleons for mechanical and isotopic spin, respectively ; 
and r, t are unit vectors in space and isotopic spin space, 
respectively. The ao9 term corresponds to a pion cloud 
carrying zero angular momentum and isotopic spin 
(which includes the no-pion state), the a,, term corre- 
sponds to one unit of angular momentum and isotopic 
spin for the cloud, and the a, terms to mixed total 
angular momentum and isotopic spin. The f;(x) are 
normalized functions containing the internal variables 
of the pion cloud. Spin and isotopic spin enter with 
complete symmetry in the infinite mass model. Letting 
| @10|2= Pro, |au|?= Pi, | doo|?= 1—P3,;—2P yo we then 


§ For a discussion of the general features of this model, see R. G. 
Sachs, Phys. Rev. 87, 1100 (1952). 


FERMI 


INTERACTIONS 


have the results for g’/g: 


Ree ~-Pun-Po 
vere (2.2) 


(p|2-0|n) 8 8 
aa. Nett baad as 11——P 0. 


“pole-elm) 9 


With the assumption that Po is small, these quantities 
are plotted in Fig. 1. 

There are numerous meson theoretical estimates of 
Py, (note that R, is just the ratio f,/f of renormalized 
to unrenormalized pion coupling constants). In approxi- 
mate treatments so far considered, Pjp>=0. The Chew 
Tamm-Damcoff theory* yields Pi,;~0.6. The most 
recent intermediate-coupling calculation’ yields Py 
«0.7. Exact sum rules over total sections derived via 
the Chew-Low-Miyazawa methods' yield’ P1,~0.5 and 
Py~0.1, deviating only slightly from the approximate 
treatments. Sachs’ phenomenological treatment* yields 
Pyt+Pi=0.09. If we want gr/gs=+1 assuming 
|gr’/gs'|=1.25 from B decay, then Py=0.32 or 
Pi,=0.88. It is seen that for more likely values of P11 
the ratio gs/gr might be much greater than one. More 
elaborate application of these results will be attempted 
on the next section. 


3. APPLICATION TO UNIVERSAL 
FERMI INTERACTION 


We wish to consider a universal theory*’ of the three 
Fermi processes 
(3.1) 


(3.2) 
(3.3) 


and also, possibly, the pion decay.” We want to find 
first if some simple combination of coupling constants 
g; can characterize all three processes. First let us state 
the problem exactly. The processes (3.1)-(3.3) are 
usually discussed in terms of couplings of form such 
as (1.1): 


n— pte +y, 
pte n+, 


p* — e++2p, 


~ i gi(Wal’ Wo) (YI Wa) + C.C. (3.4) 

4G. F. Chew, Phys. Rev. 95, 1669 (1954). 

5 Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1956). 

6G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) ; H. 
Miyazawa, Phys. Rev. 101, 1564 (1956). 

7 Cini, Fubini, and Thirring, in Proceedings of the Sixth Annual 
Rochester Conference on High-Energy Physics [Interscience 
Publishers, Inc., New York (to be published) ]. 

8 See, for example, L. Michel, in Progress in Cosmic-Ray 
Physics, edited by J. G. Wilson (Interscience Publishers, Inc., 
New York, 1952) for early references. 

9 J. Tiomno and J. Wheeler, Revs. Modern Phys. 21, 153 (1949) ; 
E. R. Caianello, Nuovo cimento 8, 534, 749 (1951) ; 9, 336 (1952) ; 
D. L. Pursey, Physica 18, 1017 (1952); D. C. Peaslee, Phys. Rev. 
91, 1447 (1953); R. Finklestein and P. Kaus, Phys. Rev. 92, 1316 
(1953); E. J. Konopinski and H. Mahmoud, Phys. Rev. 92, 1045 
(1953); B. Stech and J. H. Jensen, Z. Physik 141, 403 (1955); 
J. Tiomno, Nuovo cimento 1, 226 (1955). 

1M. Ruderman and R. Finklestein, Phys. Rev. 76, 1458 
(1949); M. Ruderman, Phys. Rev. 85, 157 (1952); S. Treiman 
and H. Wyld, Phys. Rev. 101, 1552 (1956). 
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One can make various assumptions of universality, for 
example, (a) setting coupling constants g; associated 
with one foursome (a, }, c, d) of fermions, equal to the 
coupling constants associated with another foursome, 
or (b) suggesting that all pairs of fermions are coupled 
(various processes being forbidden by general selection 
rules). There are, unfortunately, ambiguities with 
respect to ordering the four fields in the Hamiltonian 
(3.4). One must make specific assumptions about the 
orderings in order to discuss a universality of type (a). 
Let us: review briefly the results concerning these am- 
biguities. We follow Konopinski and Mahmoud’ who 
showed that one can adopt the convention with com- 
plete generality that two “particles” (as distinguished 
from antiparticles) are created and two destroyed in 
all the Fermi couplings. For example, 6 decay proceeds 
as follows: 


(n+v) — (pte). (3.5) 


We shall use parentheses to indicate use of this “normal 
ordering.” Having adopted this convention, one makes 
a physical statement on deciding which of y* is the 
“particle” (relative to e~). If one chooses u-, i.e., 


(ptu-) > (n+), (3.6) 


then under a universality such as (6) above one cannot 
prevent the process 


(pt+u-) > (pter). (3.7) 


An intermediate boson field explanation of the Fermi 
processes also lead to (3.7) from (3.5) and (3.6). We 
shall in the following assume that y* is the “particle”," 
i.e., 


(p+-») — (ntut). (3.8) 


There still remains a further ambiguity of ordering, i.e., 
in 6 decay we could consider Hamiltonians: 


x gil yn) (eT), 

L bible) We Tn). 
These formulations are simply related with” 
h= Py, (3.11) 


where P is a 5X5 matrix with P?=1. This ambiguity 
has no great importance for any single process, but in 
relating the coupling constants of different processes. 
The conventional ordering for 8 decay is (3.9). The 
ambiguity resulting from analogous orderings in u decay 
leads to the same results, (3.11), but the u-decay ob- 


(3.9) 
(3.10) 


4 Stech and Jensen (reference 9) have discussed the question 
of which: yu*, is the “particle” under a particular symmetry con- 
dition. They find the “p= particle” assumption associated with 
reasonaly large p, i.e., p=4, in fair agreement with experiment 
(where p is the u-meson spectrum shape parameter), while the 
“u* particle” assumption leads to p~0. These results are typical 
of the two assumptions. We do not adopt the thus seemingly 
attractive u~ choice because it seems less reasonable on the 
general — mentioned above. See also reference 14. 

L. Michel, Proc. Phys. Soc. (London) A63, 514, 1371 
(19s); Phys. Rev. "86, 814 (1952). 
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servables are independent of which is used. Under the 
modified universality we want to consider, it is also 
seen that this ordering has no consequences on the 
relation of u-decay and 6-decay coupling constants. 
The equations are analogous for capture, (3.8), but 
here in case of a universality of coupling constants the 
transition probabilities in various cases will depend on 
the relative ordering of particles in the y-capture and 
B-decay Hamiltonian. We adopt the a priori attractive 
assumption that the nucleons play the same role in 
B decay as in p» capture, i.e., specifically, we shall use 
the ordering analogous to (3.9) with a matrix element 
between the nucleon fields. Now this has little sig- 
nificance unless we make an assumption such as: the 
same coupling constants characterize the three proc- 
esses. We would then arrive at an unambiguous example 
of the Tiomno-Wheeler*® proposal that the pairs (pm), 
(uv), (ev) are connected by the same Fermi couplings. 

We shall consider pion decay with this universal 
interaction in Sec. 6. Let us here try to fit the B-decay 
coupling constants to u decay. Consider the quantities 
A= (W */96n*)X, where is the decay constant, and 
spectrum shape p, for » decay (neglecting the electron 
mass). We shall employ the numerical values 


A/(gr’)?=13 


(the following is not sensitive to this number), where 
the prime on g refers to coupling constants measured in 
8 decay and expressed in terms of (1.1); and™ 


p=0.64+0.09. 
With the universal interaction assumed, we have” 


(gr/gr’)*Les/gr—gr/gr—2(gv/grt+ga/gr) P 
= $9A/(gr’)’=6, (3.12) 
(gr, ‘gr’ PL (gs, gr- 6+ gp, gr)? + (gv, ‘gr—ga/gr)°16 | 
=[1—(4/3)p]4/(gr’)?=2. (3.13) 


Now consider modification of the universal Fermi 
interaction such that the bare nucleons interact in the 
same way as the light fermions. This modification leads 
to a change in each coupling constant separately so that 


gr /gr=ga'/ga=R,, (3.14) 


where these ratios of the coupling constants g’, effective 
in nuclear processes (3.1) and (3.2) to the bare constants 
which still apply to w decay (3.3), are plotted in Fig. 1. 
For convenience in seeing the results the ratios 


n= (gs'/gs)?, M=(gr/gr’)(gs'/gs) 
are plotted in Fig. 1. Noting experimentally that 
lev'/es'|, |ga’/gr’| 1; (3.15) 
Eqs. (3.12) and (3.13) are approximately written 
(3.16) 
(3.17) 


gs'/gs=gv'/gv=R, 


|gs'/gr’| ~0.8, 


Gi- gp, ‘g 5)? On’, 
(1—6(gr’/gs’)M+gp/gs P= 3m’. 


13. Lederman (private communication). 
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It is seen that the u decay can be fitted for a variety 
of Py, merely by varying gp (which has no effect on 
B decay). No simple combination such as S+P+T 
seems possible.4 We see, however, that the meson 
theories predict ?1/100 and that the simple com- 
bination S+43T will agree approximately with 6 decay. 
This suggests the combination 


S+P+3T, (3.18) 


which is that associated with a universal theory in 
which fields of unlike fermions commute. One cannot 
accept simply (3.18), however, because the » meson 
will then not decay. The u-meson decay would then 
have to be due to small corrections to (3.18), which is 
an unhappy situation. Further speculation on simple 
relations between the g’s must probably await some 
hints from more fundamental considerations. 


4. Finite-Mass Model and First-Forbidden 
Transitions 


Let us examine the general form of the nuclear matrix 
element when recoil or lowest order relativistic effects 
are considered. Denote spinors by # and associated two 
component spin functions by x. We assume that we 
should associate with each nucleon of spin component 
m and momentum k, in the usual nonrelativistic wave 





2.0 














0.5 1.0 
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Fic. 1. Pion field radiative corrections in the infinite mass nucleon 
model. Symbols are defined in Sec. 2. 


4 Tt is such a priori attractive combinations which give promis- 
ing predictions for » decay upon adoption of the “u7 particle” 
assumption discussed above and in reference 11. For this reason 
this has been the line of approach adopted in much of the work 
mentioned in references 2, 9, and 11. We now see that (3.18) 
would, for example, be a preferred combination. What yu decay 
would be associated with (3.18) in the “u~ particle” assumption? 
The expressions (3.12), (3.13) apply to the “‘u* particle” assump- 
tion. If one considers the corresponding’ ‘oqreniens for the 
“u- particle” assumption (reference 12) in relation to Fig. 1, 
one finds that they cannot be satisfied because the small value 
of n makes yp decay too rapid compared to 8 decay. 
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function, the corresponding spinor. Let 
(tpl stn) = (Xp, V's (tp/2Mkn/2M) xn). (4.1) 


Then the matrix element for the emission of an electron 
and antineutrino of momentum k,+k,= q is 


—1¥—q —1V 
? yw), 
2M 


2M 
(4.2) 


M=>> ni( voles * rv( 


where the variables explicitly shown concern the 
nucleon involved in the transition. We explicitly write 
the argument of I’, as k/2M because the arguments 
occur with this relative order of magnitude, i.e., }v/c. 
For allowed transitions exp(iq-r)=1, and k,=k,=0 
injthe argument of I’,’. As is well known,!® the for- 
bidden-decay transitions thus arise from two sources: 
from [exp(iq-r)—1] and from finite velocities in the 
argument of I’,’. For a 2-Mev 6 decay, for example, one 
expects the following order of magnitude contributions 
(compared to allowed transitions, neglecting differences 
in selection rules) 

O(q-1r)= A?/100, 

O(k/2M)= 1/10, 


O(q/2m)= 1/1000. 


(4.3) 


Let us again examine the change in coupling constant 
for a variety of nuclear matrix elements in going from 
bare nucleon to physical nucleon formalism. Let us 
consider allowed and first forbidden #-decay matrix 
elements and also nucleon anti-nucleon matrix elements 
in connection with m decay. 

Consider a positive energy nucleon of small momen- 
tum k spin direction m and isotopic spin n. We adopt 
a very simple one-meson model for a physical nucleon 
of finite mass: 


|k,yn,n) = Aoa*(k,m,n) + f dk’ f(k’) 


(k+k’)-o _k o 
“eae er) 
Ey: oa M 
x (&’ raé")a* (k+k’, m’, n’)b*(—k’, a), 


where 6*(—k’, a) is the creation operator for a meson of 
momentum —k’ and charge a. We need only consider 
nucleon matrix elements between nucleons of the same 
momentum [i.e., the g terms in the argument of I” in 
(4.2) are neglected according to (4.3), although they 
introduce new selection rules |]. We can set exp(iq-r)=1 
since terms [exp(iq-r)—1] times various allowed 
operators will have the same coupling constants as the 
allowed operators. We shall ignore contributions of 

15 FE, J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
(1941); E. J. Konopinski, Revs. Modern Phys. 15, 209 (1943) ; 


J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), pp. 705, 726. 


(4.4) 
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Fic. 2. Pion field radiative corrections in a finite mass nucleon 
model as discussed in Sec. 4. 








relative order (k/2M)? that come up, as they are small 
and do not yield new selection rules. There are then 
eight positive-energy nucleon matrix elements of 
interest. Using (4.4), we express the physical nucleon 
matrix element in terms of the corresponding nonrela- 
tivistic bare nucleon elements: 


S: (p|n)=[1— (4/3—&) Pi] (x»,xn); 

V: — (p|B|m)=[1—(4/3+-&) Pi}(xoxn), 

T:  (plo|n)=[1—(8/9—4)Pi](x>,0xn), 

A: (p|Bo|n)=[1—(8/9+4)P1](x»,0xn); (4.5) 
Tr: (p\yso|n)=[1—(1+8)Pilxp, (ioXk/M)xz»), 
Vr: (p|Byso|n)=[1—(1—8) Pix», (k/M)xr), 

Pr: (p|5|n)=O(k/M), 

Ar: (p|Bys|n)=[1—(1—28)Pi lx», (k-o/M)xz). 
The isotopic spin variables are not explicitly shown. 
The relativistic matrix elements (p|I'|m) mean, of 
course, (¥I'y). Thus usual transition from relativistic 


to nonrelativistic forms would involve, of course, 
setting P;=0. The constants are 


a= 3[k'/ (Ev+M) Ja’, Bx 3LEx/ (Ev+M) Jw, 


where the averaging means the expectation value of 
the quantity with respect to the second term of (4.4), 
P, is the normalization of the second term of (4.4), 
and |Ao|?=1—P;. The brackets, which are just g’/g, 
are plotted in Fig. 2. 

Of interest is the relationship between the coupling 
constants g’ of the relativistic first forbidden operators 


and associated allowed operators: Tr/T, Vr/V, Ar/A. 
The considerations of Mahmoud and Konopinski!* 
leading to selection of S and T or V and A for 8 decay 
on the basis of the allowed shapes taken by first- 
forbidden spectra are, for example, affected only in 
that the parameters relating the matrix elements for 
relativistic and nonrelativistic first-forbidden operators 
are changed. One finds that this change would not lead 
them to different conclusions. As remarked earlier we 
now have different coefficients for the two types of 
forbidden operators, nonrelativistic and relativistic. 
Here, in principle, we could measure the coupling 
constants and thus deduce the relevant properties of 
the physicai nucleon, i.e., Pi, and the bare -decay 
coupling constants. In practice each coupling constant 
is multiplied by a different nuclear matrix element so 
that only within our knowledge of the nuclear matrix 
elements could the changed coupling constants be 
measured, 


5. Pion Decay 


There are three important difficulties arising in a uni- 
versal Fermi interaction of x decay” wherein an inter- 
mediate pair of nucleons annihilates to produce a mu 
meson and neutrino via (3.2) or (3.8). The first difficulty 
is the electron decay which will occur in the presence 
of pseudoscalar coupling. The second difficulty shown 
recently by Treiman and Wyld” is that the radiative 
electron decay process 


ar—etvt+y (5.1) 


may occur through the tensor interaction. Thirdly, the 
axial vector interaction, which must be principally 
responsible for the process, is known to be so weak in 
B decay" that it is difficult to understand the rapidity 
of the pion decay. Our analysis of these processes would 
require an understanding of the details of the compli- 
cated decay process. We may note that it seems unlikely 
in the extreme that these difficulties would disappear 
as a result of such an investigation. Let us merely 
attempt here to study, as an example, the effective 
strength of the axial vector coupling in pion decay. We 
assume that the same coupling constants g apply 
universally as discussed in Sec. 3. Thus we observe 
constants g’ in 8 decay and constants g” in annihilation 
of a nucleon pair to produce u or e. Let us evaluate the 
g’’. This is done very crudely because we have no 
accurate model of relativistic nucleons and we do not 
know the details of the pion decay process, e.g., the 
interaction between nucleon pairs. As an exercise to see 
what might happen, we calculate with the model of 
(4.4), charge-conjugation a for the antinucleon. Thus 
we adopt again the one-pion assumption and, among 
all types of processes, look only at annihilation of slow 


16H. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
(1952). 
17 R, Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 
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nucleon pairs. The matrix elements we want are simply 


(p|Ts|)= —(p| ys s|). 


Referring to (4.5), we find that the results for g/g for 
P and A are given by the brackets g’/g appropriate to 
Sand V. 


6. CONCLUSIONS 


The a priori attractive suggestion that Fermi inter- 
actions have some simple form with respect to bare 
nucleons has been examined, It is found very difficult 
to test experimentally. With regard to a universal 
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Fermi interaction, no direct verification seems likely. 
The suggestion does not lead to immediate simpli- 
fications, although it is indicated that the universal 
couplings that should be considered are different from 
those which have received most attention recently. 
With regard to forbidden 8-decay processes, we can in 
principle observe the effects of this suggestion. But 
these effects depend theoretically on models for both a 
recoiling nucleon and for the nucleus. 

The author would like to thank Professor E. J. 
Konopinski for acquainting him with much of the 
information used above and for valuable discussions of 
these questions. 
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A method is given of replacing pion scattering parts in a Feynman diagram by experimentally observed 
quantities. In this paper momenta of nucleons are neglected, although nucleon pair creation is not. It is as- 
sumed that only P- and S-wave pions interact with nucleons. No interaction is assumed between pions. Two 
examples are given: (1) The anomalous magnetic moment of the proton is rigorously expressed in terms of 
pion-nucleon scattering amplitudes, or, alternatively, in terms of the renormalized coupling constant and the 
total cross sections for pions. (2) The internucleon potential is also expressed by means of scattering quanti- 
ties. In this case the number of virtual pions exchanged between the two nucleons is limited to two, although 
the number of pions emitted and absorbed by the same nucleon is not limited. 


I. INTRODUCTION 


HE static model of the pion-nucleon interaction 
has proved to be quite powerful in correlating 
certain experiments. As far as the low-energy scattering 
of P-wave pions by a nucleon is concerned, this theory 
is very successful. Experiments show that 433, the phase 
shift for the state with J=$ and I[=} is very large, 
while the other three phase shifts are small. This comes 
from the simple fact that the pion-nucleon interaction 
for the 3-4 state is attractive while for all other states it 
is repulsive. Thus almost every method, the Tamm- 
Dancoff approximation,! the Tomonaga intermediate 
coupling approximation,’ or the Chew-Low method,’ 
gives satisfactory agreement with experiment if the field 
reaction is taken into account. 


Granted that this scattering problem has been solved, — 


how can other quantities like the anomalous magnetic 
moment or nuclear forces be calculated with similar 
accuracy? The purpose of this paper is to describe a 
method to express these quantities in terms of scattering 
quantities. 


* Now at Department of Physics, University of Tokyo, Tokyo, 
an. 
i F. Chew, Phys. Rev. 89, 591 (1953); K. Sawada, Progr. 
Theoret. Phys. (Japan) 9, 455 (1953). 
2 G.4Takeda, Phys. Rev. 95, 1078 (1954). Friedman, Lee, and 
Christian, Phys. Rev. 100, 1494 (1956). 
3G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 


As an example, suppose that one wants to calculate 
the anomalous magnetic moment of the proton. One 
draws a Feynman diagram as in Fig. 1. The shaded area 
contains a number of virtual pions emitted and absorbed 
by the nucleon. The sum over the virtual interactions 
represented by this shaded area is identical to the graph 
which appears also in pion-nucleon scattering. Let us call 
this contribution a scattering part, which means the 
sum of all Feynman graphs with two external free 
nucleon lines and two external (free or virtual) pion 
lines. This scattering part is equal to the S-matrix 
element if the two pion lines are free. The difference here 
is that the pions are virtual and do not satisfy the 
energy relation ko’=k?+-? as real pions do. This diffi- 
culty is overcome, however, in the static approximation. 

We make the following assumptions: 

(1) The static approximation is applicable; that is, 
the momenta of the nucleons and antinucleons (if any) 
can be neglected. 

(2) There is no interaction between pions. 

(3) The pion-nucleon interaction does not contain 
higher derivatives of the field. For P waves it is suffi- 
cient to assume the usual pseudovector coupling, al- 
though we do not use its explicit form. The S-wave 
interaction is unknown. We assume only the regularity 
of the interaction (see Sec. V). D and higher waves are 
assumed to have no interaction with the nucleon. 
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Fic. 1. Feynman graph for the 
nucleon magnetic moment. 


Under these assumptions it is possible to bring the 
scattering part off the energy shell to the virtual case. 
For the moment we shall consider only the P wave, 
which is well known. 

Suppose one changes the space momentum & of one 
of the pions of a scattering part without changing its 
fourth component ko. The pion line does not interact 
with other pion lines but is absorbed by the nucleon. 
Since the momentum of the nucleon is neglected, the 
change of momentum of the pion gives no effect except 
at the time of absorption. This interaction is pro- 
portional to & since the P-wave pion is absorbed. The 
whole scattering part, therefore, depends linearly on the 
space momentum although it depends nontrivially on 
the fourth component. The general case of a virtual 
pion with momentum &’, ko can be calculated from 
- the value of the real scattering with momentum 
kl = (ko?—p*)*], Ro merely by multiplying with k’/k.4 
This is an important element of simplicity in the static 
approximation. 

In the evaluation of the S matrix, the integral over kp 
extends from minus infinity to plus infinity. On the 
other hand, real scattering occurs only for ko>w. This 
gap can be filled by the use of dispersion relations® or 
Low’s equations.’ These relations show that the scat- 
tering amplitudes can be expanded in a Mittag-Leffler 
series, with coefficients given by the total cross sections 
and the renormalized coupling constant. In this form the 
scattering amplitude is defined for all values of ko from 
minus infinity to plus infinity. Thus the scattering part 
is completely known. 

Application of this method to the anomalous magnetic 
moment problem is given in Sec. III. As an example of 
the application to many-nucleon problems, the fourth 
order nuclear potential is calculated in Sec. IV. In 
Sec. V, the effect of S-wave interaction is investigated. 
The next Sec. II, is devoted to preliminaries for the 
following sections. 


II. S MATRIX FOR FIXED NUCLEONS 


In this section we summarize the S-matrix formulas 
for the case of fixed nucleons. Only P waves are con- 


‘ For the sake of simplicity, the cutoff factor is omitted through- 
out this paper. If an explicit cut-off factor »(k) is included in the 
Hamiltonian, we must multiply by k’v(k’)/ko(k). 

* Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955) ; 
R. Oehme, Phys.’ Rev. 102, 1174 (1956). 

6 F, Low, Phys. Rev. 97, 1392 (1955). 


sidered in this and the following two sections. The rules 
for constructing the S matrix are: 
(1) For each pion line, we use 


163; { 1 
(2m)*\ bo? —wox?-bie 
(2) For each nucleon line, which merely gives time- 
ordering in this case, we use 


-(—-) 
da\ kotie/ 


(3) If the pseudovector interaction is assumed, for 
each interaction,’ we use 


295 (0 ko) (fo/u) 7:0 -ke**-*, 


where fo is the unrenormalized coupling constant and x 
is the position of the nucleon. 

(4) After these substitutions, we integrate over all 
momenta of internal lines. 

The matrix element for the scattering part of an ith 
pion with momentum & to a jth pion with momentum q 
is given by 


Gal Slia)=— fet!em1| PO;(9),0.0))) day, 





), w= 2+, 


where |) and |1) are the initial and final nucleon states 
respectively and 


O;(x)= (L?—n*)d:(2). 


We express this quantity as 


(,q| S| i,k) =2i6 (ko—qo)LA (ko) 7:70 - ko -q+B (ko) 
X (7:7;0 -qo -k+-7 57,0 -ko -q) 
+C(ko)r;7:0-qo-k je*-9-*, (1) 


The dispersion relations or the Low equations show that 


1 od 
Atey=“( -)4— f at ae ) 
w?\ Rote? 4 Jo we\wp—ho—ie 
ions (=) (es) 
36m dpthe—ie J 


1 °dp/ o33+2e13 
Bi)=— f — ~—) 
127 Jo wp \wp—ko—ite 


1 = dp “= ) 
124 /9 wp \wptko—ie 


cry =—2( 1 Jr foe) 
w?\Rotie 36r49 wy\ wyp—ko—ie 


@d 
te heer) 
Wpt+ko—ite 


7 This expression is the interaction multiplied by —7. The —i 
comes from (—7)" in the mth-order term of the S matrix. 
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where f is the renormalized coupling constant and o;; is 
the total cross section of the pure i/2, j/2 state. A, B, 
and C satisfy the crossing relation 


A(—ko)=C(ko), B(—ko)=B(ko). (3) 


The scattering part given by Eq. (1) is linear in & and g. 
For the reason stated in the introduction, the relation 
(1) holds for all types of pions. That is, & and qg do not 
necessarily satisfy the relation 

ko =h+p?, qo’= G+, ko> H, 


or go> HK, 


as real pions do. 


Ill. ANOMALOUS MAGNETIC MOMENT 
OF THE PROTON 


We shall calculate only the anomalous magnetic 
moment that comes from the pion current. For this we 
calculate the S-matrix element for the diagram of Fig. 1 
according to the rules of Sec. II. The interaction of the 
pion line with an external constant magnetic field H is 
given by’ 


(i,q H| i,k) = — zieH ‘ (2) *(51:62;—52i515) 
X (k+q) X ¥54(k—g). 


Since the shaded area is a scattering part, we have 
= f fcialsiians, -alali, -# 
ij 


—1 d‘k d‘q 
Ho Mo) 
(2m)8 ky? —w? Jo’—w,” 


where w’s are supposed to have a small negative imagi- 
nary part. This is not the correct matrix element, how- 
ever. The scattering part contains two types of graphs, 
one with crossed and the other with uncrossed external 
pion lines. Both types give identical graphs if the two 
external pion lines are joined to the same point as in 
Fig. 1. The correct matrix element is, therefore, one 
half of (4). 





s=2nixt ff a(to-adLA (ko) 7:70 -ko -q+--- ] 


K ett (k-@) 





—| d‘kd! 
Sewer we 


eH 
x (-) carta sndiy +o xvH-9) 


After carrying out the integration over g and the angles 
of k, this reduces to 


ery-H 4 7 A(ko)—2B+C 
eed 
(2r)? 3 


(Ro?—w,2)? 


k'dkdko. 
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Substituting (2) for A, B, and C and performing the ko 
integration, we have 


s-sacare(2)(2)(2) 
+; J fton(e)—20utor 


1 1 kidkdp 
sayin Teeny 
Wk Webtwpd \wr2wp(wetw) 
Here 275(0) represents the time T between past and 
future. The quantity multiplying —27i5(0) gives the 
change of energy, and the expression within the curly 


brackets represents the anomalous magnetic moment. 
Expressed in terms of nuclear magnetons, it is 


hg 8 M k4 M 
meee 
4r/] \3ar/ \p? wy! 273 


1 1 
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where M is the nucleon mass. 
The use of the dispersion relation (2) is not essential. 
For the calculation of 


A(ko) 1\d A (ko) 
siti dky= (—)— f dko, 
(Ro? —w,,")? 2w dw ko? —w,? 


we split A as well as 1/(o?—w,2) into real and imaginary 
parts. Observing that the answer must be purely imagi- 
nary (since no real process occurs in the intermediate 
states), we have 


A (ho) 
— dk 


(6) 


0 


ko’ —w, 


ie ae in 
A -ir-(—) ~—[ReA (ws) +ReC(ws)] 


Te 2wk 


+iPf 


For practical calculations, Eq. (5) is more convenient 
than (6) and (7), since the differentiation of the experi- 
mental curves is not desirable. 

The same expression (5) can be obtained by the Wick- 
Chew-Low method.’ The advantage of the present 
method is that in this form it is very easy to generalize 


dP, 
[ImA (Ps) +ImC (Ps) ]. 


PP? —w? 


(7) 


8H. Miyazawa, Phys. Rev. 101, 1564 (1956). 
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Fic. 2. Feynman graph for the 
second-order nuclear potential. 


to the case of many-body problems and to S-wave 
problems. 


IV. NUCLEAR FORCES 


In applying this method to many-nucleon problems, 
we expand the S matrix in the following way. The first 
term is to contain all graphs in which no pion is ex- 
changed between any pair of nucleons, although an 
arbitrary number of pions are emitted and absorbed on 
the same nucleon line. The second term will contain all 
graphs in which only one pion is exchanged between one 
pair of nucleons. In the next term, two pions are 
exchanged between one pair of nucleons, or one pion 
each is exchanged between two pairs of nucleons, and so 
on. We shall call these terms the zeroth-order term, 
second-order term, fourth-order term, and so on, re- 
spectively, although their meaning is different from that 
of perturbation theory. In this section we shall calculate 
the two-body nuclear force up to the fourth-order term. 

The second order term is represented by the graph in 
Fig. 2. The shaded areas are vertex parts. Since all 
nucleon lines are free, each vertex part is given by the 
renormalized pseudovector interaction, that is, the usual 
pseudovector interaction with the renormalized coupling 
constant f. The second order potential is, therefore, 
identical to the usual one except that it has the re- 
normalized coupling constant instead. 


f en 
V2=—(7'7’)(o'- 9) (’?'V)—. 

4r x 

The fourth-order potential is given by Fig. 3(a). 

Figure 3(b) does not give a different graph since the 
crossing of pion lines is already included in the shaded 
areas. Further, we see that in Fig. 3(a) we are counting 
the same graph twice, and we must divide by two for the 
correct S matrix. It is 


(2)* 
Xx 
J J (ko? —wx*) (go? —w,”) 


where the suffixes 1 and 2 on S label the two nucleons. In 
order to obtain the usual perturbation-theoretic fourth- 
order term, we simply replace the scattering matrices by 





d*kd'‘q, 


* The Wick-Chew-Low method was applied to this problem by 
Sato [S. Sato (private communication) ]. 


their lowest-order expressions, which are, as is well 
known, very poor approximations. 

After substitution of (1) for S;, S consists of four 
terms: 


S= —2ri(0) ff [(r'%)2°-ke qo? -ko®-aX 


+ (r'7?)’e! ko! -qo?-qo?-kY 
+737}}17,?720! - ko! -qo* -ko? -qVY 
+737}77777e! -ko' qo? -qo? -kZ Je*-9 -*dBkd5q, 
X=X1— Xe. 


X, Y, and Z are given, after using the symmetry 


property of (3), by 
X=ac+bb, 


Y=2ab, 
Z=aa+db, 
7 f A (Ro)C (Ro) 
ac= 0) 
(2)? J (ho? —wx") (Ro? —w,") 





and similar expressions for 6b, ab, and aa. 

In the calculation of the first terms of ac, we meet 
with some trouble, since the contribution from the pole 
ko=0 gives a term which is proportional to 1/¢. That is, 


1 1 . 
S= —27i6(0)— (<) (rr?) 
2iel (2r)®\ py? 


o'-ko?-ke**= 2 
xf at +->:. 


w,? 


We can easily see, however, that this term is the repeti- 
tion of the second-order energy and does not contribute 
to the fourth-order energy. After this has been omitted, 
all the integrals are well defined. The quantity multi- 
plying —27i5(0) in S gives the nuclear potential. 
Vi=—[(7'2*)e!- 9 o!- 0 20"- 0 eo" 0 = (9,2) 
+(7°)o!-¥ yo! V0": V0" VY (y,2) 
t+rfrpr7Zrie'-¥ yo V 0: V o’- VY (y,2) 
+r3rpr?frZo!-¥ o'-V 0+ V 0": V Z(y,2) Jynz—zy 


(a) (b) 


Fic. 3. Feynman graphs for the fourth-order nuclear potential. 
Figure 3(b) is not needed for the calculation (see text). 





INTERACTION OF P- AND S-WAVE PIONS 


where 2, Y, and Z are functions involving the coupling 
constant and cross sections. Since their complete ex- 
pressions are rather long, we shall write here the 
simplified expressions obtained by assuming that o1; and 
13 are zero. 


Pr ig 
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where F and G are given by 
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1 f k sink(y+z) 
2(2m)*y2(A+u) J (wed) (wen) 











Gru (y,2) = 


In these expressions, the terms proportional to f* are 
fourth-order terms of perturbation theory. 


V. INTERACTION OF S-WAVE PIONS 
WITH NUCLEONS 


Little is known about the mechanism of S-wave 
interaction, since elementary theory fails to explain the 
large splitting of the phase shifts 6; and 63. Perhaps the 
creation of nucleon-antinucleon pairs might play an 
important role. Still we assume the static approxima- 
tion, implying that momenta of nucleons can be neg- 
lected. Also we assume that the interaction is sufficiently 
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regular. In this case the matrix element for the scat- 
tering part depends trivially on the pion’s momentum: 
it does not depend on the momentum, since an S wave is 
emitted or absorbed. 

The dispersion relation for S-wave pions, within the 
framework of the static model, was derived by Oehme.® 
We write the scattering matrix of S waves as 


(3,9 | S; | i,k) = 205 (ko— qo) 
XD (ho) rit +E (ho) rir Je, (8) 


where 


Qn 2rko ko? —p? 
Dba) = (or 20)——"(a.-a)+( “) 
s Su 2r 





o3+201 | 


% ms o3(p) 
xf al + ? 
0 Wp Wp—Ro—te 3(wytko—ie) 


2rko ky? —p? 
glk) =~" (a1-+-2a;)-——(,— a+( =) 
3 Su 


2r 


dpf = ast2o1 os 

x f “| + | 
W pl 3(wp—ko—te) wptho—ie 
Here a; is the total cross section of the pure state for 
I=i/2 and a; is the scattering length in the 1/2 state. 
Equation (8) is to be taken with the right-hand side of 
(1), and the calculation proceeds as before. In Eq. (9), 
terms involving cross sections are small compared with 
other terms. The scattering lengths a; are proportional 
to 6;, the S-phase shifts, whereas the o; are proportional 
to 67; and 6; are small. Thus for practical purposes, D 
and £ can be written as 


2rko 
D(ki)=— ( —4s), 
3 3 
(10) 
2r 2rko 
E(ko) = —(a,+2a3) +—/(a1—a3). 
3 Su 


In fact, Eq. (10) gives a fairly good fit with the experi- 
mental points calculated from Orear’s phase shifts. 

From (10), we have a fourth-order nuclear potential 
due to S waves: 


s(art2as)? e) 
187 ( (ux)? 
(a;—4a3)? ko(2ux) ky (2ux) 
ae 


36r L (ux)? (ux) 


This potential corresponds to the two-pair term of the 
usual fourth-order nuclear potential. Two points are to 
be noted. One is the damping of the pair term. The 
potential (11) is very much smaller than the usual one 
due to the repulsive force of S-wave pion-nucleon 





+ (717) 
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interaction. The other point is that (11) is dependent on 


7 spin. This is due to the mysterious splitting of 6; and 
53. The potential corresponding to the one-pair term is 


4 d 
Vip= Se(ort20){ “Fola)+— f —ou()Fex() 
we Or 


Wp 


8r 
+(r'r?)—(a1— a3) 
Su 


2 5 d 
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1 k sink(y+2) | 
f ak 
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1 f k sink(y+z) 
2(2m)*yz webr 


The splitting of 6, and 6; has the consequence that 
S-wave pions contribute to the electron-neutron inter- 
action and to the charge distribution around the proton. 
These interactions are also proportional to a,;— a3. These 
points are discussed in a separate paper. 


| y=z=2 





Gy(x)=Vy-Vz 


y=z=2 


VI. CONCLUSIONS AND DISCUSSIONS 


The theory of pion-nucleon interaction is greatly 
simplified by assuming the static model. In this case, a 
matrix element depends trivially on the spatial mo- 
menta, and it is easy to calculate the value of the matrix 
element off the energy shell. Thus the expectation value 
in the one-proton state of any quantity bilinear in the 
pion field can be rigorously expressed if the total cross 
sections are known. 

The approximation of static interaction is of course 
not valid if high-energy pions are involved. The 
anomalous magnetic moment of the proton, for instance, 
depends rather sensitively on the cutoff. Therefore, 
numerical values obtained by this method cannot be 
taken too seriously. The nuclear force problem, on the 
other hand, is an example to which the static model can 
be applied. If the internucleon distance is a pion 
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Compton wavelength or larger, only low-energy matrix 
elements are important and the present method can be 
safely applied. 

It is interesting to note that, so far as P waves are 
concerned, identical results can be obtained from a 
different approach, namely, by the Wick-Chew-Low 
method. The present approach, however, does not need 
the explicit interaction Hamiltonian, and can be gener- 
alized to the case of S waves for which the interaction is 
not known. 

The technique of extending matrix elements to the 
case of virtual pions is not limited to the scattering part 
only. If the structure of an m vertex (sums of graphs 
with two external nucleon lines and m external pion 
lines) is known, either experimentally or theoretically, 
the calculation of the S matrix is very much simplified. 
For instance, the proton expectation value of a quantity 
quadrilinear in the pion field can be calculated from the 
4 vertex. 

Rules for constructing the S matrix are as follows. 
Draw as many points on a paper as the number of 
nucleons in question. Then draw as many pion lines 
linked to these points as he wishes. Twice the number of 
lines represents the order of the graph. Replace each 
pion line by the propagation function. Replace each 
nucleon point by the vertex if m-pion lines start from 
that point. Divide by an appropriate number” in order 
not to count the same Feynman graphs many times. 
Finally integrate over all virtual pion momenta to 
obtain the S matrix. This way of computing the S 
matrix gives far better convergence than the usual 
perturbation expansion if the internucleon distance is 
not small. 

The author wishes to express his gratitude to Pro- 
fessor J. R. Oppenheimer and to the Institute for 
Advanced Study for the hospitality which has been 
extended to him. 


1 This number can be obtained as follows. Two or more pion 
lines are called equivalent if they start from the same point and 
end on the same point. In a graph, lines are classified according to 
equivalence. If there are m nonequivalent classes, containing 
M1, M2, ***, Mm equivalent lines, this graph must be divided by 
n,!n2!-++Mm!. In the examples of Secs. III and IV, m=1 and m=2. 
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A new formalism is presented for the construction of the two-nucleon potential, whose salient characteristic 
is that it involves an expansion only in the number of mesons exchanged, the self-mesonic field of each 
nucleon being treated, in principle, exactly. Access to the potential is achieved through the intermediary of 
the scattering matrix. With the assumption that nonlinear meson propagation may be neglected, alternative 
versions of this matrix are derived, only one of which is exploited in this paper. The connection between the 
scattering matrix and the potential is discussed, and it is emphasized again that the transition between the 
two requires a knowledge of non-energy-conserving matrix elements of the potential, which can be obtained 
only if the underlying Schrédinger equation is known. The potential involving the exchange of at most two 
P-wave mesons is computed and shown to depend on the renormalized coupling constant, the single-nucleon 
source function, and the total cross sections for pion-nucleon interaction. The numerical evaluation of these 


formulas is not here attempted. 





I. INTRODUCTION 


HE concept of a two-nucleon potential together 

with the definition of its proper domain of 
applicability has been clarified considerably in recent 
years by quantum field theory. In describing the 
interaction between two nucleons by a Schrédinger-like 
equation, that term corresponding to the “potential” 
has, in general, little structural resemblance to its classi- 
cal counterpart.? This “potential” or, more properly, 
kernel is characteristically both nonlocal and energy- 
dependent. Another feature common to all investiga- 
tions has been the expansion of the interaction as a 
sequence of terms, each term describing the exchange by 
the nucleons of successively larger numbers of mesons. 
Confronted with this unbounded quagmire, impene- 
trable from a technical point of view, we are led to 
formulate a very modest question: Can one find a local, 
energy-independent potential, which for energies below 
a prescribed maximum energy, Emax, and for inter- 
nucleon separations beyond a certain minimum dis- 
tance, fmin, is an accurate representation of the full 
kernel ? 

As stated above, the question has an obviously 
affirmative answer. What leads us to anticipate these 
twin limitations upon the full interaction function? Such 
nonlocal and energy dependent deviations of the full 
kernel from an energy-independent local interaction 
should be nominal for nucleon relative kinetic energies, 
~’/M, not larger than yc’, the pion rest energy. Con- 
sidering p as the relative momentum in an actual 
collision provides the aforementioned energy criterion 
which furthermore is the condition that we are below the 

* Supported in part by the Air Force Research and Development 
Command. 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1The pioneers of this effort were Taketani, Nakamura, and 
Sasaki, Progr. Theoret. Phys. (Japan) 6,581 (1951); M. M. Lévy, 
Phys. Rev. 88, 725 (1952). 


2 See, for instance, M. M. Lévy, Phys. Rev. 88, 72 (1952); A. 
Klein, Phys. Rev. 90, 1101 (1953). 


threshold for meson production; considering p as the 
nucleon recoil momentum in an intermediate state we 
obtain, from the uncertainty relation, the validity of the 
local approximation to the nonlocal behavior for 
nucleon-nucleon separations: 


r>0.55X 10-* cm. 


A second aspect of our answer concerns the possible 
convergence of the series in the exchange of successively 
larger numbers of virtual mesons. The qualitative dis- 
cussion can be based upon range considerations which 
inform us that the exchange of m mesons is associated 
with a potential function V°” of extent h/nyc. This 
argument alone guarantees that for a sufficiently large 
internucleon separation the potential will be dominated 
by the second-order part of range, /uc, for a somewhat 
smaller distance by the second- plus fourth-order part, 
and so on. The argument may be continued until one 
reaches a separation within which the local approxima- 
tion itself ceases to be valid. It is reasonable a priori as 
well as confirmed by detailed calculation® that sixth and 
higher order potentials first enter appreciably at dis- 
tances of the order of 0.6X 10-" cm, i.e.; that separation 
at which the local approximation itself becomes ques- 
tionable. Furthermore, the interaction arising from the 
exchange of K mesons begins to be felt within this same 
neighborhood. On these four grounds then, a separation 
of the order of 3(4/uc) represents the critical distance 
fmin inside which one has no basis for extending the 
concept of point interaction of pi-mesonic origin, and 
outside which can reasonably expect the interaction to 
be well approximated by the local potential arising from 
the exchange of at most two mesons. 

Before undertaking the description of the actual pro- 
gram to be expounded in this and succeeding papers, it 

3A. Klein, Phys. Rev. 91, 740 (1953); 92, 1017 (1953); K. A. 
Brueckner and K. M. Watson, Phys. Rev. 92, 1023 (1953); E. M. 
Henley and M. A. Ruderman, Phys. Rev. 92, 1036 (1953); S. 


1985) and K. Senba, Progr. Theoret. Phys. (Japan) 13, 389 
1955). 
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may be well to consider what has been achieved by the 
above considerations. For nucleon-nucleon interactions 
below a few hundred Mev, (Emax~uc?), it is reasonable 
to expect that the S wave alone will be strongly sensi- 
tive to the form of the interaction in the inside region. 
On the other hand, P and higher wave interactions 
should be determined largely by the form of the inter- 
action in the outside region. Accordingly, p-p scattering 
at intermediate energies may well represent the most 
sensitive test of this “long range”’ part of the potential. 
However, the best method to adjust the phenomeno- 
logical interaction in the inner and unknown domain, 
and to join to the known potential outside is not the 
proper task of this immediate paper. Such prescriptions, 
as in the selection of appropriate core radii, are pre- 
sumably to be read from the data itself. 

Our immediate goal, then, is to compute the adiabatic 
approximation to the nuclear potential through the 
fourth order as accurately as possible, and ultimately to 
compare the result with experiment. A question of basic 
interest here is whether the nuclear forces can be 
understood completely in terms of quantities supplied 
by other experiments, such as meson-nucleon scattering, 
or whether new parameters will enter essentially, for 
instance, the meson-meson interaction. In the conserva- 
tive approach taken in this paper, we shall make two 
major assumptions: first, that we may neglect possible 
nonlinear propagation of mesons, and secondly, that 
the nuclear potential through fourth order is determined 
largely by P-wave mesons. Of the two assumptions there 
is some theoretical justification for neglecting S-wave 
interactions.‘ On the other hand, both restrictions will 
be reexamined in subsequent publications. With these 
assumptions, our major result is as follows: through the 
fourth order the adiabatic potential can be expressed 
completely in terms of the renormalized coupling con- 
stant for P-wave mesons, the form factor or source 
function for individual nucleons, and the total cross 
sections for pion-nucleon interactions. 

Several points require special emphasis. One should 
note that only with the neglect of meson-meson inter- 
action can one properly speak of the exchange of a 
distinct number of virtual mesonic quanta. The analysis 
presented then clearly separates exchange mesons and 
the quanta of the nucleon self-fields; it is upon the 
former alone that the expansion of the nucleon-nucleon 
interaction given here depends. That part of the poten- 
tial arising from the exchange of at most one mesonic 
quantum is, except for small corrections, the second 
order potential of the perturbation theory expressed in 
terms of the renormalized P-wave coupling constant. 
This result, including fully all self-interaction, will be 
recognized as tantamount to a low-energy theorem.® 


‘A. Klein, Phys. Rev. 95, 1061 (1954). 

5 The theorem stated here has the same origin as the P-wave 
theorem for meson-nucleon scattering discussed by A. Klein, 
Phys. Rev. 99, 998 (1955) and by G. F. Chew and F. E. Low, 
Phys. Rev. 101, 1570 (1956). 
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Further, those contributions to the potential from the 
simultaneous existence in the field of two virtual mesons 
are correlated directly with the observed meson-nucleon 
scattering. The method to be described has the virtue 
that we can relate the off-the-energy-shell meson- 
nucleon scattering required directly and unambiguously 
to the observable on-the-energy-shell scattering by the 
same technique as has been recently employed for 
meson-nucleon scattering,® and therefore can express our 
results directly in terms of the total cross sections for 
pion-nucleon interaction. 

The fourth-order potential has been extensively 
studied in recent years,!~*.”.§ including several attempts 
to correctly evaluate the contribution of pion-nucleon 
scattering. The most schematic of these attempts was 
that of Sugawara ef al. who utilized the model of a 
discrete isobar state for the nucleon of angular mo- 
mentum and isotopic spin 3. Two principal efforts have 
been made to compute directly the effect of the virtual 
scattering. The considerations of Brueckner and Watson® 
represent a qualitative attempt to compare the correc- 
tions to the perturbation result and to justify the 
neglect of the former compared to the latter. Our own 
considerations are most closely akin to those of Henley 
and Ruderman? although they will differ both in the 
choice of the perturbation result, as well as in the form 
of the scattering corrections. 

In common with the latter authors, we find it con- 
venient to arrive at the potential through the inter- 
mediary of scattering considerations. In Sec. II, the 
scattering amplitude for two nucleons is obtained as a 
power series in the number of mesons exchanged. 
Alternative versions are exhibited, only one of which is 
exploited in this paper. The definition of the potential 
and of its adiabatic limit is dealt with in Sec. III. 
Whereas the adiabatic limit of the second order and of 
the nonperturbative corrections to the fourth-order 
term are found to be unambiguously determined from 
the scattering amplitude, this is not the case for the 
perturbative part of the fourth-order potential. In the 
recent literature, this same ambiguity manifests itself in 
competing versions of the perturbation result: that of 
Taketani ef al., and of other authors,’ and the 
alternative of Brueckner and Watson.’ The relationship 
between the two forms has been previously analyzed by 
Fukuda et al.,° by one of the authors,” and others.’ The 
analysis given here traces this ambiguity back to a 
corresponding uncertainty in the relationship between 
the on- and off-the-energy-shell scattering of two 


6G. F. Chew and F. E. Low, reference 5. 

7 Taketani, Machida, and Onuma, Progr. Theoret. Phys. (Japan) 
7, 45 (1952), I. Sato, Progr. Theoret. Phys. (Japan) 10, 323 (1953) ; 
J. Iwadare, Progr. Theoret. Phys. (Japan) 14, 16 (1955); D. 
Feldman, Phys. Rev. 98, 1456 (1955). 

8 Matsumoto, Hamada, and Sugawara, Progr. Theoret. Phys. 
(Japan) 10, 199 (1953). 

® Fukuda, Sawada, and Taketani, Progr. Theoret. Phys. (Japan) 
12, 156 (1954). 

0 A. Klein, Phys. Rev. 94, 195 (1954). 





ADIABATIC NUCLEAR POTENTIAL 


nucleons, and in this form is well known." We actually 
require the nondiagonal matrix elements of the second- 
order potential, and these can be stated only in con- 
junction with the underlying Schrédinger equation. 
With appropriate selection of these nondiagonal ele- 
ments of V®), the fourth-order perturbation result for 
the potential agrees in essence with that suggested by 
Brueckner and Watson. 

The evaluation of this perturbation result is described 
in Sec. IV, whereas the concluding section of the body of 
the paper analyzes the nonperturbative corrections to 
the fourth-order interaction and exhibits our principal 
new results. Appendix A contains a derivation of the 
formula fundamental to the separation of the potential 
into its various orders. 


Il. TWO-NUCLEON SCATTERING MATRIX 


We wish to demonstrate in this section that the 
S matrix for nucleon-nucleon scattering can be formally 
exhibited as a sum of contributions, each term, S@”, 
having its origin in the exchange of m-virtual mesons 
between the two coupled nucleons. The prescription to 
be given here avoids detailed consideration of radiative 
corrections, vertex diagrams, and similar correlatives of 
a microanalysis of the emission and absorption mecha- 
nism for those mesons ultimately exchanged between 
the two nucleons. 

The two-nucleon S matrix may be conveniently con- 
structed with the aid of the familiar “in” and “out” 
operator formalism of scattering theory.” If 1, \1; po, Az 
are the initial momenta and spin states of nucleons one 
and two, respectively, and py’, Ax’; po’, Az’ similar 
quantities for the final states, then we may write the 
two-nucleon S matrix as 


(pr' Ar’; po’ Ao’ | S| pr,A1; 2,2) 
= (Wo,x (Ar pr’) 8x (Aa po’) ow 
XX (Acpo) MX (Arpr)MWo). (1) 


Those components of the “in” and “out” fields referring 
to nucleons (as opposed to anti-nucleons) are given by 
the following surface integrals: 


Z(dP)™ =lim(e>— © 254 f dowb(x)yobrp(x), (2) 


x(Ap)*9 =lim(o->-+ 2 )Z-4 f down p(x)veb(2), (3) 


with 
Vr p(x) =C pu(Ap)e*?*, 


Cp=[M/(2n)°E(p) }}. 


Here ¥(x), ¥(«) are, as usual, the Heisenberg variables 
of the Dirac field, and u(Ap) is a free-particle Dirac 


(4) 


11 For example, see Y. Nambu, Progr. Theoret. Phys. (Japan) 5, 
614 (1950). 

12 C, N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950); G. 
Kallén, Arkiv Physik 2, 371 (1950). 
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spinor. The parameter Zz will be identified later as the 
nucleon field variable renormalization constant of Dyson. 
Within this formalism then, we have 


(p1' Ay’ ; pa’ Aa’ | S| pir; p2,A2) 


=lim(e.>— © ; 0; 9+) 
x [ dordor'dosdox (Ho'nv(ex)0%) 


X (Dre ‘po’ (x2! yo?) (—)Gr2(a1' a0! 5 21,22) 
X (vo Pr2p2(%2) (yo Yarri(x1)), (5) 


where 
Gyo(1’,2’; 1,2) = —Zs*e H(A) W(2)(2)H(1))4). (6) 


The factor ¢ indicates a sign change for an odd permuta- 
tion of the operators from the standard order indicated. 

In order to proceed further, we must explicitly con- 
struct the two-nucleon Green’s function Gi. Recent 
developments by Schwinger and others show that the 
entire structure of the theory of coupled fields is most 
readily exhibited in terms of an hypothesized depend- 
ence of the single-particle propagators upon fictitious 
external sources. A suitably restricted form of the 
general framework, in which we neglect the possibility 
of nonlinear meson propagation, permits us to exhibit 
Giz in terms of the functional dependence of the single 
nucleon Green’s function G(x,«’)=G[@ ] upon a classical 
meson field ¢. The following formula, as derived in 
Appendix A, gives 


Gy2(x1' ,x2’ ; %1,%2) 


=Z 5G (x1' ,1)G (x9" 22) 
+259 { (dx:") (dx2!’) (dxy'"’) (dxe!"")G (ay! ,1"’) 


XG (x9! x0") T (401 00!” ; wey ace!” \G(x4""" 1) 


XG (29""" 2) — (x1'<>%0'), (7) 
with 


I (a1’, 2! ; 1,2) 


2 (-i 
=r —— f a---@e) 


n=1 n 


5G 

x (x e+ _o'ln) 
59(1)- - -6p(n) 

XA" (1,1!) +A" (nn’) 


5"G | 
x (x g4—___¢ 2) . 8) 
5p(1’)- - -5p(n") =o 
8 J. Schwinger, Proc. Natl. Acad. Sci. 37, 452, 455 (1951) and 


unpublished lectures; K. Symanzik, Z. Naturforsch. 9, 809 (1954) ; 
H. Umezawa and A. Visconti, Nuovo cimento 1, 1079 (1955). 


o=0 
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Here A’’(é,n) is the renormalized meson propagator of 
the causal type. 
Making use of such renormalization statements as 


lim(e>-+ ©) f dor 9(2"YvdG (22) 


=iZar>(x), (%0<axo'eo1), (9) 


and the orthogonality condition 


feotv, (x)-yovr p(X) =5yx'5(p’— p), (10) 


the S matrix developed from Eqs. (7) and (8) assumes 
the form™ 


(pr'Ar’; po’do’ |S] piri; Pods) 
= 5n1’asbr2’r26 (pr — p1)5( po’ — po) 


~C(pvC (pC (PC (ps) f (dey) (deca!) (der) (des) 


Xexp(—ips'x1'—ipe!xs’)a(As' pr’) (A2' po’) 
XI (21' a0! 5 1,22) (A1,p1)U(A2,p2) 


Xexp(tpixitipere). (11) 
Actually Eq. (11) was the first form of the scattering 
matrix used by the authors! to obtain information 
about nuclear forces from the meson-nucleon scattering 
experiments. A detailed account of this work will be 
postponed, however. The developments of this paper 
will be based on an alternative version which we now 
describe. 

We suppose the interaction terms in the Lagrangian 
density to be 


L£' (x)= j(a)o(«)+-J (x)Zs49 (x), (12) 


where (x) is here the dynamical meson field, j(x) the 
nucleon source density, and J(«) an external source 
density. It is the essence of the linear meson propagation 
approximation that 


n 





(—1) Z5X$(E)) 


J=0 
me en 
0, 


5 (&:)- - -6J (En) 


n=1 
» (13) 
n>t1 


where, by Eq. (12), A’(é,£’) is the renormalized meson 
propagator 
A’(£,£’)=iZs-( (8) (€’))4)| s=0 
™ Here and in what follows, we shall not record the explicit 


antisymmetrization. 
16 B. H. McCormick and A. Klein, Phys. Rev. 99, 618 (1955). 
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(explicitly defining the renormalization constant Z3). It 
is therefore possible within the above approximation to 
assert 


(14) 


Z-¥6(2)= f (dz)a'(&2)7 (2), 


where we will henceforth refer to the renormalized 
vacuum expectation value Z;-(@(é)) as the quantity 
¢.. If we now conveniently introduce a renormalized 
current operator 


jr(§)=Zs7A''9(8), 


we can replace Eq. (12) for £’(«) by the equivalent 
expression 


L! (x) = 7 (%)b(x) + jr (x)o.' (x). (15) 


If we employ the techniques of Schwinger," it then 
follows that if (O) is the vacuum matrix element of the 
operator O, in his sense, then 


5/8p-' (E)(O)=4L((jr(€)O)+)— (jr (€)XO) J 
=i((jr(€)O)+’)s 


The physical significance of the primed matrix element 
is that if (O) describes only connected processes, then 
((jr(€)O),’) retains this characteristic feature. This 
remarkable property follows from the definition of (O) 
as the ratio of a transition amplitude to the vacuum-to- 
vacuum amplitude. 

The formulation contained in Eqs. (14)-(16) has 
almost immediate application to a rewording of Gy: as 
expressed by Eqs. (7) and (8). We merely must replace 
the classical field ¢,=(¢(£)) referred to there with 
¢. (€), and concurrently substitute for A’’(,£’), the 
renormalized meson propagator A’ (é,¢’) for those mesons 
which are exchanged.'!® The consistent neglect of non- 
linear meson propagation permits, accordingly, a trans- 
parent renormalization of the nucleon source density 
operator, and of the exchange meson propagation. With 
Xo> £10" -Eno>ao’, we then have (dropping the sub- 
script R): 


(—4)"[6"/dh¢' (E1)- - -be' (En) JG(a’,x5 be) | de=0 
= ih (x) (7 (Er) +++ F(En))4’H(@’)). (17) 


By means of the consequent expression for Gi, re- 
membering Eqs. (2) and (3) and the definition of the 
real one-nucleon states, 


K(AP) "IM Wo= X(Ap)"OWo= | pr), (18) 


16 Tn the actual calculations of the text we shall replace A’ (é,¢’) 
by the free-meson propagator appropriate to mesons of the ob- 
served mass u. The renormalization theory tells us that we thereby 
ignore the contribution of virtual pair formation to the renor- 
malized meson Green’s function. These excited states of mass 
>3u contribute to the adiabatic potential terms of range com- 
parable to those from three meson exchanges, and may be therefore 
legitimately dropped. A similar approximation in the case of 
virtual mesons, because of the unrestricted energy and momentum 
which they bear, would have been completely unjustified. 


(16) 
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we can record our alternative form of the S matrix; 


(p1' Ar’; po’ ,A2’| S| p1,A15 P2,A2) 
=85(A1'A1)5(A2'A2)5 (pr — 1)5( pa’ — po) + DL 


n=l n! 


x f (d1)-+ + (dn’)(pi’ma'| (1) 5())4!| 2d) 


(i)" 


XA’(1,1’)---A’(n,n’) 
X (pa'da’| (7(1’)- + 7 (m’))4"| pads) 
=5(A1A1)5(Aa'A2)5 (pr — p1)5( po’ — po) 


+X (p1',p2'| T°” | pipe). (19) 
n=1 


The remainder of this paper will be concerned with the 
evaluation of the contributions of T® and T™ to the 
nuclear potential. 


Ill. DEFINITION OF THE POTENTIAL 


The quantity to be termed the potential will be related 
below to the reduced T matrix, ¢(p’,p; Po) defined as 
follows: 


(p1’,p2' | T | pi,p2) ; 
ame — 2wid (Po’— Po)d(P— P’)T (p',p; P,Po), (20) 


where relative momentum coordinates, p, p’ are intro- 
duced according to 


pi=iP+p, p= 2P'+?P’, 
1 i , (21) 
p2=7P—p, p2 =P Ps 


and 


Po=E(pi)+E(p2), Po'=E(pi')+E(p2’). (22) 


The reduced T matrix, ¢(p’,p; Po), defined in the center- 
of-mass frame, P=0, then is given by 


t(p’,p;Po)= (p’|t(Po) |p) 


=T(p’,p; P=0, Po). (23) 


We shall suppose that /(Po) is the transition matrix 
which results from the solution of a Schrédinger- 
like equation with the nonlocal kernel (p’|v(Po)|p) 
=v(p’,p; Po). The two quantities ¢(Po) and v(Po) are 
accordingly related by the familiar Lippmann-Schwinger 
integral equation, which in the center-of-mass frame of 
the two nucleons, reads 


o(p’,p; Po)=t(p’,p; Po) 


J & (PsP Po)t(p",p; Po) 
Potie—2E(p”) 





(24) 


We shall use Eq. (24) to define v(p’,p; Po). In particular 
v® and v, the second- and fourth-order contributions, 


are given as 
v® (p’,p; Po)=t(p’,p; Po), 
v (p’,p; Po)=t (p’,p; Po) 
v® (p’,p’; Pov (pp; Po) 
~ feo" ; 
Potie—2E(p’’) 


(25a) 


(25b) 





Our ultimate interest is in the adiabatic potential, a 
local function in coordinate space. We have, first of all, 


v(r,r’; Po) -™ (2x) dpd'p’e'?’-*’v(p’,p; Poe~*?* 


= (2x) | d*(p'—p)d*3(p’ +p) 


XV (p'—p; 3(p’+p) ; Po) 


XK ei(p’—p) Arts’) git(p’ +p) «(2’—4) | 
o(p’,p; Po)=V(p’—p; 3(p’ +p); Po). 


We shall expand V (p’— p; 3(p’+p) ; Po) in powers of the 
variable }(p’+p) and of the difference Py»— 2M, ignoring 
nucleon kinetic energies compared to the nucleon rest 
mass, and identify the leading term, to be called v(p’—p), 
with the adiabatic nuclear potential. The justification 
for this procedure is that by Eq. (26), 


(26) 
(27) 


with 


o(p’— p)—adiabatic(r’,r)=V(r)d(r—r’), (28) 


with 


V(n)= f dko(k) exp(ik-1). (29) 


There is just one impediment to effectuating the 
program outlined above with the information at hand. 
We require, according to Eq. (25b), v® (p’,p; Po) off-the- 
energy shell to determine the fourth-order potential 
unambiguously, whereas Eq. (20) ultimately determines 
only the diagonal elements of that quantity. To 
circumvent this difficulty, we must actually derive the 
Schrédinger equation with the correct nonlocal kernel to 
lowest order in the coupling constant. Similarly, if we 
were interested in the adiabatic potential through order 
2n, we would require knowledge of the full kernel 
through order 2(m—1). Fortunately, the procedure for 
obtaining the desired result to a sufficient approximation 
is known.’ It consists first in defining a covariant two- 
body equation whose solution is our scattering matrix 
and subsequently in reducing the equation to a single- 
time Schrédinger form. To lowest order, all that is here 
required, a knowledge of previous work should convince 
the reader that v®(p’,p; Po) will be given by Eq. (37) 
below. 


17 This procedure has been described in great detail by A. Klein, 
Phys. Rev. 94, 1052 (1954) and reference 2; W. Macke, Z. 
Naturforsch. 8a, 599 (1953). 
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IV. PERTURBATION RESULTS 


We turn to the detailed evaluation of the transition 
matrix. Consider first 


(pr',pa!|T® | prspa) =i f (a8) (dn) (p:'| (|p) 


X (p2'| j(n)|p2)A(E—n). (30) 


It is convenient to translate the nucleon density opera- 
tors to the space-time origin and thus to write 


(p’| 7:(€)| p)=e-“?-”*(p'| 7,(0) | p). 

We define 
(p’| 7 (0) | p)= (27) *(p’| J (p— p’) | 0) 
= (2n)*(0| J(p—p’)|0), (32) 


where the nonrelativistic form of the matrix element of 
the reduced current operator 


(0| J«(p—p’)|0)= (f/u)Lio- (p—p’)r:Jo(|p—p’|) (33) 


follows from the usual symmetry considerations. Here 
f is the renormalized P-wave coupling constant and 
p(|p—p’|), the nucleon form factor, is normalized to 
p(0)=1. By means of Eq. (33) and either of the standard 
representations for A(é), 


(31) 


A(£)= (2x) f (dk)e***[k?+y?—ie | 


=i(2n)* f @Pk (20)! exp(ik- E—ia| fol) (34) 


we then easily determine that 


(pr’ pa’ | T | pi,p2) = (2ari)5(Po’ — Po)6(P’— P) 
X (2)*(p’ | J (p—p’) |0)(—p’ | J (— (p—p’)) | 0) 
X {w(p’—p)?—LE(p)—E(p’) P—ie}. (35) 


The comparison with Eq. (20) and our previous remarks 
allows us to conclude merely that 


v® (p’,p; Po) =t (p’,p; Po) 
= — (2r)*(p’| J (p—p’)|0) 
X(—p'| Ji (—(p—p’))|0)Lo(p’—p) 7° 
+[Po—E(p)—E(p’) ot (p’,p; Po), 


where 6¢®)(p’,p; Po) is itself finite on the energy shell. 
Thus we argue that in fact only the adiabatic part of 
v®)(p’,p; Po) as given by the first term of Eq. (36) is 
unambiguously determined by the scattering considera- 
tions. This term is basically the familiar second-order 
static potential. The procedure described at the end of 
the previous section leads one to regard the correct form 


(36) 
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of v (p’,p; Po) to be that represented by the expression 
vo (p’,p; Po) = —(2m)* . 
(p’| J(p—p’) |0)(—p'| J (p’—p) |0) 
o(p’—p)Lo(p’— p)+E(p) + E(’)—Po] 


since this is the form which results from the reduction of 
a suitable covariant two-body equation to a single-time 
Schrédinger-like equation. Equation (37) will be em- 
ployed below in the evaluation of o™. 

We turn then to the reduction of 


(37) 





(p1',p2'|T | pr,p2) =4(0? f (d&;) (ds) (dns) (dns) 


X (pr’ | (7 (Ex) 7 (E2))+-| Px) Cp2’ | C7 (m) 7 (2) + | D2) 
XA(E1—m)A(E2—m2). 


Removing the center-of-mass motion by translation of 
the current operators in line with our previous treatment 
of T®, and carrying out the time integrations we find 


(38) 


1 
19(y9)=— [ap"eern f at, 
4r 


Xexp[—i(ki—kz)-}(E—-m) ]{ (ko? wr? +ie) 
XL (ko+ E(p) — E(p’) P—w2? +ie)} + 
xz| (p’| §(2&) |m) (| 7(—28)| P) 
wl [E,—ie—E(p)—ke] 
eee ae 
[E,—ie—E(p’)+ko] 
(—p'| j(30)|’)(n'| j(—4)| —P) 
xd : : 
n’ [Ew —ie—E(p’)+ho] 
4, CPi) Ol IGo|=2) 
[En —ie—E(p)—ko] 
where k,;=p’—p”, kz=p’’—p. Here the symbolic sum- 
mations, }>n, >», extend over some complete set of 
scattering (plus bound) states of the coupled meson- 
nucleon fields, the vector |)= | En, P, y) being specified 
as an eigenvector of energy E, of the total Hamiltonian, 
of total momentum P, and some completing set of 
commuting operators y. 
The &, 4 coordinate integrations can be expressed in 


terms of the Fourier transform j(k) of the current 
operator, where 


j(h)= f ae exp(—ik-B 5). 














; (39) 


(40) 


However it proves more convenient to reintroduce with 
renewed generality the concept of a reduced current 
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operator J(k) already profitably employed in the treat- 
ment of T® [Eq. (32) ]. Let J(k) be defined by the 
expression 


(p| j(k)|~)=6(p+k—P,,)(p| J(k)|m), 


where |m) designates just those mesons and nucleon 
pairs explicitly contained in |m). That is, on the mo- 
mentum shell we have explicitly 


(p| J (k) | m)= (2x)*(p| j(€=0)|n). 


With these preliminaries, we deduce 


(41) 


(42) 


®(p!,p)=}i(2m)—? f dkodp"{ (keto? +e) 


XL (ho+E(p)— E(p’) P—w2?+ie)} 
z| (p’| J (—ki) | m)m| J; (—ke) | p) 
m LEn—ie—E(p)—ko] 
(of | 4 (—ka) m)(on| J, (—Ie) |p) | 
[Em—ie—E(p’) +ho] 
. | (—p!| Ji (1) | m’)m’| J; (ke) | p) 
mi [Em —ie—E(p’) +o] 
(—p’| Js (Ke) | m’)(m’ | J; (kx) | — p) | 
re . (43) 
[Em —ie—E(p)—ko] 














It is our object in this section to study exclusively 
those contributions to Eq. (43) arising from the single 
nucleon states, typically |p’’A). This portion of T®, 
which we shall call Tyr: can be readily written down. 

We obtain, on the energy shell [i-e., we set E(p’) 
=E(p)], this specialization not affecting the ultimate 
value of the adiabatic potential, 


tert (p',p; Po=2E(p)=2E(p’)) 


=}i(2m)"7 J dhod®p” (ke? —cor+ie) (ke? —ws?-b ie) 





| (p’| Ji (—ki) |0)(0| J; (—k) | p) 
[E(p+k:)—E(p)—ko—ie] 
WF (-k) |00| J, (—ky)| "| 
LE(p+k:)—E(p’) —ko—ie] 








(—p'| J. (kx) |0)(0| J; (ke) | — p) 
| [E(p+k2)—E(p’)+ho—ie] 
aa tas 
[E(p+k:)—E(p)—ko—ie] 
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The next step involves the performance of the ko 
interaction. Upon suitable rearrangement the result 
can be exhibited in a familiar form, namely, as the sum 
of contributions from all possible time-ordered diagrams 
describing the exchange of two mesons in which the 
nucleons are always in positive energy states, the so- 
called no-pair diagrams.” We may then pass immediately 
to the adiabatic limit except for those diagrams which 
contain an intermediate state with only two nucleons, 
The contribution from these latter potentially singular 
terms is found to be 


(p’ | J (—kx) | 00] J; (—ke) | p) 
1 
ih 
ae , 


XC! J: (ks) [00] J (ks) | —p) 
2wiwel E(p)— E(p”) — wr 
XLE(p)— E(p”) —w2 LE(p) — E(p") J 

Turning momentarily to the computation of the 
potential dpert (p’, p; Po= 2E(p) = 2E(p’)), Eq. (45) is 
seen to be canceled precisely by the contribution to Eq. 
(25b) arising from the iteration of v®(p’,p; Po). The 
remaining part of tpert(p’,p; Po) may be identified 
immediately with Pert“ (p/—p) in the adiabatic limit 
and is readily shown to be 





. (45) 


Upert (p’— p) 


Bp” 
=-(2ry*f - (p’| J (—ki) |0)(0| J 5(—ks) | p) 


2w\w 





x| (—p’| Js (ki) |0)(0| 7; (ke) | — p) 
w1w2(w1-+we) 
4 PLS (hs) 10X01 J. (ks) | =P) 
(wit+we2) 
gong 1 
x (—+—+—) . (46) 


wr we wwe 





After the introduction of the nonrelativistic forms of 
the J operators, Eq. (46) is in agreement with the form 
of the potential first proposed by Brueckner and 
Watson,’ with one essential difference. The perturbation 
result which we have derived refers completely to 
renormalized vertices. Besides its proportionality, there- 
fore, to the renormalized coupling constant, it also 
contains the nuclear form factor p(k), if k is the mo- 
mentum transfer at the vertex. As pointed out by 
Gartenhaus,'* the assumption of a suitable form for 
this function—in the absence of a means of calculating 
it from first principles—may provide a cutoff at small 
distances of the otherwise singular potentials, without 


18S. Gartenhaus, Phys. Rev. 100, 900 (1955). 
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having to introduce such cutoffs ad hoc in coordinate 
space. However we prefer to interpret the introduction 
of cores as reflecting the essential breakdown of the 
potential concept within separations rmin~ 4x. 

We may summarize the results of this section in the 
potentials 


V()=—(2n)-*( s/f dku*| (8) 


1 2) (1 2 ik- 
K 20-22%. ko® - keik-s, 


V pert (1) = — (2ar)-°(f/m)* 


(47) 


x f atkyahs 20.) | o(h:)|*| p(s) |? 


K eilkitke) tg) . og ® «fey (M7 

X {o® -koe® - kyr 7 [eoyw2(witwe) 7 
+e? -kyo® «kor 7; [(w:?(w1+w2))7 

X (w2? (wi+e2))*+ Wa (wr tw) ]}. (48) 


V. SCATTERING CORRECTIONS 


The remainder of our work will be concerned with an 
evaluation of that contribution to the potential from the 
nonperturbation part of T, which we shall continue to 
label by the same symbol. In this instance, the adiabatic 
limit of ¢ (p’,p; Po) is unambiguous, finite and synony- 
mous with that of v(p’,p; Po). In order to be able to 
evaluate these corrections, our considerations will per- 
force be more special than those of the previous sections. 
Here we shall find it expedient to consider the fixed 
extended source limit of the theory, in which pair 
intermediate states are excluded and to replace the 
Heisenberg operator j;(£) by its extended source ana- 
log. We shall assume further that the source interacts 
only with mesons in P states. 

On examination of Eq. (43), we see that we require 
the fixed source limit of a matrix element such as 
(p|J(q)|m), a quantity which can be nonvanishing off 
the momentum shell. It is therefore that quantity with a 
fixed source analog, 


(p| J(q) | m)=(0| J(q)|m), (49) 


where J(q) is the Fourier transform of the fixed source 
nucleon density and the eigenstates are those of the 
fixed source theory. J(q) is taken to be independent of 
meson variables and to have the one nucleon expectation 
value 


(0| J:(q) |0)= (f/u)Go-a70(q)), (50) 


where p(g) may be presumed to be the same source 
function as occurs in the relativistic theory. 


A. KLEIN AND B. H. McCORMICK 


The passage to the adiabatic potential will be made 
rather more directly here than previously. Introducing 
the results of Eqs. (43) and (49) into Eq. (29), we obtain 
directly for the nonperturbative fourth-order potential : 


V(1)=4i(2e)-7 f dk: d*kodko (ko? —wr?-+ie) 


4 (ke— wo?-ie)te~ im “Teike-r 





[Ol F< (Kx) | mm] Js (—Kke) | 0) 
x2 (Em— ko—te) 





0 | Jj (—Ke) | m){m| J (Ik) ) 
iif (En+-ko—ie) 





(0| Js (—ka) | m’)(m"| J; (Ke) |0) 
| ! 
m! (Em: +Ro— ie) 





2 k, m’ m’ {2 —k, 
Preah ) | ma”)! | J 5 ( a (51) 
(Em: —ko—ie) 


The energies E, are henceforth to be measured relative 
to that of the one-nucleon state. In the primed summa- 
tions over m and m’ all values occur except that both 
indices cannot simultaneously refer to the ground state 
since this contribution is already contained in V pert (r). 

We shall convert Eq. (51) to an expression involving 
the total cross sections for pion-nucleon interaction. We 
introduce the total cross section o2r,27(En), in a state of 
definite isotopic spin J and angular momentum J. In 
particular, in the elastic approximation ¢27, 27 reduces to 
the familiar form 


O27, 27 (E,) = (2a/k,?) (2J+ 1) sin*6¢7, 27 (F.). (52) 


Evaluation of the potential, Eq. (51), is then expedited 
by the following lemma (proven in Appendix B): 


XL G(Em)(0| J s(k) | m){m| J ;(—k’)| 0) 


= = (2J+1)7(i| P(2D)| j)(R| F(2I) | k’)8kk' p(k) p(k’) 


G(wn) oer, 27 (wn) 
X | dwo,—————— 
i kn|p(Rn) |? 


» (53) 


where w,’=k,?+y?, and G(w,) is some reasonably be- 
haved function of w,. The existence of the above 
relationship depends crucially upon the possibility of 
relating the meson-nucleon 7-matrix values off and on 
the energy shell in the fixed source gradient coupling 
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theory. The equations 


X (hs| JJa)(I-Fa| ha) = eal F (2) | he), (54) 


LLL) (L1s| = @|PAD|D, (55) 


define the matrix elements of the projection operators 
for angular momentum J and isotopic spin J, respec- 
tively, suitably compounded from the ingredient angu- 
lar mometita and isotopic spins. For the P states we 
recall that © 


(ki | F(2J) | ke) 


-—|(; tte (1, )io-bixte} (56) 


for J=}, and 3, respectively, and 


(i| P(2n)|j)=8| ()or+(, Jesu}. (57) 


We next state the result of inserting Eq. (53) into 
Eq. (51). Making use of the symmetry properties of the 
integral, we write 

V()=Vi%()+Vn (0), (58) 


where V;“(r) is the term which contains scattering 
corrections for only one of the nucleons, chosen as 
nucleon two in the following unsymmetrical mode of 
writing: 


V(r) =i(24)-7 f dk 1d*kpdko (ko? — wy? +i) 


x (Reo? — wo? +-ie) “Ne tt Fe ket 
X8(f/u)*k2k2?| p(k) |?| (ke) |? 


o®- bio. har 7; a kee - byr 7, | 
Ki 





—ky—ie ko—ie 


x> anf de 
rJ » p\p(p)|? 
x {| P® (21)| j) (| F® (2J) | ke) 
X (wp tho— ie) 1+ (j| P® (21)| i) 
X (ke| F(2J) | hi)(wp—ho—ie)}. (59) 


It is left implicit that Vi is to be identified with that 
part of the above expression symmetric in o, o®); 
2D, 902), 

On the other hand, V(r) describes scattering 


corrections on both nucleons, 
Vau'%(r)=i(2n) faked 
x (ke? —wy?+ie)“ (Ro? — we? +ie) 


Xen iki-reiks-164k 2k,?| (ki) |?| p (ke) |? 


XE ¥ (27+1)7(2I' +1) 


I,J 0’ ,J° 





f des port, 24 (Wp) (4 des oar, 25° (wt) 
» Plo(p)|? 4,  #lp|? 
X { (| P® (21) | j) (ha | F (2J) | he) 
X (wp—ko—ie) + (j| P® (21) |1) 
X (ho| F® (2J) | hi) (wp t+ ho—ie)} 
X { (| P® (21’)| j)(Rs| F (2I’) | he) 
X (witho—ie)}. (60) 
The remaining task for the present paper is to perform 


the well-defined ko integrals. For V;“(r), we obtain 
rather immediately 


V(r) = (n)-* f aksa'ks 


 e~tks-Feika-18 (f/u)*b;*ha| p(s) |?| (Fs) |? 


xf OM  (0541)-¢an rl) 
» Ple(p)|?r7 rit oe 


X (i| P® (21)| j) (s| F (27) | he) 


4 {a kyo: bares 


w 129" 





Z ae Contes z 2)) 


+o - oe - Byr {7 M 


x| —— — " 2) | — 


For Vi: (r), after some algebraic manipulation, we 
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find 
Vir(r) = (2n)-* f dks 


XK e~tki-reike-16422 ko? | o(ky) |?| (Re) |2 


° dw», 2 dur 
x DY 2d (2J+1)7 
f p|p(p) |? [ t|p(t) |? ra 1.0" 


X (2I’ +1) 007, 27 (wp) o ares (we) 
X { (i| P® (27’)| 7) (Ri| F® (2J’)| s)} 





x| (| P®(21)| f)(bs| F(2I)| bs) 





1 1 1 
Pear | 
2 (1? — wo”) w1(wi+w,) (wptwr) 





sratreaee.) 
‘ wn(worte,) (wptwr) 


+(j| Po (Ni) (bel FN) |s| 


1 
2 (w 2 — we) 





. ps heh ac) ) | vi 


The total proposed potential therefore consists of 
V(r) = Vo (r)+ V pert (r)+ Vy (r) a Vir (r), 


as given by Eqs. (47), (48), (61), and (62), respectively. 
The evaluation of these expressions and their compari- 
son with experiment will be studied in subsequent 
publications. We shall then also consider alternative 
formulations and possible extensions. 


(63) 


APPENDIX A 


We turn to the derivation of the expansion, Eqs. (7) 
and (8) of the text for the two-nucleon Green’s function 
Gi. Schwinger has shown that G1[(¢)] satisfies the 
equation 

F1F2G12 (6) J= 1, (A.1) 


where 
F=yp+M—¥((¢)—16/6J)=G—[()— 16/8] (A.2) 


is the differentio-functional operator which is the inverse 
of the single nucleon propagator, 7 characterizes the 
particular form of the coupling, and 1 is the unit 
antisymmetric matrix. Neglecting the antisymmetriza- 
tion once again, we are interested in Gi2=Gi2[0], 


Gi2= Gil(¢)— 15/8I JGeL(¢)— 18/6 | () =0, 


a structure which is actually more general than the 
explicit linear dependence on the meson field operator 
implied by (A.2), 


(A.3) 


A. KLEIN AND B. H. McCORMICK 


The reworking of (A.3) makes repeated use of the 
operational form of the functional Taylor series. For 
example, we first invoke the relation 


Gal (¢)— 16/6 ]| (6) =0 
= exp[(¢)5/dx JGel_x = 16/6J — iA’6/8x ]| x =(¢) =0) (A.4) 
where A’= &(¢)/8J, and then the relation 


Gil (@)— 15/6 ] expl(¢)5/5x_]| @) <0 


=G,[(¢)—18/8J—id'8/8x], (A.5) 


to establish that without approximation 


Gy2= Gi (¢)— 46 /6J —iA'5, ‘dx 
XGLx- 16, 6J— id's /bx | | x =(¢) =0 
= G,[(¢)— iA’ /5(p)—iA’5/5x] 


XGAx- 1A'6 ‘5(o) — id’, 6x ] | x =(¢) =0- (A.6) 


Further progress will be considered here only with the 
restriction to the linear meson approximation defined by 
the condition 

sna'/a(9)"=0, 


n>1. (A.7) 


Under the assumption (A.7), it is then true that 
Gi2=exp[—i(5/8($))A’5/6x ] 
X Gil(¢)—1A’5/6() JGoLx —1A'6/6x]| x =) =0 


on (—i)" 
<2 : (5/8())"Gi| () =0(A’6/8x)"Ga| x0, (A.8) 


n! 
which was to be established. 


APPENDIX B 
We wish to convert a summation of the form 
Lim G(Em)(0| J i(k) | m)m| J ;(—k’) | 0) 


into an expression involving only the total cross-sections 
for pion-nucleon interaction. For this purpose we require 
the connection between the reduced nonrelativistic T 
matrix and matrix elements of the reduced current 
operator J ;(k), mainly 


(m|T'|k,i)= — (24)~(2w)-Km|Jt(k) 0). (B1) 


We choose, however, to derive the more general 
relativistic formula 


(n| T|p,d; k,i) 


= —6(P,—k—p)(2m)-#(2w)Km|J,t(k)|p,A),  (B2) 


where the relativistic matrix element of the current 
operator has been previously defined in Eq. (41). In the 
center-of-mass frame the nonrelativistic approximation, 
Eq. (B1), obviously follows from Eq. (B2) by Eq. (49) 
of the text. The renormalized S$ matrix to some arbitrary 


| 
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final state |) can be given as 
(n|S|p.k)=lim(or>— =) f doszs-¥(n| (|) 


Xi(do—9o)®x(E), (B3) 
where 
@,(£) = (2m) 4 (24) “te **€, 


The dynamical variable ¢(£) can by Eq. (14) be replaced 
by 


Z3*6(£) =Zs*0(é) + f (dé')A'(E,é’)jr(#’), (B4) 
where ¢o(£), the homogeneous solution, gives rise in 


Eq. (B3) to the unit matrix term of the S matrix. We 
have then 


(n|T|p,k) =lim(er>— ©) f de f (ae’)(n| jn(®) |) 


XA’(t’,E)(Jo—do)Pe(E). (BS) 


If we evoke the renormalization statement 


i f dav’ (t’,£) (Bo— 90) ®u(£) =i. (8), (o>), (BO) 


we readily deduce 


(n|T|p,k)=i(24)“4(2u) f (dé’) (| jr(’)|p)e™, (B7) 


or upon reduction, Eq. (B2). : 

The total cross section for an incident meson of 
isotopic index 7 is 
0 i(we) = (2mr)*(we/k) Dn 6(we—En)| (m|T|k,i)|*, (B8) 


and if G(w,) is a function of w;,, we have 


fGlordostor)der 


=F n(2r)"(wn/kn)G(wn) | (n| 7 |k,)|2,  (B9) 
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where k,, is a vector in the same direction as k but of 
length determined by the equation w,’=k,?+y?. 

In Eq. (53) we have a somewhat more general ex- 
pression to consider, namely, one of the form 


L (G(En){k1,¢| Tt] m)m| T| ke, 7). (B10) 
m0 

For the set n, we choose En, J, Jz, I, Is, y which, in 
addition to the energy, comprise the total angular 
momentum and its z component, the total isotopic spin 
and its third component, and the completing set y. We 
then have, for example, 


(n| T| Ks,j)= >» (En,J I ,y| T | ko,J,0) 
Ay X(JJalbs)(Z,ls| j). (B11) 
where, on the energy shell, we shall introduce a quantity 
Tr, 23, 1(En)= (knton)'(Wn,J0|T | kn, JD). (B12) 


Finally, we shall define the total cross section, o27,27(En), 
in a state of definite isotopic spin and angular mo- 
mentum, by the equation 


O21, 27 (En) = os (22/Rr?) (2J+ 1)x* | T21, 2J,7 (En) [2, (B 13) 


This formula goes over in the elastic approximation, 
where we agree to limit the sum over y to the single 
meson states only, to the more usual form 


C21, 27 (En) = (2r/Rx2) (2J+ 1) sin*6er, 27 (E,) (B14) 
upon the recognition that, for y=0, 


T 21,27 (En) = — (1/m)e*2!.*7 sinder27. (B15) 


The essential simplicity of the fixed source gradient 
coupling limit is that it becomes possible to relate the 
T-matrix values off and on the energy shell according to 


(En,J,I| T| ko, JI) 
= [o(ke)/p(Rn) |(Rokn*/R we?) (En,J,1 | T| kn,J I) 
=([p(k2)/p(Rn) ](R2/Rntwe!) Tor, 2, (En). (B16) 
Collecting the results of Eqs. (B11)-(B13), (B16) and 
Eqs. (54), (55) of the text, inserting these into Eq. 


(B10), we obtain the requisite lemma, Eq. (53) of 
Sec. V. 
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The Yang phase shifts for meson-nucleon scattering are shown to be inconsistent with the general dis- 
persion relations that are consequences of microcausality. 





HE dispersion relations for forward scattering, 
developed by Goldberger,! were applied by 
Anderson, Davidon, and Kruse? to show that there is a 
resonance in meson-nucleon scattering. It was empha- 
sized by Feld* that these relations do not resolve the 
Yang-Fermi ambiguity. If the 5:: and 5:3; phases may 
be taken as small, then the Yang phase shifts differ 
from the Fermi ones in that the sign of the spin-flip 
combination 4633-43: is changed, while the forward- 
scattering amplitude is kept unchanged. The ambiguity 
arises since the experiments do not measure the sign of 
the spin-flip amplitude. The general dispersion relations 
developed by Salam and Gilbert,‘ Goldberger and 
others,® can be applied to resolve this ambiguity since 
they yield a relation which effectively compares the 
real part of the spin-flip amplitude to a fixed coupling- 
constant term. 
We write the meson-nucleon T matrix on the energy 
shell as, in relativistic notation, 


Tap=SaplU(p)u(p’)f*(p- p’; p-9) 
+u(p)y-qu(p’)g*(p- 2’; p-9)] 
+3[7a,78 ]La(p)u(p’)f°(p-P’; p-9) 
+ii(p)y-qu(p’)g°(p- p'; p-9) J 


describing the scattering of a meson q’, 8 by a nucleon 
p’, into a meson g, a and a nucleon p. We use the dis- 
persion relations for g* and g®,‘ specialized to the for- 
ward direction : 


* National Science Foundation Predoctoral Fellow. Now at 
Harvard University, Cambridge, Massachusetts. 

¢ Grant provided by the Department of Scientific and In- 
dustrial Research. 
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Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

* Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 
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Physics, 1956 [Interscience Publishers, Inc., New York (to be 
published) ]. 

4A. Salam, Nuovo cimento 10, ™ (1956); A. Salam and 
W. Gilbert, Nuovo cimento 10, 607 (1956). 

5M. L. Goldberger et al., Sixth Annual Rochester Conference on 
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York (to = ne M. Gell-Mann and J. C. Polkinghorne, 
Sixth Annual Rochester Conference on High- a Physics, 1956 
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Goldberger, 


Reg*(2) = — 


’ 


P—-B x 2—2 


2G*/xu 2 * dz Img*(z) 
+-20 f a 
1 


bG?/ku 2 * 2dz Img?(z) 
Rege(2)=——_+-0 [ 
1 


?—h x 2—7 

where 2=w/u=p-q/ku (w being the meson energy in 
the laboratory frame), 6=/2k, and G is the renormal- 
ized unrationalized pseudoscalar coupling constant. 
These functions can be related to the spin-flip ampli- 
tudes in the center-of-mass frame, since 


gc=4(g'+2¢%) g°=4F(g'—¢°), 


where the superscripts refer to the T=} and T=3 
states of sare spin, and for each ae spin 


San + (41H Lloro), 
~ yn (porbe 


where a;,=e* sind for 7=/-43, un is the ere maar 
momentum, and fp» is the center-of-mass nucleon en- 
ergy. For low energies, the first term in g is of order 
u’n’/4x? compared to the second term and can be 
dropped on the left-hand side, while under the integrals 
its imaginary part may be replaced by the total cross 
sections for r+, m~ scattering in the usual way. In the 
second, spin-flip, term we cut off the phase-shift ex- 
pansion with p waves, since at low energies, <300 
Mev, the higher phase shifts are small, and at high 
energies we expect the spin-flip scattering to become 
small. In any case, the contributions from the higher 
phases would be the same for both the Fermi and Yang 
cases. Combining the relations for g* and g®, we get 
a relation for the T=# spin-flip amplitude: 


—(sinda COS631— sinds33 Cosé33) 
7 








1 2 wi 2+22 (sin*d31— sin*633) 

+—@ f dz 
—b 3r wv, 

Z ° dz (sin’611— sin?6;3) 
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where f is the rationalized renormalized pseudovector 
coupling constant. The dominant terms are the coup- 
ling-constant term (the bound-state term) and the first 
integral, the other terms affecting at most only the 
third decimal place, as can be shown by a simple calcu- 
lation. To discuss the Yang-Fermi ambiguity, we 
specialize this relation to the threshold for scattering. 
Introducing the scattering lengths 633;~033n* and 
631~)s17', we have 
®g+t2 sin*d33—sin7d33 
b; bana t= f dz 
1—b 3x 2— n 
2 f% s+2 
= —2.16f?-+—- dz 


3m 1 2—1 


Ws (531-+633) sin (631— 533) 





3 





(1) 


n 


If we take 51; and 6,3 to be small, the Yang phases are 
related to the Fermi phases by 


533 — 531 = 531— 533, 
e231’ 4 J e2idas’ — p2idsit 2 p2ib33, 
For the Yang phases to provide a possible alternative 
set, the right-hand side of Eq. (1) must change sign 


when the Yang phases are substituted for the Fermi 
ones in the integrand. In the Fermi case the contribu- 
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tion from the integral is roughly one-half that from the 
coupling constant term and has the same sign, so in 
the Yang case the integral would have not only to 
change sign but also to increase in magnitude by a 
factor of five. When we use experimental 433 and 65),%7 
the integral in the Fermi case is —0.076 and in the 
Yang case, 0.09. With f?=0.082,' the Fermi lengths are 


b31— b33= —0.177—0.076 
= —0,.253. 


This can be compared with the value 63;= 0.235,’ giving 
bs:= — 0.018. The third decimal place is not significant, 
but the agreement with the Puppi data’ is good. This 
shows that the approximation of dropping the higher 
phases under the integral is a good one. For the Yang 
lengths, 


ba:'—bas’= ifn —0.09 
des (b31— 3s), 


which proves that the Yang phases, derived analyti- 
cally, are not a satisfactory set. 
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“Strict causality” is the assumption that no signal whatsoever can be transmitted over a space-like interval 
in space-time, or that no signal can travel faster than the velocity of light in vacuo. In this paper a rigorous 
proof is given of the logical equivalence of strict causality (“‘no output before the input’’) and the validity 
of a dispersion relation, e.g., the relation expressing the real part of a generalized scattering amplitude as 
an integral involving the imaginary part. This proof applies toa general linear system with a time-independent 
connection between the output and a freely variable input and has the advantage over previous work that 
no tacit assumptions are made about the analytic behavior or single-valuedness of the amplitude, but, on 
the contrary, strict causality is shown to imply that the generalized scattering amplitude is analytic in 
the upper half of the complex frequency plane. The dispersion relations are given first as a relation between 
the real and imaginary parts of the generalized scattering amplitude and then in terms of the complex phase 


shift. 





1, INTRODUCTION 


N this paper we shall discuss the logical equivalence 

of the dispersion relation and a condition of “strict 
causality.” By strict causality we mean the condition 
“no output can occur before the input.” For particular 
physical systems, the condition can be given more 
specific form. Thus, in the case of a scattering system, 
the causality condition becomes that “no scattered 
wave can appear until the primary wave has reached 
some part of the scatterer;” for a homogeneous refrac- 
tive medium the condition is that “no signal can be 
transmitted faster than c” or “a source at the time 
t=0 can produce no electromagnetic disturbance 
whatsoever at the plane x= in advance of the time 
t=x9/c.”’ We shall give a rigorous proof of the logical 
equivalence of strict causality and the validity of the 
dispersion relations. 

A dispersion relation is a simple integral formula 
relating a dispersive process to an absorption process. 
Such relations occur in many fields of physics. The 
relation is perhaps best known in the theory of disper- 
sion of light! in a dielectric, where the complex refractive 
“index n(w) is expressed as an integral over all frequencies 
involving the linear absorption coefficient 


Cc © — alwa)di, 
n(w,)=1+— lim f pe nee, 
ret Sy wa?— (w,p+ie)? 


The dispersion relation can also be expressed as an 
integral relation between the total interaction cross 


* The first part of a dissertation of John S. Toll, which was 
submitted to Princeton University in partial fulfillment of the 
requirements for the Doctor of Philosophy degree (1952). 
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acknowledges a Proctor Fellowship and a grant from the Friends 
of Elementary Particle Physics during this period. The author is 
now at the University of Maryland where this work was prepared 
for publication with support from a National Science Foundation 
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1 For reviews of this development and further references, see 
K. L. Wolf and K. F. Herzfeld, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1928), Vol. 20, Chap. 10, p. 480; A. Korff 
and G. Breit, Revs. Modern Phys. 4, 471 (1932). 


section and the forward coherent scattering amplitude 
for a single scattering center. More generally, it is a 
relation connecting real and imaginary parts of the 
diagonal elements of the scattering matrix? or between 
the absorption and the phase shift, and it occurs in the 
scattering of nuclear particles’ and numerous other 
fields. Similar relations are well known in electrical 
network theory* where the resistance as a function of 
frequency can be obtained as an integral involving 
the reactance function. Thus the dispersion relation is 
of wide generality and usefulness. As we shall see, we 
can expect such a general connection in any theory 
where the “output” function of the time (e.g., a 
scattered wave) is a linear functional of an “input” 
function (e.g., the primary wave), where the interaction 
law is time-independent, and where the output function 
cannot begin before the input function is applied 
(causality condition). 

There has been considerable study of the logical 
foundations of the dispersion relation. Sommerfeld® and 
Brillouin® proved that in an idealized dielectric no signal 
travels faster than c even though there may be fre- 
quencies for which both the phase velocity and the 
group velocity exceed c. Kramers’ used the notion of 
the complex refractive index defined by analytic 
continuation in the complex frequency plane to show 
that a signal cannot travel faster than c in any medium 
for which the dispersion relation is satisfied; hence the 
deeper reason why Sommerfeld and Brillouin had 
found strict causality to be satisfied was that they had 
chosen a complex refractive index function which 


2See, for example, Jost, Luttinger, and Slotnick, Phys. Rev. 
80, 189 (1950), Appendix A. 

3 See, for example, W. Schutzer and J. Tiomno, Phys. Rev. 
83, 349 (1951). For an excellent general discussion see E. P. Wigner, 
Am. J. Phys. 23, 371 (1955) where further references are given. 

4 See, for example, H. W. Bode, Network Analysis and Feedback 
Amplifier Design (D. Van Nostrand Company, Inc., New York, 
1940); Y. W. Lee, J. Math Phys. 11, 83 (1932). 

5 A. Sommerfeld, Ann. Physik 44, 177 (1914). 

6 L. Brillouin, Ann. Physik 44, 203 (1914). 

7H. A. Kramers, Estratto dagli Atti del Congresso Internazionale 
de Fisici Como (Nicolo Zonichelli, Bologna, 1927). 
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CAUSALITY 


satisfied the dispersion relation. Krénig® then gave 
the first proof of the equivalence of causality and 
dispersion, showing that the dispersion relation is the 
necessary, as well as sufficient, condition for strict 
causality to be satisfied. The present paper is also 
concerned with proving the logical equivalence of 
causality and dispersion, and the essential ideas for 
our proof were already contained in Krénig’s work. 
However, Krénig made tacit assumptions about 
analytic behavior of the dispersion function which are 
avoided in the proof given here; and we find that the 
dispersion relation must in fact be trivally extended 
before it is logically equivalent to strict causality. 
Schutzer and Tiomno’ studied the equivalence of the 
dispersion relation and causality for nonrelativistic 
particles. Van Kampen has investigated the equivalence 
of causality and the dispersion relation both for light? 
and for nonrelativistic particles” ; his work is a beautiful 
and fully rigorous treatment of the special case of 
spherical waves impinging on spherically symmetric 
scattering centers. 


2. PRELIMINARY DISCUSSION 


This section will give a brief heuristic discussion of 
dispersion relations and causality; a rigorous proof of 
their connection is then given in Sec. 3. 

It is easy to see how a general relation like the 
dispersion relation arises in a scattering system. To 
each absorption process there corresponds a higher 
order contribution to the coherent scattering, which can 
be visualized as occurring in two steps: first, the 
absorption of the incident particle and then its re-emis- 
sion with the whole system of absorber and incident 
particle returning to its initial state. The absorption can 
be “virtual” or “real,” where by the latter we mean 
that the conservation laws are satisfied in the inter- 
mediate state as well as in the initial and final states. 
The virtual processes contribute to the real part, and 
the real processes contribute to the imaginary part, 
of the coherent scattering amplitude. Thus the imag- 
inary part of the coherent scattering amplitude at a 
particular energy can be found directly from the 
knowledge of the total interaction cross section, for 
incident particles of that energy, simply by an applica- 
tion of the principle of microscopic reversibility to 
get the re-emission probability from the absorption 
probability. This connection of the imaginary part of 
the coherent scattering amplitude with the total cross 
section is an immediate result of the principle of 
conservation of probability." On the other hand, the 


®R. Krénig, Ned. Tijdschr. Natuurk 9, 402 (1942). 

9N. G. van Kampen, Phys. Rev. 89, 1072 (1953). 

1 N. G. van Kampen, Phys. Rev. 91, 1267 (1953). 

11 FE. Feenberg, Phys. Rev. 40, 40 (1932); Bohr, Peierls, and 
Placzek, Nature 144, 200 (1939); M. F. Mott and H. S. W. 
Massey, Theory of Atomic Collisions (Oxford University Press, 
New York, 1949), second edition, p. 133; M. Lax, Phys. Rev. 
80, 299 (1950). 
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real part of the coherent scattering amplitude gives 
the contribution of virtual processes or of transitions 
between states of the scattering system whose energy 
difference is not equal to the energy /w of the incident 
particle. These matrix elements thus occur in the 
calculation of the absorption at frequencies other than 
that of the incident particle. Thus the knowledge of 
the interaction cross section at the frequency w does not 
determine the real part of the coherent scattering 
amplitude at w. Howeyer, we expect that the amplitudé 
might be determined by an integral over all frequencies 
of the total interaction cross section. It is just this 
integral relation which constitutes the dispersion 
relation. 

The logical connection of the dispersion relation and 
the causality principle can be indicated as follows. 
Let the input be given in terms of a real variable ¢ 
(which we shall regard as the time) by the function 
F(t), and let the resulting output be G(é). In order to 
relate causality and dispersion, we have to postulate 
certain general properties for our connection between 
input and output. A superposition principle is essential 
in our discussion, so we must assume that the input 
is a linear functional of the output. Let T(¢) be the 
response to an instantaneous unit pulse input at the 
time ‘=0 (i.e., Dirac delta function input). Next we 
assume that the system is not explicitly time-dependent ; 
that is, we assume that a displacement in time of the 
whole input signal will cause a corresponding shift in 
the output [i.e., the response to 5(¢—¢o) will be T(¢—t) ]. 
Then the superposition principle yields that an arbitrary 
input F(t) will produce an output G(¢) given by 


(2.1) 


G(t)= (any f “T(t R(O)dl. 


—m 


This resultant or “‘faltung” relation takes its simplest 
form” when expressed in terms of the Fourier trans- 
forms f(w,), g(w,), and A (w,) of F(t’), G(t), and T(t—?’), 
respectively, and becomes 


§ (wr) = A (wr) f(wr). 


Thus the connection between input and output is 
characterized either by the time-delay distribution 
function T(r) or by its Fourier transform A (w,), which 
we call the generalized scattering amplitude. 

In general, the time delay distribution T(r) may not 
be a well-defined function and a rigorous formulation 
of the above discussion requires the theory of distribu- 
tions. However, in the case that 7(r) and F(t) are 
square-integrable functions, the integrals and Fourier 
transforms are well defined'** and we therefore limit 


(2.2) 


1” See, for example, N. Wiener, The Fourier Integral and Certain 
of Its Applications (Cambridge University Press, New York, 
1933), pp. 1-2, 46-71. 

18 For convenience, we shall say that a function F(t) is “square- 
integrable” if and only if /_,.**|F(é)|*d¢ is finite. Furthermore, 
the only Fourier transforms that we will consider in this paper are 
the transforms of square-integrable functions. In this case the 
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our preliminary discussions to this case. The principle 
of causality that no output can occur before the input 
is clearly equivalent to the requirement that T(r) must 
vanish for negative 7. To discuss the consequences of 
this limitation on T(r), we introduce the concept of a 
casual transform which is defined as the boundary value 
of an analytic function belonging to a certain class: 

(i) Let g(w) be a function of the complex variable 
w=w,+tw; which is defined in the upper half of the 
complex plane and is analytic there. (The real axis is 
not assumed to belong to the domain of analyticity.) 

(ii) There exists a positive number K such that, for 
all wi> 0, 


+00 
f | pwr ivo) |Ydeo <K. (2.3) 


—* 


Under these conditions the boundary value limw;—o+ 
X ¢(w,+iw,;), which we will denote as ¢(w,), exists 
almost everywhere on the real axis and is square- 
integrable. Such a function ¢g(y,) will be called a 
“causal transform.”’ We note here the fact, which we 
will need later on, that for w;>0, 


J lelorting dors f lo(e) ltée (24) 


In other words, a causal transform is a square-integrable 
function of a real variable which can be extended almost 
everywhere in the above sense to give a function which is 
analytic in the upper half of the complex plane and which 
is of uniformly bounded square integral along any line 
parallel to and above the real axis. Titchmarsh” gives a 
beautiful criterion which can be stated in our terminol- 
ogy as: “A function of integrable square is zero for all 
negative values of its argument if and only if its 
Fourier transform is a causal transform.” Thus the 
causality condition that T(r) vanish for negative r 
is equivalent to the requirement that A (w,) be a causal 
transform. However, Titchmarsh has also proved" 
another useful necessary and sufficient condition for a 
causal transform, namely that ¢(w,)= ¢,(w,)+i¢;(w,) 
is a causal transform if and only if its real and imaginary 
parts are Hilbert transforms of each other, that is 


P pt i¢i(v)dv 
¢r(wr) - —f ’ 
TT —o —~—Wr 


v 


(2.5a) 


—P r* ¢,(v)dyv 


¢i(w) =—— , 
wT 4. V—-Wr 


(2.5b) 


Fourier transform is defined almost everywhere as a limit in the 
mean (see, for example, reference 14, p. 69); we shall always 
assume in this paper, without further remark, that the equalities 
and Fourier transforms are to be understood in this sense. Further- 
more, two functions wich differ only over a set of measure zero 
will be identified without further remark since their Fourier 
transforms are necessarily equal and are defined only within 
arbitrary changes which can be made on any point set of measure 
zero. 

4 E. C. Titchmarsh, Theory of Fourier Integrals (Clarendon 
Press, Oxford, 1948), second edition, pp. 119-128. 
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where P implies that the principal part is to be taken 
at the point y=w,. It can further be shown" that each 
of the relations (2.5) implies the other, so that a 
necessary and sufficient condition that T(r)=0 for 
7<0 is that A=A,+7A; satisfies® 


A,(w)=— (2.6) 


T 0 


P a ae 


V—-Wr 


Thus in this case the causality condition is equivalent 
to the dispersion relation (2.6) [or to the alternative 
relation for A;(w,) in terms of A,(v) ]. We see that the 
imaginary part of generalized scattering amplitude 
determines the real part (and vice versa). Either the 
real or the imaginary part can be chosen as an arbitrary 
square integrable function, but then the companion 
function is determined by the causality condition, and 
the analytic continuation into the upper half-plane then 
also exists (and can be calculated by applying Cauchy’s 
integral formula, where the contour enclosing the point 
in the upper half-plane can be replaced by the real 
axis). 

This example of the special case for any square- 
integrable A (w,) illustrates the power of the causality 
condition and shows how causality implies both 
dispersion relations and analyticity of A (w) in the upper 
half of the complex frequency plane. However, in 
most physical problems the generalized scattering 
amplitude is not square-integrable and the more general 
discussion given in the next section is then required. 


3. PROOF OF LOGICAL EQUIVALENCE OF STRICT 
CAUSALITY AND THE VALIDITY OF THE 
THE DISPERSION RELATION 


We shall now show how the logical equivalence of 
strict causality and a dispersion relation can be expected 
in any proplem in which an “output” function is 
related to a freely variable “input” by a linear, bounded, 
time-invariant connection, (See Fig. 1.) From the 
invariance of the connection under time displacement, 
it follows” that each frequency component is mapped 
onto itself with only a change in magnitude and phase 
as given by Eq. (2.2) in terms of a generalized scatter- 
ing amplitude A(w,). Hence we shall formulate our 
general connection between input and output by 
assuming that, if the input is 


F()= (3.1) 


+0 
al Pent ate 


18 We shall use the subscripts r and ¢ to designate real and 
imaginary parts, respectively, throughout this paper. In order 
not to confuse the functions defined originally on the real axis 
with their analytic extensions, we shall use w, as a real variable 
throughout and w=w,+iw; for the point in the upper half of the 
complex plane. » is real throughout this paper. For brevity, we 
shall hereafter use the word “frequency” to refer to circular 
frequency w or to 2x multiplied by the usual frequency. 
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then the output is given by 


1 pt . 
sue f Alwifladerden 2) 


We shall restrict consideration to input functions such 
that the integral over all time of | F(#)|? is finite. (In 
most problems, |F|? represents an intensity, so that 
we are limiting our consideration to input signals for 
which the total energy is finite.) Then the Fourier 
transform f(w,) is well defined and Eq. (3.1) and its 
reciprocal formula are valid. We shall assume that the 
connection is such that the integral over all time of 
|G|? is a uniformly bounded multiple of the integral 
of | F|?; this implies that | A (w,)| is bounded and, if we 
choose the units of G appropriately, this bound can be 
set equal to unity. (In most examples this is equivalent 
to the natural assumption that the total output energy 
cannot exceed the total input energy.) It is remarkable 
that these are all the assumptions needed to prove the 
equivalence of causality and a dispersion relation. 

An example of such a connection between input and 
output is a scattering problem, in which case the input 
is the “primary wave,” the output is the “scattered 
wave” and the connection is determined by the scatter- 
ing matrix. If we apply these considerations to an 
electric network, the input can be an impressed current 
as a function of time and the output can be any resulting 
voltage as a function of time, with the connection given 
by a complex impedance function. In other fields of 
physics, F and G can have other interpretations and 
they can depend on other parameters in addition to f, 
for example, on space coordinates or spin or vector 
indices; A can be a general matrix giving the dependence 
of an array of G’s on an array of F’s. However, only the 
time-dependence of the signals is essential to the 
present discussion. 

Thus we shall leave the nature of our generalized 
scattering system unspecified, assuming only that its 
scattering amplitude A(w,) connects to any square 
integrable input F(¢) an output given by Eqs. (3.1) and 
(3.2), where A(w,) is an arbitrary function of the real 
circular frequency w,, subject only to the restriction 
| A (wy) | <1.%7 We shall prove the following basic 
equivalence theorem. 

16 Tf we wish to limit consideration to real-valued inputs F, 
then f(—w,r)=f*(w,); however two real inputs can always be 
combined as the real and imaginary parts of a complex input to 
give a general f(w,),,so we will hereafter consider F(#) or f(w,r) to 
be arbitrary square integrable functions. Similarly, if our connec- 
tion relates a real output to a real input, A (w,) must satisfy the 
symmetry condition: A (—w,) =A*(w,); by choice of a real input 
and separate consideration of the real and imaginary parts of 
G(t), a general A(w,) can be reduced to B+iC, where B and C 
are amplitudes satisfying the causality principle and each of 
which fulfills the symmetry condition. In this sense the symmetry 
condition can always be introduced. We note that the symmetry 
condition becomes on analytic continuation to complex values: 
A(—w)=A*(w*), so that singularities of A occur in pairs at 
points correlated by reflection in the imaginary w-axis. 


17Jn the case when A (w,) is a matrix connecting an array of 
F’s to an array of G’s, the condition | A (wr)| <1 need be required 
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Fic. 1. This figure illustrates schematically the basic reason for 
the logical connection of causality and dispersion. An input A 
which is zero for times / less than zero is formed as a superposition 
of many Fourier components such as B, each of which extends 
from t= — «© to t= ©. These components produce the zero-input 
signal by destructive interference for <0. It is impossible to 
design a system which absorbs just the component B without 
affecting other components, for in this case the output would 
contain the complement of B during times before the onset of 
the input wave, in contradiction with causality. Thus causality 
implies that absorption of one frequency must be accompanied by 
a compensating shift of phase of other frequencies; the required 
phase shifts are prescribed by the dispersion relation. 


Theorem.—Let A(w,) be any complex Lebesgue- 
measurable function of bounded absolute value (<1) 
for all values of the real variable w,. Then, if A (w,) is 
the generalized scattering amplitude which connects 
to any freely variable input F(¢) of integrable square 
an output given by Eqs. (3.2) and (3.1), the following 
seven statements are logically equivalent!*: 


(i) Strict causality: No output before the input, 
or F(t)=0 for <0 implies G(t)=0 for <0. 

(ii) (Upper half-plane) bounded regularity condi- 
tion, hereafter called for simplicity the regularity 
condition: A(w,) is the boundary value function for 
almost all real w, of a function which is analytic and of 


only for each element of the matrix A (w,) separately. Then, if 
each element of F is independently variable, the proof in this 
section can be carried out for each element of A (w,) separatelv. 

18 The proof in this section is similar in some respects to the 
— given independently by N. G. van Kampen, Phys. Rev. 

, 1072-1079 (1953), in his discussion of the causality condition 
for individual angular momenta in the case of the Maxwell field 
scattered by a spherically symmetric scattering center. However, 
van Kampen‘s proof assumes that his S() or our A (w,) is of 
absolute value 1 for all real frequencies. Our proof is more general 
in that we assume only | A (w,)| <1. Indeed, since | A (w,)| =1 
implies that the imaginary part of the phase shift is zero (see 
Sec. 4), this is equivalent in most problems to stating that the 
total energy of the output is equal to the total energy of the input 
or that the absorption is zero. In most physical problems the 
variation of the absorption with frequency is significant, and the 
more general proof given in this section is then required. 
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absolute value less than unity throughout the upper 
half of the complex w plane. 

(iii) Generalized dispersion relation in terms of real 
part: A(w,) is given almost everywhere by 


+00 


1 
A (wr) =A,(w,)+iAi(@,)=— lim 
Ti w@i—0+ silt 





1+ (w,+iw,) 
x 
1+? 


where A jo is a real number." In case A (w,) is chosen to 
satisfy the symmetry relation A(—w,)=A*(w,), this 
equation becomes 


r(v) +iA 10, (3.3) 


Y—-0— 10; 


A,(v)dv 
sie lim im (actin) [° ——"— r) (3.3a) 


wi er vP— (w+ iw;)? 


(iv) Generalized dispersion relation. in terms of 
imaginary part: A(w,) is given almost everywhere in 
terms of its imaginary part by 


+° 1+-v(w,+iw;) 
- 1+ 
XA;(r) 


eet (wr+tiw; 


If A(—w,)=A*(a,), 


1 
A(w,)=— lim 


T w 50+ 


+A,o, (3.3b) 


where A,o is a real constant. 
this equation becomes 


2(1+w,?) 
A(w,)=—_——— lim 


T wi 





(3.3c) 


- vA ;(v)dv 
x f Hills 
0 (v?+1)(v?— (w,+iwi)*) 


(v) Integral criterion for all points in lower half- 
plane: The function A (w,) is such that j—,**dv[A (v)/ 
(v—@)* ] vanishes for all complex numbers @ of negative 
imaginary part (@;<0). 

(vi) Integral criterion for any fixed point in the 
lower half-plane: The function A (w,) is such that, for 
one particular fixed complex number @ of negative 
imaginary part, /_,**dvlA(v)/(v—a)"*'] vanishes 
for all positive integers n. 

(vii) Strict causality for an exponentially decaying 
input: For some complex number @ of negative imagin- 
ary part, A(v)/(v—@) is a causal transform. 

Proof.—First we will prove that (i) and (ii) are 
equivalent. For this we note that (i) is equivalent to 
the statement : A (w,) f(w,) is a causal transform whenever 
f(r) is a causal transform. It is ciear that (ii) implies 


1 The integrand of Eq. (3.3) can be written in dimensional form 
so as to contain the factor (x*+-yw) /(x*+-»*), where « is an arbitrary 
reference frequency; for simplicity, we have assumed throughout 
that the units are so chosen that the reference frequency becomes 
unity. 
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(i), for, if A(w,) extends into an analytic and bounded 
function in the upper half complex plane, multiplication 
of f(w,+-iw;) by this A (w,+iw;) cannot change either its 
analyticity or the uniform bound on its absolute 
square integral, and thus A (w,) f(w,) remains a causal 
transform if f(w,) is a causal transform. To show that 


-(i) implies (ii), we note that we can choose for f(w,) 


the particular causal transform (w,—8+iy)— where 6 
and y are both real and y is positive.” If strict causality 
holds, g(w,)=A(w,):(w,—8+iy)"! must then be a 
causal transform; hence it is the boundary value of a 
function which is analytic in the upper half-plane. 
We can then define the analytic function A (w,+iw;) 
in the upper half-plane by the product of analytic 
functions g(w,+iw;) and (w,+iw;—B+iy). Hence it 
remains only to show |A(w,+iw;)| <1. For this 
purpose, we use the fact that A (w,)f(w,) is a causal 
transform; hence by the theorem of Titchmarsh," 
its analytic extension in the upper half-plane is given by 


+ A (v) f(v)dv 


(3.4) 
(v—w) 


ACs f 
Hence, 


1 FQ) 
Aw A dy. (3.5 
Mel << fae lds. (35) 


This equation must hold for amy causal transform f(v). 
We use the fact that | A (v)| is less than unity along the 
axis and then choose the causal transform f(v) to be 
(v—w*) = (v—w,+iw,). [This can be shown to be 
the choice of f(v) which minimizes the right-hand side 
when |A|=1.] Then the inequaltity (3.5) becomes 


wo; rt dv 
[A(a)| <= f re 
TY_« (y— wr) -+w? 


Hence we have shown that strict causality implies the 
regularity condition. 

Next we must show that the regularity condition is 
equivalent to the generalized dispersion relation. For 
this purpose we use the fact that any function which is 
analytic and of bounded absolute value in the upper 
half of the complex plane is given (to within an imagin- 
ary constant) by an “analytic Poisson formula” 
involving only the value of its real part on the real 
axis.”)" This formula is 


(3.6) 


For wi> 0, 


—+i Ajo. (3.7) 


—o 


2 This choice for f(w,) corresponds to an idealized input which 
is zero for negative ¢ and which equals the decreasing and oscillat- 
ing signal exp(—yt—ift) for positive ¢. 

21 For the case when the function is analytic and bounded in 
the unit circle, the corresponding result follows essentially from 
Fatou’s theorem and his work on the Poisson integral (see 
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Here A jo is a real constant which can vary arbitrarily 
within the range permitted by our original assumption 
that |A(w,)|<1 (This range will depend on the 
particular function A,(w,).) By taking the limit of 
Eq. (3.7) as w; approaches zero from above, we obtain 
Eq. (3.3). [The similar relation (3.3b) for A;(w,) can 
be obtained by considering the function w(z)=iA (w). | 
Thus we see that the regularity condition does imply 
the generalized dispersion relations. By considering 
real inputs and treating real and imaginary parts of the 
output separately, we can always reduce our problem 
to functions A (w,) which satisfy the symmetry condi- 
tion, so that the real and imaginary parts are, respec- 
tively, even and odd functions of the frequency. 
Then Ajo vanishes and the generalized dispersion 
relations take the form of Eqs. (3.3a) and (3.3c). 

Now we will show that the generalized dispersion 
relation Eq. (3.3) implies the regularity condition. 
We define A (w,+iw,) in terms of the given A (w,) by 
Eq. (3.7); this function is analytic in the upper half 
complex plane and Eq. (3.3) just states that it ap- 
proaches almost everywhere on the boundary our 
given A(w,). It can be shown from the properties of 
the Poisson integral from which formula (3.7) was 
obtained that | A (w,+iw,)| is also uniformly bounded.* 
Hence the generalized dispersion relation (3.3) implies 
condition (ii). In an entirely similar way, it can be 
shown that (ii) and (iv) are equivalent and our proof 
of the logical equivalence of the strict causality, the 
regularity condition, and each of the generalized 
dispersion relations is then complete. 

The generalized dispersion relations (3.3),[or (3.3a) 
and (3.3b), or (3.3c) ] are therefore each the necessary 
and sufficient condition for strict causality. The 
arbitrary constant A, in the determination of A,(w,) 


reference 22). For the unit circle, the “analytic Poisson formula” is 


lf" +8 
(8-7 Jo ams 


u(e**)d0+-2A jo. 


The analytic kernel figuring in this formula has the ordinary 
Poisson kernel for its real part. We have mapped this formula 
from the unit circle in the complex z plane into the complex 
w plane by the identification: 


w=i(1+2)/(1—2) 


A (w) = w(z) = u(z)+i0(z). 

%R, Nevanlinna, Eindeutige Analytische Funktionen (Verlag 
Julius Springer, Berlin, 1936). 

% This is done by mapping the upper half of the w plane into 
the unit circle in the z plane as in footnote 21. The boundedness 
of |u(z)| follows immediately by taking the absolute value signs 
inside the integral for «; this yields that |u(z)| cannot exceed 
the least upper bound of | «[exp(i@)]| on the perimeter, which in 
turn is not greater than lt. For the imaginary part a more delicate 
argument is required. The function « is square integrable both 
on the perimeter and in the interior. By Parseval’s relation, the 
conjugate function 2 is then also square integrable and is therefore 
given by an ordinary Poisson formula in terms of its boundary 
values. The boundedness of |v| on the perimeter then implies 
that it is bounded in the interior. Then, since |u| and |»| are 
both bounded, w(z) is analytic and of bounded absolute value in 
the interior; it is therefore given by the ordinary Poisson formula 
in terms of w on the perimeter, and it then follows that |w(z)| 
in the interior cannot exceed its least upper bound on the perimeter. 


and 
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from A;,(w,) cannot be eliminated by arguments of 
causality alone, for the simple physical meaning of 
this constant is that the addition to a causal output 
of a constant multiple of the input can never violate 
the causality condition [i.e., for any constant Ao, 
G’ (t)=AoF (t)+G(d) is just as acceptable an output as 
G(t), as far as the causality principle alone is concerned ]. 

Each of the generalized dispersion relations (iii) and 
(iv) is a necessary and sufficient criterion which the 
amplitude A (w,) must satisfy in order for strict causality 
to be valid, and is of a form which is especially useful 
in many physical problems. However, many other 
equivalent mathematical criteria can be stated; as 
examples of such alternative criteria, we give the 
statements (v) and (vi), since these are both succinct 
and help to illustrate the mathematical consequences of 
strict causality. 

We will sketch now the proof of the equivalence of 
the regularity condition (ii) and the integral criterion 
for the whole lower half-plane (v). For this we will use 
the fact that a square-integrable function g(v) is a 
causal transform if and only if the following equation 
holds for all complex numbers & with negative imaginary 


part: 
+00 


f dv[_g(v)/(v—a) ]J=0. (3.8) 


[ This result follows rigorously from the analytic proper- 
ties of causal transforms; see, for example, reference 
14, especially page 128. The result is easily remembered 
by imagining the contour of integration closed at 
+i, and noting that Eq. (3.8) then resembles the 
Cauchy integral, where @ is outside the contour of 
integration. ] Suppose the regularity condition (ii) is 
valid. Then g(v)=A(v)f(v) is a causal transform 
whenever f(y) is a causal transform. For each @ in 
the lower half-plane we choose for f(v) the particular 
causal transform (v—@)~ and substitute in Eq. (3.8) 
to obtain 


(3.9) 


+00 
f dv_A (v)/(v—&)? ]=0. 


This shows (ii) implies (v). Conversely, we will show 
(v) implies condition (vii) which in turn implies (ii). 
Assume that (v) or that Eq. (3.9) holds for all points 
@ in the lower half-plane. Select any particular point 1 
in the lower half-plane; then we integrate Eq. (3.9) 
over & from g to X along a smooth contour of finite 
length that remains a finite distance from the real axis. 
The interchange of the order of the integrations can be 
proved to be allowable (since the integrand is uniformly 
continuous) and we obtain, after replacing X by 4, 


+2 A(y) dv 
f ——_———_—-=0. (3.10) 
-« (v—ji)(v—@) 
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Equation (3.10) holds for all @ in the lower half-plane; 
comparing with Eq. (3.8), we see that Eq. (3.10) 
implies that A(v)/(v—j) is a causal transform or that 
statement (vii) holds for any point gp. If we assume 
(vii) to hold, then Eq. (3.10) holds for one particular 
uw and all @ in the lower half-plane. If we multiply 
Eq. (3.10) by u—@ and then differentiate with respect to 
&, the interchange of integration and differentiation can 
be shown to be valid and we obtain Eq. (3.9) asa result. 
Hence we have shown that (vii) implies (v). By this 
equivalence we have shown that, if A(v)/(y—G) is a 
casual transform for any particular value of @ in the 
lower half-plane, then it is a causal transform for every 
@ in the lower half-plane. However, in this case Eq. 
(3.4) holds with f(v)=(»—&)~, where w is an arbitrary 
point in the upper half-plane. Since & can now be chosen 
to be w*, Eq. (3.4) leads to Eq. (3.6), thus demonstrat- 
ing that A(w) is analytic and of modulus less than 
unity in the upper half-plane. Hence we have shown 
that statements (v) and (vii) are equivalent to the 
regularity condition (ii). 

It remains only to show that statement (vi) is 
equivalent to (v). This is easily done by noting that 
the integral in Eq. (3.9) defines an analytic function in 
the lower half-plane which is zero throughout this region 
if and only if it is zero in a small neighborhood of a 
particular point ®. But the function is zero in this 
neighborhood if and only if all coefficients of its Taylor 
series expansion about @ vanish, that is, if all its 
derivatives at @ vanish. The differentiation can be 
performed under the integral sign and the (m—1)th 
derivative is proportional to /_,.**dv[A (v)/(v—a@)"**]. 
Hence the vanishing of these integrals for a particular 
& for all positive integers is a necessary and sufficient 
condition that the Taylor series will give zero and thus 
yield an analytic extension of zero. Therefore (v) and 
(vi) are equivalent. 

This concludes our proof of the basic equivalence 
theorem. We have shown that the seven statements 
given above are logically equivalent in the sense that, 
if a bounded measurable function A (w,) satisfies one of 
these conditions, then it satisfies all of them. We call 
a function A(w,) satisfying the conditions of this 
theorem a causal factor; this name is chosen to empha- 
size that an essential feature of such a function is that 
its product with any causal transform is another 
causal transform. 

The condition (vii) is a useful facet of the theorem 
and has a simple physical interpretation. In order to 
test whether a given A(v) is a causal transform, we 
must test whether for every causal transform f(y) the 
product A(yv)f(v) is also a causal transform. However 
(vii) tells us that any particular causal transform of 
the form (v—@)~ is sufficient to test A(v) and that, if 
A(v)(v—&)“ is a causal transform, then A(y) is a 
causal factor and A(v)f(v) is a causal transform for 
every causal transform f(v). The transform (y—@)-! 
corresponds to an input which vanishes for ‘<0 and 


which for ¢>0 is the exponentially decreasing signal 
exp[— |@,|/+-tw,t]. The simplest input of this class is 
given by @=i, or is the signal e~' for ¢>0. Condition 
(vii) tells us that, if our system is causal for this 
particular input, then it will be causal for every input. 
In particular, if our system is designed to delay any 
input of this class by a time 7, then it will delay every 
input by at least a time T. 


4. PHASE-SHIFT FORM OF THE DISPERSION 
RELATION 


In the last section we showed that under rather 
general conditions strict causality implies that the 
imaginary part of a generalized scattering amplitude 
can be determined from its real part (or vice versa) by 
a dispersion relation. However, in many physical 
problems the real and imaginary parts of the scattering 
amplitude may be of less direct interest than the 
absolute value and the phase of the scattering ampli- 
tude. We will now investigate the relationship between 
these quantities that results from strict causality. 

We define the complex phase shift 7(w)=1,—in; by: 


A (w)= expLin(w) ]=exp[—n()]-exp[in-(w)], (4.1) 
ni(w)=—In|A(w)|;  7-(w)=argA (w). (4.2) 


Thus the imaginary part of the phase shift determines 
the absolute values of the scattering amplitude (and 
thus is normally related to the absorption), while the 
real part of the phase shift determines the argument 
of the scattering amplitude. | A (w)| <1 implies 7;(w)>0. 
The symmetry condition A(—w,)=A*(w,) implies 
that 7,(w,) is an even function and n,(w,) an odd function 
of the circular frequency w,.** Let us assume the condi- 
tions of the theorem of the last section are satisfied and 
that strict causality is valid; so that the regularity 
condition and the dispersion relations hold. Then we 
ask whether knowledge of n;(w,) completely determines 
the total phase shift. We will find that it does not, for 
there is in fact a large infinite family of real phase 
shifts permitted with a given imaginary phase shift. 
However, the real phase shifts are still far from arbi- 
trary; we will characterize this family of solutions and 
show that there exists a canonical phase shift given by 
a dispersion relation which has the minimum real 
phase shift conjugate to the given imaginary phase 
shift, and all other permissible real phase shifts must 
increase with frequency at least as rapidly as the 
canonical phase shift. 

The fact that the absolute value of the scattering 
amplitude still leaves considerable freedom in the 
scattering phase can be seen simply as follows. From the 
regularity condition we know that the scattering 
amplitude A(w,) is consistent with strict causality if 
and only if it is the boundary value function of a 


*4 Since the symmetry condition can be introduced at will in 
problems of the type we are considering with a freely variable 
input, we will assume it to hold throughout this section. 
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function A(w) which is bounded and analytic in the 
upper half of the complex w plane (w;>0). Suppose we 
multiply A(w) by a factor Ba(w)=(w—pn)/(w—yu"*), 
where yu, is an arbitrary point in the upper half complex 
plane. Since | B,(w,)|=1 for all real w, and | Bn(w)| <1 
throughout the upper half-plane, we see that A (w)B,(w) 
also satisfies the regularity condition and yields the 
same |A(w)| on the boundary. Hence the absolute 
value of A(w,) does not determine A (w,) or the phase 
shift at all uniquely, for we are at liberty to introduce a 
zero at any point in the upper half-plane. 

Suppose that the non-negative function 7;(w,) is 
given and we wish to find the most general A (w) 
satisfying the regularity condition which reduces 
almost everywhere on the boundary to a function of 
absolute value exp[n;(w,)]. Fortunately, essentially 
this mathematical problem has been solved.”® First, in 
order for the problem to have any solution at all, the 
function must satisfy the inequality”® 


} ni(wr)dw, 

Se 
0 wf+1 
Then, if this integral is finite, the most general solution 
A (w) is of the following form*®: 


A(w)=A(w)C(w), 


where A (w) is a bounded, analytic, nonzero function in 
the upper half-plane and C(w) is any bounded, analytic 
function in the upper half-plane whose boundary 
value has the absolute value of unity almost everywhere 
on the real axis. [Thus |A(w,)|={A(w,)| for almost 
all w,. | These factors can be written 


A (w) =exp[in(w)], 


(4.3) 


(4.4) 


; (4.5) 
where 


i(w) =— ——1i(v) ay 
mwJ_«. 1+y? 


C(w)=B(w)Dw), 


7 © daly 
Dis)=en|— f “ide 


pr—o 


. 1+wy dv I i ni(v)dv 
0 


» (4.6) 
v-w v—o? 
(4.7) 
where 


(4.8) 


where dp is a non-negative number and a(y) is a nonde- 
creasing bounded function of » with a derivative that 
exists and vanishes for almost all v. B(w) is a “Blaschke 
product,” which is a product of a denumerable number 


25 For a discussion of related work, see reference 22. I owe the 
essential features of the present formulation of this theorem to 
Professor Marcel Riesz. See also J. A. Shohat and J. D. Tamarkin, 
Problem of Moments, Mathematical Surveys, No. 1 (American 
Mathematical Society, New York, 1943), p. 23. 

26Tt is clear that there must be some restriction on 7;(wr); 
for example, if |A (w,)|=0 over an interval of real w,, then the 
analytic continuation A (w) and then A (w,) would be zero every- 
where. The necessary and sufficient condition that A (w,) is not 
“too close to zero too often” is given by the finiteness of the 


integral (4.3). 
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of terms, each representing a zero of A(w) in the 
upper half-plane: 


B(w)= I] ,.B.() =[]n(w—4n)/(un*—w), 


where each uni>O. (4.9) 


This term B(w) is of the form already studied by van 
Kampen,” who gives an excellent discussion of the 
properties of these products including the fact that, 
in order that this product converge, the zeros must be 
distributed so that 


Dd nbins/|Mnl?< 0. (4.10) 


Thus, from these results the phase shift n(w) can be 
defined in the upper half-plane by 


n(w)=7(w) +0 (w) =1(w) +dow 


2w ¢® da(v 
y Wore 


+ ee), (4.11) 


rvyo vP—w 


where £(w) is the phase shift of the Blaschke product”: 


E(w) = —120 n In[ (w—pn)/(w—n*) J 
= — HY a In (w— pn) (wtun*)/ 
(w—pn*)(wtpun)]. (4.12) 


Nevanlinna shows that the boundary values of £(w) are 
real.2? We call the function 7(w) the “canonical phase 
shift”; it is given by the dispersion integral (4.6) 
which defines a function which is analytic throughout 
the upper half-plane and of non-negative imaginary 
part there. The terms involving dp and a(v) in Eq. 
(4.11) are just anomalous terms that can be given the 
physical interpretation of infinitely narrow absorption 
lines at various finite frequencies [a(v) term] and at 
infinite frequency (dp term). Thus, in this interpretation, 
a complete specification of the absorption requires the 
determination of ;(w,) and the sources of the anomalies, 
a(v) and do; if the absorption is given in this complete- 
ness, the phase shift is then determined by Eq. (4.11) 
up to &(w,), the contribution of an arbitrary Blaschke 
product. If we insist that the boundary value function 
n(w,) be continuous, the term involving a(v) will be 
eliminated. As w approaches w, on the real axis, Eq. 
(4.11) becomes the “phase shift form” of the generalized 
dispersion relation, and the term &(w) approaches a 
real limit #,(w,) almost everywhere while 7;(w) reduces 
almost everywhere to the originally given 7;(w,). We 
note that each of the three terms in #,(w) is a non- 


27N. G. van Kampen, Phys. Rev. 90, 1072 (1953), Eqs. (14) 
and (18). In case the symmetry condition is not fulfilled, an 
additional factor g, must be combined with each term B, in 
order to guarantee the convergence of the real part of the phase 
of the infinite product B(w). This factor g, is of absolute value 1 
and is given by ga=—|1+u,2|/(1+un2). If we assume the 
symmetry condition, we find that we can omit these terms, since 
the convergence is guaranteed without them provided we combine 
each pair of terms correlated by reflection in the imaginary axis. 
Then the remaining terms are on the imaginary axis and only a 
finite number of these can give gg=—1, and g,=1 for the 
remainder. 
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negative, nondecreasing function of frequency. Thus, 
of all the possible real phase shifts 7,(w,) correlated 
with 7;(w,) by strict causality, the canonical phase shift 
jr(w,) given by Eq. (4.6) is the one of minimum value 
and of minimum rate of increase with frequency. The 
usual dispersion integral (4.6) gives us in this sense a 
minimal solution; this is the phase shift corresponding 
to the amplitude A (w) which is the solution of maximum 
possible absolute value throughout the upper half of 
the complex w plane. As we have seen, other solutions 
are obtained from this solution by introduction of the 
absorption anomalies given by dp and a(v) and by the 
introduction of a Blaschke product of zeros. The phase 
shifts due to the zeros are far from arbitrary [e.g., in 
addition to its nondecreasing character, £(w,) satisfies 
the condition that its total variation over all real 
frequencies=2rN, where N is the number of zeros in 
the product, which integer can be either finite of 
infinite ]. But causality does not locate these zeros; 
other information (e.g., energy of bound states in 
particle scattering problems) is needed to determine 
them. However, even if this term £(w,) is not deter- 
mined, the fact that 7,(w,) is minimal gives powerful 
inequalities restricting the phase shift once the absorp- 
tion is given. 

One convenient feature of the phase shift formulation 
of the dispersion relations is that it is easily extended to 
the case when a limited time advance, a, is permitted, 
ie, when the causality condition is replaced by: 
G(t)=0 for t<—a<0 when F(t)=0 for t<0. (Such a 
weakened causality condition is appropriate for 
scattering by a target of finite range.) In this case 
A(w) need not be a causal factor, for it can in fact 
diverge exponentially in the upper half of the complex 
frequency plane; but A (w)-exp(iwa) is a causal factor. 
Thus (n-+a) satisfies the same conditions as » did 
before, or the dispersion relations (4.11) are unchanged 
except for the addition of a constant term —a. 


5. RELAXATION OF THE BOUNDEDNESS 
CONDITION 

The proof of Sec. 3 used repeatedly the condition 
that the absolute value of the scattering amplitude is 
bounded. While this condition is normally equivalent to 
conservation of energy and is therefore to be expected 
in any physically sensible problem, there are idealized 
problems in physics in which the scattering amplitude 
is unbounded. We shall show in this section how disper- 
sion relations can still be derived in such cases, provided 
the divergence is no worse than a power of the frequency ; 
these methods are adequate to cover most problems of 
physical interest. 

When the generalized scattering amplitude is 
square-integrable (Sec. 2), causality implies that the 
imaginary part determines the real part completely. 
When this integrability condition was relaxed to 
boundedness (Sec. 3), we found that causality implies 
that the real and imaginary parts determine each other 


to within a constant. As the integrability condition is 
further relaxed, we shall find that additional arbitrary 
constants enter the dispersion relations. 

It is easy to illustrate why causality does not give a 
complete connection between real and imaginary parts 
in the general case. Consider the output G(#) to be 
the mth derivative of F(t); then clearly G(#) is zero so 
long as F(t) remains zero, so causality is satisfied. 
The generalized scattering amplitude in this case is 
(—iw,)". Similarly, the n-fold integral of F(t) from 
— to? yields a causal output, with A (w,)= (—iw,)-". 
A more general scattering amplitude satisfying the 
causality principle is thus given by a finite sum of 
these functions: 


N 
A(wr)= DY anwr", (5.1) 
n=—M 


where the a,’s are arbitrary complex numbers; hence 
the real and imaginary parts of the sum are entirely 
independent of one another, with no dispersion relation 
between them. We shall see that the arbitrary constants 
a, in this example are typical of the general case. 


(a) Functions Diverging at Infinity 


Of particular interest in physics are idealized 
problems for which A(w,) may diverge at high fre- 
quencies. For, example, in the limit of an infinitely 
distant scattering center, the forward scattering 
amplitude diverges at least as fast as the product of 
the frequency and the total cross section o (and o often 
approaches a constant or diverges logarithmically).?* 
To derive a dispersion relation for amplitudes which 
diverge at high frequency, it is sufficient to assume that 
A(w,) is integrable over any finite frequency interval, 
that for some positive integer j the function A (w,)/w,# 
is bounded in the limit of infinite frequency, and that 
there is some real frequency such that the jth deriva- 
tive of A (w,) exists in some neighborhood about A.” 


28 The idealization of infinite distance has produced this 
divergence of the amplitude; for any actual observation of 
scattering at a distance r from a scatterer of lateral dimension d, 
the difference in path lengths to the observer from points at the 
center of the scatterer and at the edge leads to destructive inter- 
ference of these infinitesimal contributions which damps the 
forward scattering amplitude for frequencies greater than cr/d?. 

2 The proof in this section is less elegant mathematically than 
that in Sec. 3 in that in Sec. 3 no mathematical assumptions were 
made whose physical content was not clear and reasonable, while 
here we introduce the assumption that there exists some neighbor- 
hood in which the jth derivative of A exists. This condition is not 
necessary for the existence of a dispersion relation, but it greatly 
shortens the proof and leads to the simple form of the dispersion 
relation given in Eq. (5.6). The existence of such a neighborhood 
on the real axis is valid in all physically interesting cases that we 
have encountered, and Eq. (5.6), or the equation that results from 
it when the symmetry condition holds, is expected to be adequate 
for any physical application. It should be noted that all assump- 
tions have been made only on the real frequency axis where 
A(w,) has direct physical meaning and no assumptions are 
implied about the possibility of analytic continuation into the 
complex frequency plane; instead the analytic continuation is a 
result of the proof of the dispersion relation from the causality 
principle. 
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Since the generalized scattering amplitude may now 
be unbounded, a square-integrable input need not 
always result in a square-integrable output, and the 
Fourier transform of the output may not be well 
defined in such cases. To avoid these difficulties, we 
can limit consideration to those square-integrable. 
inputs such that the output is square-integrable. In 
particular, we consider the input signal whose Fourier 
transform f(w,) is (wr+u)~’, where wu is any complex 
number of positive imaginary part. Then the output’s 
Fourier transform g(w,r)=A(wr)/(wr+u)’ is square- 
integrable; since (w,+)~’ is a causal transform, the 
input vanishes for ¢ <0 and hence the causality principle 
requires that the output vanish for ¢<0 or that A (w,)/ 
(wy-+yu)? be a causal transform. We now define a new 
amplitude function B(w,) by 


Then B(w,)/(wr+u)/ is a causal transform, since the 
sum of a finite number of causal transforms is a causal 
transform and A (w,)/(wr+u)? and (wp—Xd)?/(wety)? 
for p<j-—1 are causal transforms. Furthermore, 
B(w,)/(w-—A)/ is bounded near w= (here we use the 
existence of the jth derivative of A or B) and is a 
square-integrable function. We shall now show that 
B(w,)/(wr—A)? is a causal transform. 

This proof is done in steps by introducing the 
functions 


Cn(wr) = 


(5.2) 


B(w,) 
(wp—A)™ (wrt) -™ 


for m=1, 2,---,7. 





(5.3) 


B(w,) was so constructed that C,,(A)=0, and each 
Cm(wr) and Cm(wr)/(wr—A) is square-integrable. We 
shall prove that, if C»,(w,)/(wr+y) is a causal transform, 
then Cm(wr)/(we—A)=Cmii(wr)/(wr-+u) is a causal 
transform. For Cm(w,)/(wr+u) is a causal transform 
if and only if it satisfies almost everywhere the Hilbert 
transform relations (2.5), that is 


Cm(v)dv 
Tid_. (v+p)(v—w,) 


+0 


Calm) Py: 
4 


(5.4) 
Wrty 
Since 
Wry - (wr—A) sans (u+A) 
(v+n)(y»—w,) (v—d)(v—w) (vu) (vw) 


we can obtain directly from Eq. (5.4): 


Cm(v)dv 





+00 
Cm(wr) = (we—-A)— a 
vies yy 0 (v—X)(y—w,) 
+rA)P ct? Cu(v)dv 
 . ) f (v) 
(v-+u)(v—d) 


mi 


—o 
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Comparison of the last term in Eq. (5.5) with Eq. (5.4) 
shows that this term is just C,,(A). [Since Eq. (5.4) 
can fail to hold on a set of points of measure zero, 
it is possible a priori that Eq. (5.4) fails at w,=A. 
However, in this case we can replace \ by choosing a 
new point from within the neighborhood in which the 
jth derivative of A (w,) exists; since this neighborhood 
has a positive measure, it is always possible to choose 
\ so that the Hilbert transforms that we need do exist 
at w,=X, and we shall henceforth assume that this has 
been done. ] Since C,,(A)=0, the second integral in 
Eq. (5.5) vanishes and Eq. (5.5) is then recognized to 
be the Hilbert transform formula for Cm(w,)/(wr—A); 
since it satisfies the Hilbert transform formula connect- 
ing its real and imaginary parts, Cm(wr)/(wr—A) 
=Cms1(wr)/(we+yu) is a causal transform. 

We can now apply repeatedly the proof of the last 
paragraph, beginning with the fact that Ci(w,)/(wr+y) 
= B(w,)/(w,+u)/ is a causal transform, to obtain that 
C;(wr)/(we—A) = B(wr)/(wr—A)? is a causal transform 
and therefore satisfies 


(wp—A)i pt” B(v)dv 
B(w,) =- 1 ——————__———-, 
(or) ri I (v—X)?(v—w,) 


Therefore, the real and imaginary parts of A(w,) 
determine each other through the dispersion relation 
(5.6) except for the j-arbitrary complex numbers in 
(5.2) which give the value of A and its first (j—1) 
derivatives at w-=X. 

If we are given only A;(w,), we can find B,(w,) in 
(5.2) and can then always find B,(w,) from (5.6), and 
thus determine A,(w,) except for the j-arbitrary 
constants. Thus (5.6) is a useful dispersion relation in 
the usual sense; usually \ is conveniently chosen as 
zero although it may happen that the necessary 
derivatives diverge at the origin, in which case another 
point must be selected for X. 


(5.6) 


(b) Functions Diverging at Finite Point 


In some physical theories the generalized scattering 
amplitude may diverge at a finite frequency. For 
example, the impedance cf an ideal capacitance diverges 
at the origin as the inverse of the frequency. Suppose 
A(w,) diverges at w-=a, but is such that (w,—a)?A (w,) 
remains finite. Then, if this is the only point of diver- 
gence, a dispersion relation for (w,-—a@)*A (w,) such as in 
Eq. (5.6) can be derived. Similarly any finite number of 
divergences, each no worse than a finite power, can be 
treated. The factor (w,—a)* increases the power of 
divergence near infinite frequency by g and thus adds 
q arbitrary constants to the dispersion relation; these 
constants can in turn be regarded as determining the g 


% Tf the nonzero conductance that is inevitably in parallel with 
any actual condenser is included, the pole in the impedance 
functions lies in the lower half of the complex plane and the 
impedance is a causal factor. 
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arbitrary coefficients in the expansion of A(w,) about 
w= a. 

In addition to the integrability or boundedness 
condition, one might consider altering other assump- 
tions of the proof of Sec. 3. The linearity and time- 
invariance of the connection are essential conditions in 
this discussion of the equivalence of causality and the 
dispersion relations, and we are doubtful if these 
restrictions can be relaxed. However, the above proof 
also assumed that the input was freely variable and 
could be chosen to be any function of integrable square. 
In many interesting physical problems, the input is 
constrained ; for example, a certain range of frequencies 
may be excluded as in the Klein-Gordon or Dirac 
equations. In such a case, the restrictions placed on 
the generalized scattering amplitude by strict causality 
are less stringent ; we hope to return in a later paper to 
a discussion of the consequences of strict causality for 
such a constrained input system. 


6. DISCUSSION 


In this paper we have investigated analytic conditions 
and dispersion relations which are necessary and 
sufficient for a hypothesis of strict causality. It is an 
interesting open question whether or not strict causality 
is a valid physical hypothesis. As shown by Dirac* 
and by. Wheeler and Feynman,” strict causality is not 
satisfied in the simpler forms of classical electrody- 
namics. However, this classical result is irrelevant to 
the question of whether such acausal effects actually 
exist, for the precursor effects of the classical theory 
are due to high-energy phenomena and to radiative 
reaction which we know are not correctly described by 
classical theory. Stueckelberg* and Fierz** has shown 

31 P. A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 

#2 J. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 17, 
157 (1945). 


% FE. C. G. Stueckelberg, Helv. Phys. Acta 19, 241 (1946). 
4M. Fierz, Helv. Phys. Acta 23, 731 (1950). 


shown that the present form of quantum electrody- 
namics is strictly causal if and only if we follow the 
rule for the time ordering of all factors in the S matrix. 
Gell-Mann, Goldberger, and Thirring*® and many 
others have recently shown how to obtain dispersion 
relations for quantum field theories as consequences of 
strict causality. Whether in a future better theory 


strict causality would be exactly valid, or could even 


be accurately defined, is an unsettled problem. However, 
we adopt the attitude that we should employ the disper- 
sion relation, at least until it is shown to be faulty, 
and we shall proceed to apply it to special problems in 
following papers. 

Even if strict causality should prove to be invalid or 
undefineable in future theories, it is to be expected 
that macroscopic acausality involving propagation of 
appreciable energy over large space-like intervals would 
still be forbidden. We have investigated a conceivable 
alternative to strict causality, a weaker “principle of 
limiting velocity”: “No energy can be transmitted to 
infinite distance at a velocity greater than c.” This 
requirement can be shown to be satisfied if and only if 
the group velocity does not exceed c for any frequency 
at which the absorption coefficient is zero; it provides 
no connection between the refractive index and 
absorption at other frequencies and hence is an empty 
restriction in cases of physical interest. 
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35 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1054); M. L. Goldberger, Phys. Rev. 99, 979 (1955). Further 
references and discussion will be included in later papers. 
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The effect of the electromagnetic structure of the proton upon the hyperfine splitting of s states in 
hydrogen is determined without recourse to any specialized model for proton interactions. The principal 
modification of the Fermi formula, derivable nonrelativistically, appears as a multiplicative correction 
1— 2a, (r)em where do is the Bohr radius and (r)¢m is the first statistical moment of a distribution which 
characterizes the proton structure. The absence of additional structure corrections of experimental 
consequence is rigorously demonstrated. The method relies on a phenomenological representation of the 
proton deduced from the invariance principles of quantum field theory. The size of the proton is estimated 
from the available bound state data and compared with the size prediction inferred from scattering 


experiments. 





1. INTRODUCTION 


NUMBER of theoretical calculations'~* of the 

hydrogen hyperfine structure have been performed 
in recent years. Common to all of these has been the 
assumption of a simplified model for the proton; it is 
treated as a Dirac particle bearing an anomalous point 
magnetic moment. Nevertheless, the interactions of 
the proton with various quantum fields produce charge 
and current densities distributed about a finite neighbor- 
hood of its position. The existence of such an electro- 
magnetic structure accompanying the proton neces- 
sitates a reexamination of the previous work. 

The importance of these “structure effects” has 
been recognized earlier; however, a more exact knowl- 
' edge of meson-nucleon interactions than currently 
available had seemed essential for their evaluation. 
Thus, although the doublet separation of the hydrogen 
ground state is presently numbered among the most 
accurately known physical quantities, its significance 
for the determination of related physical constants and 
for the interpretation of other phenomena has remained 
uncertain.® In the present work, we shall show how these 
difficulties are resolved by the introduction of a suitable 
phenomenological description of the proton, and how 
the hyperfine measurement, in conjunction with an 
independent measurement of the fine structure constant, 
provides an estimate of the spatial extension of the 
proton’s electromagnetic structure. 

The success of the phenomenological approach 
rests on the feasibility of describing the structure of 
the bound proton in terms of form factors which 
characterize the electromagnetic properties of a free 
particle. The relative errors thereby introduced are 
no larger, we shall find, than the ratio of the hydrogen 


* Work supported by the National Science Foundation. 

t Now at the Department of Physics, University of Pennsyl- 
vania, Philadelphia, Pennsylvania. 

1R. Karplus and A. Klein, Phys. Rev. 85, 972 (1952). 

2N. M. Kroll and F. Pollock, Phys. Rev. 86, 876 (1952). 

3R. Arnowitt, Phys. Rev. 92, 1002 (1953). 

4W. A. Newcomb and E. E. Salpeter, Phys. Rev. 97, 1146 
(1955). 

5 J. DuMond and E, R. Cohen, Revs. Modern Phys. 25, 691 
(1953). 


binding energy to the proton rest energy. Since this 
magnitude is merely a few parts in 100 million, no 
limitation is imposed, as yet, upon the interpretation 
of experimental data. The relatively low velocity of 
the hydrogen nucleus implies the additional simplifica- 
tion that only the static parts of the form factors 
observably affect the hyperfine shift. 

The principal correction to the hyperfine shift due 
to proton structure is calculated nonrelativistically 
in the next section. In Sec. 3, we derive the field- 
theoretic relations which determine the energy level 
shifts in the hydrogen atom and permit the introduction 
of a phenomenological description of the proton. The 
succeeding section is devoted to the elaboration of 
the phenomenological method. The formalism is then 
employed in a detailed analysis of the hyperfine 
separation in hydrogen s states and an estimate of the 
electromagnetic size of the proton is obtained. 


2. NONRELATIVISTIC FORMULATION 


The hyperfine splitting of atomic energy levels is 
caused by the magnetic interactions of orbital electrons 
with the nucleus. We are concerned with the hyperfine 
separation of the s-state energy levels of hydrogen 
associated with the two possible relative spin orienta- 
tions of electron and proton. The leading structure 
correction to this separation may be deduced from a 
nonrelativistic calculation which represents the electro- 
magnetic properties of the proton by rigid, spherically 
symmetric distributions of charge and magnetization. 
Placing the proton at the origin of coordinates, we 
write these distrbitutions as e2f,(r) and y202f,(r), 
respectively, where o2 is the proton spin operator.® 
The electric and magnetic form factors f,(r) and 
fm(r) are normalized to unity, 


[soa f potar=1, 


so that e2 and ye denote the charge and total magnetic 
moment of the proton. 


(2.1) 


6 The indices 1 and 2 will be consistently affixed to electron 
and proton variables, respectively. 
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In the presence of a magnetic field H(r), an electron 
bound to the proton’s charge distribution suffers an 
energy displacement (hyperfine shift) AZ, 


aE=m {oO )(orH edt, (2.2) 
where ¢(r) is the Schrédinger wave function for an 
electron moving in the field of the distribution e2/,(r), 
kix=€1/2m, denotes the electron magnetic moment, 
and @; is the electron spin. The bracket indicates a 
spin expectation value to be evaluated in the appro- 
priate atomic spin state. If H’(r—s) specifies the 
magnetic field at r due to a point magnetic dipole of 
strength ye, at s, then 


H’(r—s) = (42/40) VX (VX o2/ | r—s| ). 
The field H(r) to be inserted into Eq. (2.2) is given by 


H(1)= f H’ (r—s) fin(s)ds. 


The spherical symmetry of |¢(r)|? for s states permits 
the replacement of H(r) in (2.2) by its spherical 
average [H(r) ],,. We find 


CH (r) Ja= [oa/4ny(—v+-7V-) fonfa(s)/ | r-s|ds] 


= (u2/4n)(—39%) f osfn(8)/|t—s|ds 


= —§ur02fn(t). 
Therefore, 


shen tendnces f \o()|*fa(e)de. (2.3) 


If f.(r) and f(r) are taken to be delta-functions 
(point charge and point magnetic moment), ¢(r) 
becomes the Coulomb wave function ¢¢(r) and (2.3) 
reduces to the familiar Fermi formula: 


AEo= — Fume(o1-02)|oc(0) |*. 


The value of the Coulomb wave function at the origin 
is expressed by’ 


¢c(0)=2(ma/n)!, 


where » is the total quantum number of the s state 
and, in our choice of units, a= | e:¢2| /4zr. 

The wave functions ¢(r) and ¢c(r) satisfy the 
homogeneous integral equations 


(2.4) 


$(0)=—2m, f Ge(ts)V(s)4(@)ds, (2.5) 


oc(r) = —2m, f Gz.(r,8)Vc(s)dc(s)ds. (2.6) 


7 We adopt the conventional system of units in which # and c 
have magnitude unity. 
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Here, Gz-.(r,8) and Gz(r,s) are the free-particle Green’s 
functions for the energies Ec=}m,(a/n)? and Ex~Ec¢ 
of the appropriate bound states, and 


itl~-~ws, Vu—« f f(u)/\e—ul da. 


As will shortly become clear, the evaluation of (2.3) 
requires a knowledge of ¢(r) accurate only to first order 
in a. For any realistic estimate of the size of the proton 
charge distribution, a simple perturbation argument 
demonstrates that (E—EZc) is much smaller than 
o’Ec. Accordingly, Gz(r,s) may be equated to Gz,(r,s). 
The subtraction of (2.6) from (2.5) then yields 


$(t)=de(#)—2m: f Gx.(x,8) LV (8)4(s) 
—Vc(s)¢c(s) lds. 


Because the second term on the right of Eq. (2.7) is 
explicitly an order in @ higher than the first, the 
Green’s function for zero energy, Go(r,s) = (4r|r—s|)—, 
may be substituted for Gz.(r,s), and $(s), ¢c(s) both 
replaced by ¢c(0). Then 


(2.7) 


6(0) =be(8)+——be(0) 


Simian 


Approximating ¢c(r) by ¢c(0)(1—mar) and noting 
the identity 


1 1 1 1 
-- ( ~~ )és=r— |u—r|, 
2r/ |r—s|\|s—ul s 


we find, correct to first order in a, 


$(r) =¢c(0) (: — maf fou) ju—r| iu). 


To this order, the dependence of ¢c(r), and hence of 
¢(r), on the total quantum number appears solely in 
the factor @c(0). We now obtain, by (2.3), 


AB=AF4(1—2ma f f.(w)|u—t| fa(e)dr). (2.8) 


The last equation is simplified by the introduction 
of a new electromagnetic distribution function f.m(r), 
defined to be the convolution of the electric and 
magnetic distributions: 


fem(t)= f fu(t—8) fn(8)ds. (2.9) 


The conditions (2.1) imply that fen(r) is likewise 
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normalized to unity: 


J fonte)de= f f.(0-8)fals)dsde=1 


Performing successively upon the integral:in (2.8) 
the transformations r—r-++-u, u—s—r, we learn that® 


AE= AE (1—2ma(r) em), (2.10) 
where 


a f fon (t)dr 


is the first statistical moment of Jeukt). 

The structure term of (2.10) is seen to depend on 
the ratio of (r)em to the Bohr radius ao= (ma)—. 
Under the reasonable assumption that (r).m lies between 
the proton and meson Compton wavelengths, a 
correction to AE, of several parts in 10° may result from 
the consideration of proton structure nonrelativistically. 


The fact that this is the sole structure correction of , 


experimental interest will emerge from the arguments, 
of the work to follow. 

We observe that, according to (2.10), the ratio of 
the doublet separations of two different s states is 
independent of structure. 


3. PERTURBATION THEORY FOR THE 
HYDROGEN ATOM 


An initial approximation to hydrogenic energy levels 
is defined by the electrostatic interaction of electron 
and proton. In this section, we develop a perturbation 
procedure for obtaining corrections in these levels, 
to fourth order in the electronic charge,® which does 
not presuppose any specific knowledge of the proton’s 
coupling to other fields. The electron, however, is 
assumed to interact directly only with the electro- 
magnetic field. Direct couplings of proton to electron, 
as in the very weak Fermi interactions, are thereby 
excluded. The theory employed makes use of the 
Green’s functions or propagators for the fields of 
interest, and the operational calculus developed for 
their study.”° 

In the presence of an external] current source, the 
electron propagator G; satisfies the equation 


[y1(p1— 1A )+9m1+- M1 (A) ]Gi=1. (3.1) 


Here, M;, is the electron’s mass operator (exclusive of 
rest mass) and A represents the vacuum expectation 
value of the electromagnetic field excited by the external 
current. In terms of the photon propagator D, the mass 


8A similar formula, not including the effect of the proton’s 
charge distribution, was derived by W. Moellering, Ph.D. thesis, 
Indiana University, 1954 (unpublished). 

® The perturbation formalism adopted here is similar to that of 
R. Karplus and A. Klein, Phys Rev. 87, 848 (1952) and Arnowitt, 
reference 3. 

1 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951) 
and unpublished lectures, Harvard, 1955. 
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operator is characterized by 
M,G\= ieyy1D (6 ‘6A YG. 


The methods of reference 10 may be utilized to show 
that the proton propagator Gz obeys an equation 
identical in form to (3.1). The precise nature of the 
mass operator My, for the proton depends upon the 
unspecified fields to which the proton is coupled and 
need not concern us. If M2 and G, are the operators 
to which M>, and G2 reduce in the absence of electro- 
magnetic interactions, and Mz=M.+M,’, we have the 
further relations 


Cy2(po—e24)+-m2+Me |G2=1, 
(6571+ M2’ ]G.=1. 


The behavior of the interacting electron-proton 
system is prescribed by the two-body propagator G12 
which obeys 


(3.2) 
(3.3) 


GoF,Gi2= iF (3.4) 


in which §, is the operator 
F1=71(pi-— 1A ) +m +ievy1D (5/6). 
The alternative equation, 


(G71G;"—NGr=1, (3.5) 


defines the interaction operator J. 

A term J) may be separated from J and used to define 
an approximate bound state eigenfunction. The 
remainder, ([—Jo), is then treated as a perturbation 
interaction. The static Coulomb potential is customarily 
selected as the primary cause of binding. In the present 
instance, a more natural choice for Jo is the electrostatic 
potential which takes into account the proton’s finite 
distribution of charge. The bound state wave function 
is then determined from the wave equation 


(G21G,-— Ip) y=0, (3.6) 


where Gy = (yipit+m)—!, G2 = (yopot+me) are the 
free-particle propagators. The corresponding propagator 
G12 is defined by the inhomogeneous equation 


(G,°1G,94— 1p)G2 = 1. (3.7) 


If all electromagnetic interactions but Jo are placed 
equal to zero, Giz reduces not to G2, but to Giz which 
is the solution of 


[G297G > — [p+ MG ]G2= 1. (3.8) 
By (3.5), together with (3.1), (3.3), and (3.8), we have 


Gy-)Gu= iF 
in which 
J=I- Io- M,G;"- M./G,-, 


If P is an eigenfunction of total energy defined by 
GuV= EG =0, 3.9) 


then the displacement in energy due to J is expressed 
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to fourth order in the charge, or equivalently, second 
order in the fine structure constant, by the formula 


AE=(—i/T)U|J+JOuwJ |). (3.10) 


The quantity J+JGiJ is independent of the time 
interval T over which the interactions are viewed so 
that a factor of T emerges from the expectation value 
to cancel the denominator. From the defining Eqs. 
(3.6) and (3.9) for the wave functions, we infer that, 
apart from a normalization constant, 


y=y-— G2G,°- My. 


The mass operator M2, properly renormalized, anni- 
hilates free proton wave functions. The large mass of 
the proton and its weak binding in the hydrogen atom 
suggest that y describes a proton which is “nearly” 
free. If we anticipate the future result that Gy2%G,©— 
X Mw is ignorable relative to y, then the latter function 
can be used for / in (3.10) without change of normaliza- 
tion. A similar consideration will later justify the 
neglect of terms in (3.10) containing M,; and M,’. 
The energy shift may then be written 


AE=(—i/T)|K|y), (3.11) 
where 
K=I—Int+ I—In)Gi2(I—Ip). 
A further reduction is effected by the substitution 
G127-GG 2. (3.12) 


The neglect of binding in intermediate states, as 
expressed by (3.12), is permissable in a hyperfine 
calculation to this order. Its only consequence® is the 
introduction of infrared divergences which are com- 
pensated by divergences of opposite sign when the 
approximation is applied consistently. 

The remaining task of this section is the derivation of 
an explicit expression for the transition operator K. 
We note first the definitions of the electron and proton 
vertex operators I’; and l': 

T= — (6/6e:A)Gr", T= — (6/6e2A)G2". 
Equation (3.4) implies that 
Gr51,G;G;"Gy.= 1 
whence 
Gr[1+teryi:GD (6, 6A )1G°G12.= a. 
Commuting G; through 6/64, we have 
[1 + ievy 1G:D (6, /5A 1G G:"Gi, 
—teyyiG1D(6Gz/6A \GrGy2= A. 
It follows that 


Gr Gr"Gyt+ [1 aad 1ery iGiD(5, /5A yr 
X 1eye271G1 DT 2Gy"G32= a (3.13) 


Resorting temporarily to coordinate indices and the 


external current source J, we observe that 





6 6 6 
D(12) D(34) = 
5A (2) 6A(4) 6J(1) 6J(3) 

6 6 6 6 
=——_ ——-= J)(34) D(12) 4 
5J (3) 67 (1) 5A (4) 6A (2) 
Thus if D(6/6A) is applied to (3.1), there results 

—eyy1DGi+- FD (6G,/5A)=0. 





Hence, 
71DG\=5:G,DI 1G; 
>= [1+ievyiG,D(5 /8A) DV 1G. 
Let X be any operator. Then 
71DGX = [1+devyiG,D(5/6A ) Dr ,G:.X 
_ teyy1G1D(6/6A ) {DT':Gi} X, 
where the operators to the right of 6/64 which are 


not differentiated are enclosed by curly braces. Trans- 
posing the second term on the right, we obtain 


yiDG,[1+ ie: (6/6A) { DP1G,} JX 
=[1+éeriGiD(6/8A) TGiX. (3.14) 


Applying [1+éery1Gi:D(6/6A)}" to the right of the 
members of Eq. (3.14) and setting 
[1 +e, (6/6A ) { DY 1G}} X= iy 2 Gi, 

we infer that 
[1 +ievyiGyD (6, ‘6A )}'yDGWGrGi2 

= DT :G,[1+ ie; (6, ‘6A){ DPsGy} FT 2Gr"Gie. (3.15) 
A comparison of (3.15) with (3.13) and (3.5) reveals 
that 
IGy.= — ieyeol :DGi[ 1+ ie (6 ‘6A){ DT G1} 

XT 2Gr"Gie. (3.16) 


The expansion of (3.16) to order (e,¢2)* yields, when 
G12 is replaced by GG: in the higher order term, 


f= — 1€;€o1' ;DT' »— (ey€2)*71Gy"D 
x [ (6, ‘5e2A W.G2|Dy:Gr". 
The transition operator, to this order, becomes 
K=KitKet Ke, (3.17) 
Ka =— 1€y€o]';DT 2— To, 
K p= — (e:€2)*y1G. DL (6/6e2A )'xG2 |DyiGs 
— (€1€2)*y1DT 2GGryiD 2, (3.18) 
Kc= ieyery DV Gy Gel o+ ieee] 0GiGry1DT'2 
+10GGolo. (3.19) 


One understands that upon extraction of the variational 
derivatives, the external current and A have fulfilled 
their function and are set equal to zero. The presence 





a= mh = fF -_ -* TD 
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of Ke simply corrects for the inclusion of J) in the 
interaction —iejeyy;DI', which stands in Kg. The 
latter operator has the combined form 


Kp=— (e1€2)*y1DG, AD 1, 


As= [ (6/de2A W'2G2]4—0Ge1+ T.GT2 
= Gs [8°G2/ 6¢2A6e2A ] anoGe, 


(3.20) 
with 


For reasons already suggested and subject to future 
verification, G:%-! may be used in place of Gy. 
Then Ag is given by 


Ao = G2 —[8G2/d5e2A 6@2A Jam0G2-1, (3 ‘Zi ) 


When (3.17) is substituted into (3.11), a form for the 
energy shift is displayed in which all the radiative 
effects of proton propagation are implicitly contained 
in I’, and A». It is through these operators that the 
interactions of the proton with one and two photons, 
respectively, are described. The renormalization of K 
is accomplished by the use of the renormalized expres- 
sions for I; and D, to appropriate order in (e)?, and 
the phenomenological forms of the renormalized Tl, 
and Az to be derived in the next section. 


4. PROTON SCATTERING BY AN ELECTROMAGNETIC 
FIELD 


The-relation of Ty and A» to the formalism for 
scattering of a proton in an external electromagnetic 
field provides a correlation of the structure effects within 
the hydrogen atom to those observed in scattering 
experiments. As a consequence of the free-particle 
nature of the initial and final scattering states, the 
separation of effects into those characteristic of a free 
proton and those which reflect its behavior “off the 
energy shell’ affords a special simplification here. 

The scattering amplitude for the transition of a 
proton from a state of four-momentum 9’, spin w’ to a 
(different) state of four-momentum p”, spin w’’ is 
expressible as the spin matrix element (u’’|S(p’’,p’)| u’) 
of the spin and momentum dependent function S(p’’,p’);~ 


S(p",p')= (p" |GOG(A)GO |p’), (4.1) 


The identification of proton operators by the subscript 
2 will be omitted, in this section only, for brevity. The 
operators G-'=+yp+m in (4.1) annihilate the free 
particle states to which they are adjacent unless 
canceled by corresponding factors of (yp+m)~ in 
G(A). It follows that only parts of G(A) possessing 
singularities of this type contribute to free particle 
matrix elements. 

We investigate the scattering to second order in the 
external field. Expanding the propagator, 


G(A)=G+A[6G/5A ]ano+3A A[PG/5A5A J 40, 
we have 
GO-71G(A)GO' = GO-14 eAT + FA AA. 
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It is convenient to introduce the momentum represen- 
tations 


A, (k) 


= (2x)-4 J e~***’A,(x’)dx’, 


5(p”—p’—k)T,(p",p’) 
= (p""| —6G/5eA,(k)| p’) ao, 
5(p”— p’—k—k') Ay (p",0',k,k’) 
= (p"|GO->8G /seA, (k)5eA ,(k’) JG | p’) ano. 


The amplitude S(p’’,p’) then assumes the form 
S(o"p)=eAgo"— PTO" p) +4e f Ane 
XA,(p"— p'—k) App", 0',p" — p’— k) dk. 


The desired phenomenological forms for T and A 
follow immediately from a suitable representation of 
the proton propagator. The constraints imposed by the 
principles of Lorentz, gauge, and charge invariance 
supply the key to the construction of G(A). When no 
field is present, the inverse of the (renormalized) 
propagator may be written 


G(A=0) = yptm+t (yp+m)Ri(yp+m). 


The symbol R; which appears in the renormalized 
mass operator denotes a function of y and p whose 
precise nature is unimportant. In order to exhibit a 
formula for G(A), we first introduce an operator G, 


G= LYuPut m— ef’ ( —LP)yA, 

a ual’ (—LP)owF aS, 
which will prove to be the only part of G(A) that is 
effective (to first order in A) in free particle scattering. 
In this equation, f’(—[_?) and f’(—{_}) are arbitrary 
functions of the D’Alembertian, and ya is a constant of 
dimensions (e/m) chosen so that f”(0)=1. Gauge 
invariance implies that f’(0) is likewise unity. The 
field potential A is to be expressed in a Lorentz gauge. 

We now assert that the inverse of the proton 
propagator, correct to linear terms in the field, and 
subject to the trio of invariance requirements, is given 
by the expression 


G"(A)=G7+G7R,G"+GR.(F)+-R3(F)G, (4.7) 


in which the unspecified operators R, and R3, in addition 
to their dependence on y and 4, are linear in the 
electromagnetic field strengths, vanishing when F=0. 
A derivation of (4.6) and (4.7) is given in the appendix." 

An application of the functional derivative 6/5A,() 
to the equation 


(4.5) 


(4.6) 


A)(x’')= fetanceae 


~ it Similar techniques have been used by A. Klein to derive the 
low-energy theorems of field theory [Phys. Rev. 99, 998 (1955) ]. 
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shows that 
5A)(x’)/5A,(k) = e**'dy,, 


which implies the operator relations 
§A/6A,(k)=dye™*, 
5F,,/5A,(k) = (8,,0.—5,.0, )e** = 1 (hy5,— R6,ne™*. 
We note that e*** has the property 
e*=| p)= | p+k). 


The momentum representative of the vertex operator 
is now easily determined. We have, from (4.6), 


6G/6A,(k)=[— ef ()yu— ina f” ()hrom, Je™. 


Then (4.3) yields, if (p’,u’) and (p’’,w’’) refer to free 
particle states, 


r, (p”,p’) = is (R*)yy+i(ua, e)f" (R) Rony, 
k=p"—p’. (4.8) 


After the functional derivatives have been performed, 
and the fields set equal to zero, the residual terms, 
GR,G—, etc. of (4.7) are found to have factors of 
(yp+m) either to the extreme right or left. It is then 
clear that these terms cannot contribute to free particle 
matrix elements of I’. 

Defining the transforms 


f(a) = (2m) f cits (!(I2) dk, 


f" (x)= (2m) J ef" (RY dk, 


of the functions which appear in I',(p”,p’), we may 
construct a modified Dirac equation for a quantum 
mechanical particle in an electromagnetic field: 


[atm fre—n4,0r4 


—tnsew f f"(2—9)Palo)dy (2) =0. (4.9) 


We observe that the first order term of formula (4.5) 
is precisely the Born approximation amplitude for 
scattering by a particle whose wave function satisfies 
(4.9). This remark identifies u4 as the anomalous 
magnetic moment of the proton and motivates the 
interpretation of f’() and f(x) as form factors for 
charge and anomalous magnetization densities which 
surround the proton. The form factor f’’(x) for the 
total intensity of magnetization about the proton is a 
weighted average of its intrinsic and anomalous 
parts, i.e., 





_(¢/2m) f' (a) + maf" (@) 
(e/2m)+us 


If we take seriously the view that these densities are 


i a (x) 


due to the presence of virtual quanta which are 
continually emitted and reabsorbed by the proton, a 
physical interpretation may be given to the form factors 
which treats their space and time dependence sym- 
metrically. They are simply probability distributions 
that describe, statistically, how far the individual 
quanta travel and how long they live. 

The amplitudes for purely elastic scattering (po' 
= po’) are expressed in terms of form factors evaluated 
at ko=0. With the use of these functions, a connection 
is established between the static distributions defined 
in Sec. 2 and their relativistic counterparts introduced 
on invariance grounds in the present section: 


f()= f f'(a)dt= (2m) [ e-*9' (ke) dk, 


f(t) = f f(a 


f e-*L (c/2m) f’ (2) + maf” (ke) dk 





(2m)*[ (¢/2m)+n4] 


The elementary relation between f’(k?) and f’(k’), 
etc., demonstrates that at least in principle the relativ- 
istic distributions are deducible from elastic scattering 
experiments such as, for example, the scattering of 
electrons by protons. 

Processes in which the proton interacts repeatedly 
with the electromagnetic field or, equivalently, processes 
involving radiation and absorption of a number of 
photons by the proton cannot be comprehended so 
simply. In addition to the distribution functions 
already considered, an array of parameters pertaining 
to the polarization of the distributions by the electro- 
magnetic field is required. If, however, our attention is 
limited to small electromagnetic frequencies k, simplic- 
ity is recovered. For if the relevant wave lengths of the 
field are large enough to envelop the entire distributions, 
only the total strengths of the latter are important' 
Thus, it is well known” that the free proton matrix 
element A,,(p’,p’,k,k’) for photon-proton scattering 
depends, te first order in & and &’, only upon the 
proton’s charge and magnetic moment. 

A more accurate determination of A requires the 
addition to G of invariant terms quadratic in the field 
strengths. We shall see that for the hyperfine shift 
calculation, only the matrix elements A,,(0, 0, k, —) 
evaluated for vanishing initial and final proton momenta, 
are necessary. Hence, those terms which contain the 
momentum operator » may be discarded, although 
derivatives of the field strengths can still occur. We 
note, for later application, that as a consequence of 
charge invariance the remaining quadratic terms must 
have a spin factor either of unity, ysya, or Ys. 


2F, E. Low, Phys. Rev. 96, 1428 (1954), M. Gell-Mann and 
M. L. Goldberger, Phys. Rev. 96, 1433 (1954). 
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The addition of the quadratic terms to G will alter 
somewhat the functional dependence of R2(F) and 
R;(F) without changing the canonical form (4.7). 
If we set 

—A=G?R,G“+GR,(F)+R3(F)G>, 
we have 
G(A)= (@"—a)y 

=G+GAG+GAGAG+ ---. (4.10) 
Only the first term of the expansion in (4.10) can 
contribute to (4.4). In the remaining terms, factors of 
G— from A cancel at least one factor of G standing to 
the extreme right or left. Thus, the free-particle 
propagators G-! are not offset by corresponding 


singularities from these terms. We may then write 
A,» in the form 


Aw = GO-[8G/6eA ,5eA , ]4-0G 


=Ay+A,, (4.11) 


Ay = T,GOr tT ,G°T,, 
Ay =[8G-/5eA ,beA , Jano. 


The low-frequency approximations to (4.8) and 
(4.11), 


(4.12) 


(4.13) 
(4.14) 


Tyu(p" bp’) ~vuti(ua/e)Rrory, 
Ay Ay™, 


serve to describe the electromagnetic interactions of a 
point proton without finite structure. In particular, 
(4.13) corresponds to the choice of delta functions 
for the coordinate representations of the form factors. 
It is the use of (4.13) and (4.14) rather than the more 
general expressions (4.8) and (4.11) which distinguishes 
earlier work from the present approach. 


5. HYPERFINE SHIFT 


The validity of the model which treats the proton as 
a structureless point particle may now be critically 
examined from the point of view developed in the 
present paper. Errors of relative order a?(m/mz2) will 
be neglected. Because of the disparity in magnitude 
of the proton and electron masses, the previous calcula- 
tions fell naturally into two stages. In the first stage, 
corrections to the Fermi formula (2.4) of relative 
orders a and a? were computed in the adiabatic limit, 
(m;/m2)—0. In this limit, the proton appears as a 
fixed source for the Coulomb and magnetic dipole 
fields. Excepting only the contribution to the electron 
magnetic moment, all such corrections are of order a’. 
These include energy shifts due to the relativistic 
behavior of the electron when close to the hydrogen 
nucleus (Breit correction), the electron mass operator, 
and the polarization of the electromagnetic fields. 

In the second stage, a fully relativistic two-body 
formalism was employed to obtain corrections of 
relative order a(m,/mze) In(m,/mz) and a(m,/me). These 
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are recoil effects resulting from the exchange between 
electron and proton of one or two photons. A logarithmic 
divergence at high photon frequency (i.e., large proton 
recoil) occurs in the term describing the interaction of 
two photons with the proton’s anomalous spin current ; 
it is rescued, however, by the imposition of a frequency 
cutoff. 

With regard to the additions to the electron mag- 
netic moment, proton structure plays no role. The 
a terms computed in the adiabatic limit result from 
phenomena distributed over a region whose breadth 
is of the order of an electron Compton wavelength. 
Corrections to these effects caused by proton structure 
would then supply to the factor of a? already present, 
an additional factor of the order of (m/m2). Con- 
sequently such corrections may be disregarded. 

Formula (3.11) suffices for a calculation of a correc- 
tions to the hyperfine shift. In order to complete our 
analysis, we must (1) justify the neglect of the mass 
operator terms in the phenomenological expressions 
for T'2 and Ae, and the replacement of Gz by G2, 
by ¥; (2) prove that in the adiabatic limit, the only 
consequence of proton structure is recorded in the 
correction term — 2m a(r)em derived in Sec. 2, (3) show 
that the recoil effects in single photon exchange are 
unmodified by structure considerations, and (4) 
investigate the applicability of (4.13) and (4.14) in 
the two-photon terms. We shall, intermittently, quote 
equations from Arnowitt’s work without providing 
complete proofs, but an effort to matftain the continuity 
of the argument will be made. 

(1) After removal of the center-of-mass dependence, 
the wave equation (3.6) becomes 


(H1— po—ME/mz) (H2+ po—ME/m)p(p) 
= 68s f Iolo. (P)4P, 


where H,=a:p+6ym, H2=—a2: p+Bymo, Q; and B; 
are the usual Dirac matrices, m the reduced mass, E 
the bound state energy, p and p’ are relative energy- 
momenta, and Jo(p,p’) is the lowest order static part 
of the interaction —ie,e.I';DIs: 


Io(p,p’) = —ie?(2r)*B Bok f’ (k’), 
k=p—p’, 
The wave function ¥(p) can be written 


¥(p) = (Hi— po—ME/ms)\ (H+ po—mE/m) 


e= |e1| = | ee]. 


X (277) 48:82 f To(p,p’)o(p)dp 


in terms of an “equal times” wave function ¢(p), 


¢(p)= (2x) f V(p)dpo. 


eg 
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An adequate approximation to ¢(p) is given by the 

Schrédinger equation 

e crf(e—p’)’) 
J (pap. 


(2)*J (p—p’)? 


(7 +mitm—B)o(0)= 
2m 


In this approximation, the equal-times wave function 
carries a four-component spin. dependence in which 
the small components vanish. The energy of the 
eigenstate with total quantum number » is given with 
sufficient accuracy by 

E=m,+m2— }0°m?/n’, 
whence 


v(p)= tales 


(p’-+-a*m?/n*)>(p) 
(Hi— po—ME/mz) (Ho+po—mE/m) 





(5.1) 


If the distinction between the electron mass and the 
reduced mass is ignored, then ¢(p), apart from its spin 
dependence, is simply the transform 


(an) f ince 


of the wave function ¢(r) defined in Sec. 2. 
If we define ¥(p,t) by 


v(p,t) = (2) J cimty(pdpo, (5.2) 


the energy shift assumes the form 


AE=—i(2x)7 f V*(p,0B:B2e-i”™ 


XK (p,p')e''p(p',t’)dpdp'didt’ (5.3) 


where K is the transition operator (3.17). 

We are now in a position to discuss quantitatively 
the approximations based on the assumption that the 
proton is nearly free. The equations 


Y=¥— G12,“ My 
and 


G-= G,°1+ mM. 


show that y and G; differ from y and G2 because of 
the presence of M2 which can be written in the form 


Mo= (y2pr+m)R(y2po+mz). 


Further, the parts of !'y and Az which were dropped in 
Sec. 4 had factors of (y2P2+mze) either on the extreme 
right or left. It follows that all the simplifications in 
point amount to the neglect, in (5.3), of terms whose 
special characteristic is that at least one factor of 
(y2po+m2) stands immediately adjacent to a wave 
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function. Note that terms from (3.19) containing I’, 
such as 
jevery DT GG 


are no exception, for by (3.6) and (3.9), 
@| yDP2GiGlo|P)= P| DT 2| 9) ‘ 
= | yDP2|¥)= | DP 2G1%G2%Io| yp). 


Hence, the problem is reduced to that of showing that 
[ (y2p2+me2)/me ly is negligible compared to y. A factor 
of (1/mz) is inserted here for dimensional considerations. 
Our argument is predicated on the assumption that 
once the appropriate dimensional factor is introduced, 
the remaining coefficients are of order unity or smaller. 
The choice of the proton mass rather than, say, the 
meson mass is motivated in part by the analogy to 
electrodynamics. Specifically, if the masses of the 
quanta with which the proton interacts go to zero, one 
still expects finite effects from the mass operator.’* And 
if these masses exceed or are comparable to the proton 
mass, the use of (1/2) does not reduce the validity 
of the approximation. In any event, the use of the 
meson mass would not alter significantly the orders of 
magnitude in question. 

Upon substitution of (5.1) into (5.2) and integration 
over po we find 


(m+ Exe(t)+-e1- p)(E—E,e(t)+H2) 
4mE,[ (E—Eye(t))?—E??] 
Xexp{ —iLAie(t)—mE/me jt} 
(m2—Exe(t)—a2- p) (E+Exe(t)+H1) 
4mE,[ (E+ Exe(t))?—E1*] 
Xexp{ —iLE2€(t)-+mME/m, ]t} 








X (p’+-a°m?/n*)(p), (5.4) 


where 
Ev=p+myz, E2=p'+m:, ¢(t)=t/|tI. 


Equation (5.4) is to be compared with the expression 
for x(p,t), 


x(p,t)=((v2p2+me)/ms WW (p,t) 
aie f (p?+-a*7n”)o(p) 
4rmymJ (Hi— po—ME/me) 
= — (4momE)— (H+ Eye(t))e~t2e—malt 
X (p?-+a°mn?/n*)$(p). 


Because they contain factors of the Schrédinger function 
¢(p), both y and x are relatively small for momenta 





EP bo 


(5.5) 


8 The infrared divergence of the renormalized mass operator 
in electrodynamics is logarithmic and cannot affect the dimensional 
arguments. 





HYPERFINE 


which exceed an inverse Bohr radius. Thus, the in- 
equality p’< (ma)? may be used in estimating their 
respective magnitudes. Confining our interest to the 
leading terms of order (m,/me) and dropping corrections 
of relative order a*, we obtain 


ai:p @2°p 

2m, 2m2 
and correspondingly, 
(p?-+a?m,’/n’) ( 


m\m2 


x(p,t)~ 11+ )o(n). 


my, 


Hence, x is smaller than y by a factor of a?(m/mz), 
ie., the ratio of hydrogen binding energy to proton 
rest mass, and may be neglected in calculations to 
this order. The neglect, in (3.10), of the term in J 
containing M, is based on a similar consideration. 
The dimensional argument shows that [(y:p1+1)/ 
m, WW is smaller than y by a factor of mya?/m,=a? 
and a third factor of @ is supplied by the electrodynamic 
origin of M,. 

(2) In order to rederive the result of Sec. 2 in the 
adiabatic limit, we observe that (5.6) already displays 
the adiabatic wave function to the required accuracy. 
The essential point is that yYo(p,/) is independent of 
the relative time coordinate ¢. The portion of the 
transition operator which contributes to lowest order 
is given by 


K" (p,p’) = te (20) “Ly wy uk f’ (R)+-BiBak f’ (ke) 
— (ua/e2)e? (24) yo rk kf” (R?), 


where, again, k= p— p’. The higher order terms contain, 
in addition to the magnetic moment correction, recoil 
effects which disappear in the adiabatic limit. The time 
integrations in (5.3) introduce delta functions of po 
and po’. Subsequent integration over the latter variables 
brings K (p,p’) into the effective form 


ie -v1'¥2 
K (p,p’)+—— ‘(kh 
on ra 


VT miki 


HA 
aff an —— _f"'(k*), i=1,2,3. 
(=) kK? i ; 


which shows how the retardation effects disappear. 
The application of (5.6) and (5.7) to (5.3) leads to 
a hyperfine shift AE, 


(5.7) 


AE = —3(¢/2m:) (e1-e2) f $(p) 
XL (¢2/2ms) f’(k?) +u4.f" (k2)]6(pVdpdp’, 


which, apart from the implicit use of the reduced mass 
rather than the electron mass in ¢(p), is recognized 
as the representation in moment space of formula (2.3). 


(5.8) 
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(3) The effect of proton structure. on the recoil 

corrections to single photon exchange is easily estimated. 
The presence of the Schrédinger wave functions 
permits a crude approximation to the integrand of 
(5.3) for momenta p, p’ larger than an inverse Bohr 
radius. Further, the photon propagator insures that the 
integrand is small unless k?~k,? But the functions 
f'(#) and f’’(k*) have ranges of the order of magnitude 
of an inverse proton Compton wavelength. They 
will not vary appreciably over an interval which is 
quite small compared to this characteristic size. Since 
the terms in question are already of order a(m/mz) 
XIn(m1/me) or smaller, we may reasonably put 

f'(®)= f'0)=1, 

i" ()= f"(0)=1, 
when k?< (ma)*. We conclude that the finite proton 
size has no effect on these corrections. 

(4). Finally, we must consider the energy shift 
AE® produced by that portion K®?)=K,+Ke of the 
transition operator which describes the double-photon 
exchange processes. Since this interaction is explicitly 
second order in a, the adiabatic approxiination to y 
suffices, and only the low-momentum parts of K® 
and yo are important. Therefore 


AE® = —2ri f voP(D,)Bi8sK® (0,0)¥o(p’,t’)dpdp’ 


= —i(2n)*|$0(0)|(K (0,0). 


The angular bracket enclosing K® indicates, as before, 
a spin expectation value. By (3.17), (3.20), and (4.11), 
we have 


K® = (ie*y1,DT o,— 1p)GyG2 (ie*y1,DT 4,— Io) 
— &yyDT21GyG2y1,Dl' 2 
— Oy ywDGyyDAwy™. (5.9) 


The last line of (5.9) contributes to K® (0,0) a term 
proportional to 


f day D(C ()ruD (q)Ar» (0,0,9,—4) 





fe Yu (mi+ goer: q+f1m)71rA mm» (0,0,9,—9) 
q 
C(m1+90)?— m?— q? ](q?—9Q0?)? 


(5.10) 


We wish to argue that (5.10) cannot produce a 
hyperfine shift. To obtain an energy shift dependent on 
electron spin, we may take from the numerator of 
(5.10) either yi,(m1+¢0+81m1)y1 with uw and » both 
spatial indices or yy(@1-q)y1» with one index spatial, 
the other temporal. The latter expression is an odd 
function of q, while the former is even. 

As we observed in the previous section, 


Ay» (0, 0, ar q) 
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is derived from terms in the inverse proton propagator 
whose spin dependence is either unity, 7s, or Ys7a. 
Only the last alternative, with \ a spatial index, can 
lead to a hyperfine shift. When the relevant part of 
A,“ has been computed by functional differentiation, 
the spin vector will either appear contracted with q 
or bear one of the free indices u, v. The remaining one 
or two free indices will be carried by occurrences of q. 
In either case, the dependence of the expression on the 
vector q will be odd if u and vare both spatial, and even 
if only one is spatial. Thus, all spin-spin interactions in 
(5.10) have an odd q dependence in the numerator. 
Since the denominator is an even function of q, the 
integral vanishes. 

The double-photon terms in the first two lines of 
(5.9) were computed by both Arnowitt and Newcomb 
using the low-frequency approximation (4.13) to the 
proton vertex operator. The procedure is justified by 
the presence of the propagation functions for the 
photon and the electron in the relevant integrals. 
The contributing frequencies are then quite small 
compared to the ranges of the proton form factors. 
The argument breaks down for the term in which 
photons interact twice with the anomalous moment part 
of I's, for the two additional factors of frequency lead to 
a logarithmic divergence. However, the magnitude of 
this already small term is satisfactorily estimated by 
using a frequency cutoff. A precise determination, using 
an assumed relativistic form factor, is possible, but 
would noticeably increase the labor of computation. 


6. ELECTROMAGNETIC SIZE OF THE PROTON 


The doublet separation Avg of the hydrogen ground 
state, including all calculated corrections, is expressed 
in units of frequency by 


Avy= (16/3)e®cR,,(u2/m1) (ur/ui)?(1+-/me) 
X[1+$0?— 2ao (r\ emt é+ R] 


where yx; represents the Bohr magneton, (1-+-m, /ms)- 
is the reduced-mass correction to the square of the 
Coulomb wave function at the origin, and $a? is the 
Breit correction. The contributions &, due to the 
distributed character of electrodynamic effects, and ®, 
due to proton recoil, are given by 


6= —a?(5/2—1n2), 
R=— (am,/mrmoue’){[3—}(u2’— 1)?] In (me ‘m) 
—4(u!—1)) 
— (Sam/4amoys’) (us’— 1)? In(2k/me), 
where ys’ is the total proton moment in nuclear magne- 
tons, and k is the frequency cutoff. 


Inserting the experimental values of Avy" and of the 
ratio! (u2/u1), and all other constants from the most 


“4 J. P. Wittke and R. H. Dicke, Phys. Rev. 96, 530 (1954). 
16 Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 
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recent DuMond review article,'® we obtain 


—2as-{r) ¢m— 3.26 X 10-6 In (2k/mez) 
= (3.84+20)10-*. (6.1) 


The uncertainty in (6.1) is based on the “limit of error” 
quoted for the fine structure measurement!’ which 
determines the value of a’cR,,, rather than the less 
conservative “standard error” used by DuMond and 
Cohen. The stated error masks the inaccuracy in the 
treatment of the cut-off term and places an upper 
bound!* on the magnitude of (r) em: 


(rem <2.5(h/mec) =0.5X 10-8 cm. (6.2) 


Comparison with the electron-proton scattering 
results of Hofstadter and McAllister” is facilitated by 
the observation that 


f 1? fom (t)dt= f folt)(t—8)? fin(s)deds 


> f °f.(r)dr-+ f fn (t)dr, 


ie., the second moment (r*),» with respect to fem(r) 
is the sum of the second moments with respect to the 
electric and magnetic distributions. Then the scattering 
experiment yields for the rms electromagnetic size, 


(r°)em?= (1.00.3) X 10-8 cm. (6.3) 


Although first moments are in general smaller than 
rms sizes, there does not appear to be complete con- 
sistency between (6.2) and (6.3). One must bear in 
mind that electromagnetic corrections to Avy of 
relative order a*Ina have not been computed, but 
almost certainly are present. Their inclusion may 
improve the agreement between proton size predictions 
derived from the two different methods. A theoretical 
verification of the hyperfine shift must, in any case, 
await the calculation of a* Ina terms and an improved 
experimental determination of a. A recalculation of the 
cutoff term and the other recoil corrections to two 
photon exchange, using form factors inferred, perhaps, 
from electron-proton scattering, is also necessary if 
accuracy to better than a few parts in a million is 
desired. 

These considerations do not weaken the principal 
result of this paper. The effect of proton structure upon 
the hyperfine shifts of s states in hydrogen is now 
understood and evaluated. 
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APPENDIX 


We develop here the general expression for the 
renormalized proton propagator, through terms linear 
in the electromagnetic field, which proved useful in 
the text. It represents the maximum amount of informa- 
tion deducible solely from the requirements that the 
propagator describe a Dirac particle and be invariant 
under Lorentz transformations, gauge transformations, 
and charge conjugation. 

To satisfy Lorentz invariance, it is sufficient to 
construct terms of G(A) by multiplication and contrac- 
tion of tensors of well-defined transformation properties, 
namely, the tensor density ¢™’, the spin matrices 7,, 
Tuy Y5) YsYu, the momentum operator p,, and the 
electromagnetic potential A, and its derivatives. Since 
the enumerated spin matrices, together with the unit 
matrix, span the spin space, only one of them need 
appear in any given term. Consideration of the inhomo- 
geneous Lorentz transformations, i.e., the space-time 
translations, precludes the appearance of the coordinate 
operator «,, save as an argument of the field. 

The gauge requirement is obeyed by replacing p, 
with p,—eA, and restricting further field dependence 
to terms containing the field strength F,,. 

In connection with the third invariance requirement, 
we recall that the charge conjugate of a product is the 
transposed product of the conjugates of the factors, 
and that py, Yu, %», A,, and F,, reverse sign under 
charge conjugation while the femaining operators 
listed above are invariant. 

We begin by attempting to write G~!(A) in the form 


G7(A)=7(p—eA)+m+0(F) 
+[y(p—eA)+m]Rily(p—eA)+m] 
+(yp+m)R(F)+R3(F)(yp+m),  (A.1) 


where Rj, Ro, and R; are as described in the text. No 
terms quadratic or higher in the field are considered 
here. We seek a canonical expression for O(F) such that 
its member terms cannot be rearranged or reduced 
to other terms in O(F) or to terms in the categories 
specified in the last two lines of (A.1). 

The only charge-invariant forms containing e\™” are 
of the type 


0= my yy (DoF ut Furpy)- (A.2) 


All others are quickly seen to vanish in virtue of the 
anti-symmetry of &™’. Note that ys and e&™” must 
appear together to maintain invariance under spatial 
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reflection. With the aid of the identities” 
OMY Y= — 17 prt Vide — Yom 
= 10 y/¥q— Vd tV bm, 
(A.2) can be transformed into 
Q= —i(yp+m)oF —ioF (yp+m)+ mick +iy0F yy 


which shows that in constructing O(F), no additional 
generality results from the use of the tensor density. 
The same remark immediately applies to ys and ysy,. 
We may also dispense with explicit use of the 
momentum operator. Thus, occurrences of p? and yp 
are brought to the extreme right or left and transformed 
into multiples of (yp+m). A term containing p,(—i0)) 
XF,, is reduced to previous cases via the relation 


Pr iO) Fus= = 30?F + (PF Fy»f*). 
Also, in the charge-symmetrized expressions 
Y Pul uv— Vol ueP ry 
10,0.» PuF uv — 10,00. wv» Pus 


the factors of p are immediately removed in favor of 
derivatives of the field strengths. 
Contexts for the spin matrices are further restricted 
by the relations 
0,00 FP yy = FOO yoF a, 
OF w= — OA. 
The last equation presupposes a Lorentz gauge. 
In view of all the foregoing, the operator G— defined 
by 
G-'=y(p—eA)+m+0(F) 


can be expressed in complete generality as . 
Go=yp+m— g'(— O*)yAu— 2" (— ay = 


where g’(— (1?) and g’’(— 0?) are arbitrary functions of 
the D’Alembertian. Equation (A.1) can then be 
rewritten 


G7'(A)=G2+67R,G9+GR,F)+R (PG, 


correct to first order in the field, by a suitable alteration 
of R2(F) and R;(F). 
The introduction of the normalized form factors 
f'(-0) and f”(— 0), 
g(- O*)=ef'(— 0), f'0)= i, 
ge (—O?)=4ua lf’ (—O?), f"(0)=1, 


completes the derivation of (4.6) and (4.7). 


*” Our spin matrices satisfy yyy» tye_u= —26y, Cuv=4i (pr 
Yu)» Yo=V1V2734%4- 
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A two-parameter integral representation for the Bethe-Salpeter amplitude describing a bound state of two 
scalar particles bound together by scalar mesons is defined. The “ladder approximation” of the Bethe- 
Salpeter equation is equivalent to an integral equation for the weight function of this representation. In the 
nonrelativistic limit of infinitely heavy bound particles and zero binding energy, a set of eigenvalues of this 
equation becomes identical with the spectrum of the corresponding Schrédinger equation with a Yukawa 


potential. 
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BOUND state of two particles is described 
relativistically by a wave function ®(%1,%2), 
depending on two space-time points x; and 2, which is 
a solution of a Bethe-Salpeter equation.' If the bound 
state is an eigenstate of the total energy and momentum, 

one has 
@(x1,02)= o(x)e-®, (1) 


where x=%1—%2, X=}(x:+2%2) when the two par- 
ticles have the same mass m, and P is the energy- 
momentum four-vector of the system. In the rest- 
system, P= (0,0,0,E), with E=2m—B, B being the 
binding energy (B>0). In the case of scalar particles, 
bound together by scalar mesons of mass yp, the “ladder 


approximation” of the Bethe-Salpeter equation for . 


the Fourier transform ¢(p) of g(x) becomes 
r 
o(p)= FLOP +e +m DLP —pP+m > 
x f aa Le-HH He). (2) 


Wick? was able to prove the existence of a complete 
set of solutions of Eq. (2), supplemented by some 
“stability” conditions. Furthermore, for an interaction 
due to scalar photons (u=0), Wick? and Cutkosky*® 
have derived one-parameter integral representations 
for g(p). Equation (2) is equivalent to a system of 
integral equations for the weight functions of these 
representations. In the nonrelativistic limit (B-0), 
the set of eigenvalues corresponding to the value x=0 
of the new quantum number « becomes identical with 
the Balmer spectrum. 

Our purpose is to establish similar results, true in 
the general case 4~0. Then, the wave function has a 
two-parameter representation, which, for spherically 
symmetric solutions, reads, 


o(p)= f ds f dug(s,u)(1—|1|) 
" "x Lp+a(p,P)+M(u) 3, (3) 


* Assisted by the Swiss Atomic Energy Commission. 

1 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 
2G. C. Wick, Phys. Rev. 96, 1124 (1954). 

+R. E. Cutkosky, Phys. Rev. 96, 1135 (1954). 


with 
M*(z,u)=2(1— | «| )+p’, Pp=m—{E. 


Equation (3) is of the same form as Wick’s Eq. (45). 
But, for .=0, g(z,«) = g(u)6(z) so that Wick’s represen- 
tation contains in fact only the one parameter wu. 
After introduction of (3) into (2) and several trans- 
formations, one can see that ¢(p) satisfies the Bethe- 
Salpeter equation if the weight-function g(z,u) is a 
solution of the following integral equation: 


i) +1 
stow) =| [af axneneen 


~0(z—3’) f f dsdaK (on; 2)6(60) | (4) 


Ki(2,#) and K2(z,u; Z,a) are two rather intricate kernels 
and D is an integration domain in the (2,#)-plane, 
depending on z and u. K,, Ke, and D are given in the 
appendix. 0 is the usual step function and x? stands for 


EP 2pu 
xix —| 12+ (am—1)] (5) 
m 


Hence, g(z,u) is a constant when z<x?. For z> x’, 
inspection of Kz and D shows that g(z,u) depends on 
u only in an interval [—(z), +2(z) ]. 

In spite of the complicated structure of (4), it is 
possible to discuss its nonrelativistic limit. This is the 
limit where the bound particles become infinitely 
heavy (m—>) and the binding energy goes to zero 
(B-0) in such a way that both p°mB and yu remain 
finite (p is the inverse of the radius of the two-body 
system in the Schrédinger treatment). In these circum- 
stancies, “;(z) tends to zero, and g(z,u) becomes a 
function f(z) of z alone, apart from possible singularities 
at u=0. Hence, one is left with the problem of establish- 
ing an equation for this limit-function f(z). A detailed 
investigation of the limiting process for solutions 
g(z,u) of (4) symmetric in # and everywhere bounded 
for all values of m and B, shows that [g(z,u)— f(z) ] 
is of the order (u/m)* (a2>0). The equation for such an 
f(z) is obtained by the following procedure. First one 
replaces g(z,u) by f(z) in (4), afterwards the @ integra- 
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tions are done, and finally the limit m—> is applied. 
The result is 


f(z)=o f daG (2) f (2) 


—0(5—1'—2up) f 160 /0)| (6) 


a= lim (Ar/m), 21:=[(2+p?)!—u Pp’, 


mn 
* and 
G(2) = (2+ p*) AL ((s+0?)!+-u)?—p? (7) 

We have to compare the eigenvalue spectrum of (6) 
with that of the corresponding Schrédinger equation 
for a Yukawa potential. To this end, we introduce for 
the Fourier transform of the radial Schrédinger wave 
function the following representation : 


v(p)= f dsh(2)[|p|-+2+0T. (8) 


h(z) is essentially the Laplace transform of the wave 
function in configuration space : 


a) 


vi~ f dz(s+p?)—*h(z) exp[ — (z+p)!|x| J. 


0 


Introduction of (8) into the Schrédinger equation in 
Fourier space, 


a, 
H(e)=——Lipl-+etT f (ah) 


2r m 


XL (p—k)?*+u*}v(k), (9) 
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gives an integral equation for 4(z) which turns out to 
be identical with (6). In this way, we have proved that, 
in the nonrelativistic limit, a subset of the Bethe- 
Salpeter spectrum is identical with the corresponding 
Schrédinger spectrum. 

Furthermore, one can show that, in the plane /=0, 
the relativistic wave function ¢(*) becomes equal to 
the nonrelativistic wave function ¥(x) [g¢(x,0)-y(x) ]. 
These results being a direct generalization of those of 
Wick and Cutkosky, one should expect that the subset 
of eigenvalues obtained here corresponds also to the 
values x=0 of the new quantum number. Up to now 
we have not succeeded in establishing any definite 
result about eigenvalues corresponding to x 2 1. 

A detailed report on this work will be published in 
the Helvetica Physica Acta. We wish to thank Professor 
E. C. G. Stueckelberg for valuable discussions on this 
problem. 


APPENDIX 


One has 


b; 
Ki=}(1- al) f dx #(X (x) }°, 


with 
X(x)=2(1— |u| )xa+w(1—x)+e'+f Rvs. 


a,=0, b;=1, and de, be are the two roots of the equation 
in x: 
X (x) R(u,a)=2(1—| uu] )a(1—~x), 
where R(u,a)= (1+u)/(14a) according as u<a# or 
u> i. D is defined by the inequality 
0<2< (1—|a|){L(2(1— |u| )/R+¢° 
+4 F#)!—p P—pP—- Rw}. 
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Integral Equations for the Transition Matrices in the Static Meson Theory* 
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The Chew-Low-Wick integral equation for the scattering matrix in the static meson theory has been 


generalized so as to make it possible to treat the various pion processes in 


hich arbitrary numbers of pions 


are involved. Such a generalization is also necessitated if one wants to take into account the contribution 
of two- or more-meson configurations in pion-nucleon scattering. The outgoing or incoming wave functions 
corresponding to the many-meson initial states are defined in the same manner as by the above-mentioned 
authors in the one-meson problem, and are shown to be identical with those introduced by Lippmann and 
Schwinger. An approximate expression for the two-meson production matrix is obtained and some cor- 
rection terms due to this production are derived for the Chew-Low one-meson equation. 


1. INTRODUCTION 


HE success of the Chew-Low' theory for the 
P-wave pion-nucleon interaction in the one- 
meson approximation! is well known in its application 
to the scattering’ and photoproduction’ of pions. With 
some accuracy the coupling constant‘ was determined 
and the value of the momentum cutoff was obtained so 
that the theory and low-energy experiments are in 
good agreement. In order that we can further verify 
this agreement, the contribution to these phenomena of 
the higher order configurations ought to be investi- 
gated. It is the purpose of this paper to generalize the 
integral equations for the transition matrices and, in so 
doing, to obtain correction terms to the Chew-Low 
one-meson equation due to the two-meson configuration. 
In Sec. 2 we obtain the outgoing and incoming wave 
functions corresponding to the one-nucleon many- 
meson initial states and show these to be identical with 
those introduced by Lippmann and Schwinger.® In 
Sec. 3 the transition matrices for the many-meson 
processes are obtained and the integral equations that 
they satisfy are derived. In Sec. 4 the generalized 
Tamm-Dancoff method is introduced which does not 
violate the unitarity condition and the crossing theorem. 
The integral equations are specified in the two-meson 
approximation, neglecting all higher order contribu- 
tions, and the reasonable expression for the two-meson 
production matrix is obtained. Making use of this ex- 
pression, the corrections to the Chew-Low one-meson 
approximation are derived in Sec. 5. The numerical 
evaluation of these corrections is left for a later paper. 
*Supported in part by a grant from the National Science 
Foundation. 

t On leave of absence from the Tokyo University of Education; 
part of this research was done at Brookhaven National Labora- 
tory, Upton, New York under the auspices of the U. S. Atomic 
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2. OUTGOING AND INCOMING WAVE SOLUTIONS 
FOR THE MANY-MESON STATES 


Let us assume that » pions with momenta and iso- 
topic spins ky, ke, ---, R, are incident on a fixed nucleon. 
The stationary outgoing or incoming solutions ‘+ (k,, 

-+k,) (abbreviated as W,‘*)) corresponding to this 
initial condition are expected to satisfy, in the static 
model, the Schrédinger equation 


AY, = (witwot : ++ +on)¥n, (2.1) 


where H is the total Hamiltonian for the pion-nucleon 
system, 
H=H,)+H,—AE, 


Ho= > .w,a*(k)a(k), A= Dil Via(k)+ V,.'a*(k) |, 
(2.2) 


defined as in reference 1,° and AE is the self-energy of 
the nucleon. We assume that W,,‘~ will have the form 


1 
WY, +) =——a* (ky) > + -a* (kn) Wotxn®, 


we (2.3) 
(n!)' 


where Wo represents the physical nucleon state. In- 
serting Eq. (2.3) into Eq. (2.1) and noting that 


HY,)=0, (2.4) 


we obtain 


(H— En)xn™ 


1 n 
os ~ (nt DX Vewa*(ky)---O-+-a*(Rn)Wo, (2.5) 
(n!)? i=1 


n 
E,=L Wi, 
i=l 


where the symbol (’) means that a*(k,) is omitted in 
the product. It is natural, therefore, to define the 

6 The units A=c=p (pion mass)=1 are used throughout this 
work, 
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STATIC 
singularity in V,‘*) as follows: 
1 1 


(+) —— 
Xn =) = —— 


H—E,¥ie (n!)! 


oe Vija* (Ri) 22 .. -a*(Rn)Wo, 


i=1 


(2.6) 


where ¢ is a positive infinitesimal. 

Next, we shall show tha: the solution (2.3) is identical 
with that defined by M@ller’ and Lippmann-Schwinger.® 
These authors defined ¥,,‘*) by 


V,H) =2,, (2.7) 


‘+ are conventional wave matrices and ®, is given by 


1 
®, =——a* (ki): + -a*(Rn)®o, 


(2.8) 
(n!)3 


where ® is the bare-nucleon state. The 2‘*) are given 
by the transformation matrix in the interaction repre- 
sentation as follows: 


Q2H=U(0,-—“), 2 
idU (t,to) /dt= H(t) U (t,to), 

H(t) =e'# 0! ye ‘Hot 
=DiLVia(k)e*+ Vi ta* (ke), 


Making use of the well-known power series expansion 
of the solution of Eq. (2.9) and noting Wo=Q'*@o, we 
have 


=U(0,« ), 


U(toto)=1, (2.9) 


QM, =——a* (ki): + -a*(kn)Vo 


1 - (—i)™ 0 0 
+—— + — f of dty+ + +dty 
(n!)tm=0 m! Y_, oe 


 CP{Ai(t) ++ Hi (tm)}, a* (Ri) ++ -a*(Rn) Wo. (2.10) 


It is easily shown that 


2 (—i)™ 7? P 
a ——f ee f dt;: . Atm 
m=O) mM, —x * 


XL P{ A(t): . -Hy(tm)}, a* (Ri) ¢ -a*(Rn) | 
7 (—i)™ 0 0 
sca le fa 
m=) mM: —wo 1 


X Hi (tm) > Vie @ita* Gy) Pa i 


i=l 


‘ dtdtP{ H(t) ++ 


7 -a*(kn) }} 


i=l 


c n 
=(-0 f dtU(0,t)>. View" 


Ka* (ky): + (++ a*(Ra)U(t, — 2). (2.11) 


7C. M@ller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
23, No. 1 (1945). 
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We may write 


U(t, —2)=U,0)U0, —~), 
and put 
U (1,0) =e'Hote-iHtt, 
(2.13) 
U(0,t) = giHty—iHot, 


Substituting Eq. (2.11) into (2.10), noting Eq. (2.4) and 


e~iHotg* ()eiHot = a* (kent, (2.14) 


we finally obtain 


1 1 
IM, = a*(k,)- . -a* (kn) Vo— 
(n!)3 H—E,,—ie (n!)* 
Xd Vewa* (ki) 


--a*(Ry»)Wo. (2.15) 


The same is true for 2“ ®,, except that —ie is replaced 
by +ie. Thus it is shown that the outgoing solution 
defined by Eqs. (2.3) and (2.6) is identical with that 
defined by Mller and Lippmann-Schwinger,*® from 
which it follows that these solutions will form a com- 
plete set if there are no bound states of the pion-nucleon 
system. 


3. TRANSITION MATRICES INVOLVING MANY 
MESONS AND THE INTEGRAL EQUATIONS 
FOR THESE MATRICES 

Having shown that the W,*) are actually the out- 
going and incoming wave solutions, we can define as 
the transition matrix Tk,---k, (l;:--ln) [abbreviated 
as T,,(m) | for going from the initial state (k1,k2,---,Rn) 
to the final state (1;,l2,---,lm), the quantity 


T,(m) 


1 n 
—(Wn 7, do Viewa* (ky) ++ +“ 


my (3.1) 
(n!)3 i=l 


‘ -a*(kn)WVo). 


That this transition matrix is equal to the conventional 
one on the energy shell is shown as follows. 
The S matrix is defined by 


(m| S| 2)= (Pp,Q2- 12,,) 
=(v,° wv. ®) 


1 1 
-(.' ba ha +| ni 
H—E,t+ie H—E,—te 
> Via*(hy)- + 

(m!)> im 


1 (3.2) 
‘ -at(ts)¥o} ) 
= Bing — 2415 (En—Ex)T.(m). 


8 This demonstration is in marked contrast with that given by 
Wick’ in the one-meson solution, where he considers the wave 
packet as the incident meson wave. It seems much too compli- 
cated, however, to generalize his way of approach to the many 
meson case. 
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En; 
T,.(m)= (Wm, 


This shows that, for E,= 


Pn), (3.3) 
where the right-hand side is that defined by Lippmann 
and Schwinger.® From the relation (3.2), it follows that 
the unitarity condition SSt=1 for the S matrix is 
equivalent to the following statement: 

T .1(m)—T,,(n)=2mi > 6(E,—En)Tat(r)Tn(r), (3.4) 
where E,=E,,=E,. Here the symbol ¢ means the 
Hermitean conjugate. 

We are now in a position to set up the integral equa- 
tions to connect various transition matrices. For this, 


however, we have to introduce the following auxiliary 


q 
S,.(m)= —(WVo, a( 
(min!)! 


a(l4)% Vi ta(k))-- 


1 m 


(m!n!)3 j=! 
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matrices: 


S,(m) 


1 
=— (4, 5 


(n!)3 i=l 


Substituting Eq. (2.3) for ¥,, into Eq. 
making use of the relation 


a(1;)-- 


Vizta(ky) ree O@., -a(k,)Wo). (3.5) 


(3.5) and 


° A(Lm) Vo 


1 m 
= ———— } Vita (1,) 
H+E,, i=! 


a (lm) ¥ 0, (3.6) 


(which is easily verified by operating with H on the 
left-hand side), we get 


-a(Rn)Vo) 


1 n 
nome x Vixta(ki)- me 


— En—te i=1 


O.. -a(t,)¥o) 


T.'(r)Sm(r) Fat (Sul) 


J E,+ Em 


Here, T,,(m) and S,(m) are taken to be operators in the spin and isotopic spin space of the nucleon. 


In the same way, we obtain 


—(Wo, a : aE Via* (ky) +++ 


T,(m)= 
(m! min!) i=l 


1 
mete a E Vitalh)-- 


(m!n!)! j=l 


Sat(r )Sm(r) Tm'(r)T,(r) 1 





=-—>) ecm -> + (wo, 5 ViLa(l; 


r E,+E. r E,—Em—ie (n!m!)3 


1 
an 
H-E,,—ie ‘=! 


-+a*(ky)Wo) 


- Vkja*(k3)- nae 


o*(b,)¥) 


+ +O(Im), a* (Ry) + + © *(Rn) Wo). (3.8) 


=1 


The last term of this equation can be reduced further and is a function of S,(r) (p<n, p<m). For instance, 


1 n 
(Wo, © Vela(ly)---a(dm), a* (Ry) = = 
i=! 


(m'n!)) 


oe eae 


(mn)* q=1 p=! r 


Here the initial meson k, is omitted in S,_;'(r), and the 
final meson /, in S,,1(r). The symbol (’’) in the last 
term means that k; and k, are omitted in the product. 
The complete reduction of this expression will be given 
in Appendix A. The set of integral Eqs. (3.7) and 
(3.8) are just enough to determine, in principle, the 
various transition matrices. It should be noted that 
Eq. (3.9) gives zero when the initial state is the one- 


*(k,) Wo) 
a 11(r)Sm—1(r) 1 n m 


+- LD d(lp,ka) 


E,+En-1 (m!n! 14 q=1 p=t 
X (Wo, 2 Viea(l) 
er 


a(l,,), a*(k1) 


(Rn) Wo). (3.9) 


meson state, or when any state of the final mesons is 
different from that of the initial ones. Thus the last 
term in Eq. (3.8) gives no contribution to the cross 
section; it will play, however, a predominant role in 
some cases through virtual states, as is seen in the 
following section. 
Since 
Vit=—Vi, 


(3.10) 
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it is obvious from the definition that 
Si(r) = —T,(r). 


For the special case m, n=1, using the foregoing rela- 
tion, the ordinary Chew-Low-Wick equation follows 
from Eq. (3.7) or (3.8). Note that 


1 «x S,it(r)Tx,(r) 
T,(0)=S,t(0)=—— >} —————_. 
niimt E+E, 


(3.11) 


Here the initial meson k; is omitted in S,_,1(r). 

The physical meaning of S,(m) is not quite clear 
from the definition (3.5), though its introduction seems 
to be absolutely necessary for setting up the complete 
integral equations to determine the transition matrices.’ 
There may be a close correspondence, however, be- 
tween these quantities as indicated, for instance, by 
Eqs. (3.11) and (3.12). If we define the analytic func- 
tion S»m(z) which is derived from Eq. (3.7) by replacing 
Entie with 2, it satisfies the crossing theorem 


(3.13) 


Sam(Z) =Smn(—2). 


On the other hand, the transition matrix 7,(m) which 
satisfies Eq. (3.8) automatically satisfies the unitarity 
condition (3.4), since it is shown in Appendix A that 
the last term of Eq. (3.8) turns out to be Hermitian on 
the energy shell. 


4. GENERALIZED TAMM-DANCOFF APPROXIMATION 


In order to replace an infinite set of the integral 
Eqs. (3.7) and (3.8) by a finite set, it seems natural to 
introduce the following approximation methods, gen- 
eralizing the conventional Tamm-Dancoff method. 
That is, let us assume that 


Sn(m)=0, Tr(m)=0, for 


where p is a given positive integer. The Chew-Low 
one-meson approximation is a special case for p=1, 
so this approximation may be called the p-meson 
approximation. 

The generalized Tamm-Dancoff method has the fol- 
lowing advantages over the conventional one: 


m>p, n>p, (4.1) 


(1) The renormalization has been automatically per- 
formed in this scheme compared to the ordinary treat- 
ment in the Fock space; the unrenormalized coupling 
constant disappears completely in the result. 

(2) The crossing theorem for S,(m) and the uni- 
tarity condition for T,,(m) are always exactly satisfied, 
as is easily seen from Eqs. (3.7) and (3.8) cut off at 
r=p. In the conventional Tamm-Dancoff method the 
unitarity condition is satisfied, but the crossing theorem 
is usually violated even in the scattering process. 

(3) The more the number of mesons involved in the 
process, the higher are the powers of the renormalized 


9 Drell, Friedman, and Zachariasen [Phys. Rev. 104, 236 
(1956) ] have defined a quantity in connection with S-state pion- 
nucleon scattering which is similar to S,,(m). 
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coupling constant, which is believed much smaller 
than the unrenormalized one, in the transition matrix. 
In addition, the higher the energy of the incident meson 
becomes, the more effective is the cut-off function acting 
at each vertex of the incident or outgoing mesons. 
Therefore, the generalized Tamm-Dancoff method 
seems to be very powerful in the static meson theory. 

Now, especially in the two-meson approximation, we 
shall have seven coupled integral equations for T.(0), 
T1(1), T:(2), T2(1), S2(1), T2(2), and S.(2) from Eqs. 
(3.7) and (3.8). We shall write down among them the 
following four for later discussion: 


1 
T,(p)=—-LV pt,V a] 
w 
E,+w» E,—Wyp—ite 
1 
T p(kik2) =———LTrka(0) Vp | 


Wi TWe 
[ee 
r=l2l B,+wit+twe 


Tkykot(r) T(r) 
tate |. 4s) 


E,—wi—we—te 
1 1 

Tkyko(k) =- LB (Fak) Vikot+8 (Rok) Vex J4+—LTrk2(0),V > |] 
VZ ) 


Wk 


u be 


oceans 
r=1 24 E,+ox, 


Tt (r) Tk ko(r) 
- | (4.4) 


E,—w, = 1€ 


i iP | 1 
Pi(0)=—(—Via'Virt—Vis'Vin) 

Vv We @) 

1 Trot(r)Tki(r) Tet (r) Tko(r) 
[a | as 
E,+we E,+o 


Here the renormalized coupling constant f is used in 
the V’s. We will make the following assumptions for 
the sake of mathematical simplicity. First, we may 
neglect the S terms in Eqs. (4.3) and (4.4) since the 
S,(m) is of at least (w+ m) order" in the renormalized 
coupling constant and the energy denominator is very 
large. This neglect does not violate the unitary condi- 
tion, since the S terms in Eq. (3.8) have in general 
nothing to do with this condition. However, the cross- 
ing theorem no longer holds except for the scattering. 
The number of the coupled integral equations is then 
reduced from seven to five. Second, we will neglect the 
T2(2) terms, because those terms in Eqs. (4.3) and 
(4.4) are of at least fifth order in the coupling constant. 
Then, the unitarity condition, in addition to the cross- 
ing theorem, is violated in the sense that 


Ty t(2)— T2(2') 4D. 12916 (E.— Ey)T xt ( 1)T2( 1). 


But the other unitarity conditions, Eq. (3.4) for m=1 
or n= 1, are still valid. The number of equations is now 


v2 r=] 2 


” This fact is very easy to show using Eqs. (3.5), (3.6), and 


(2.15 
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reduced to four. Third, we will assume further that 
Tkyk2(k) in Eq. (4.3) may be approximated by the first 
term on the right hand side of Eq. (4.4) which is of the 
lowest order. The unitarity condition and the crossing 
theorem are now completely violated except for the 
scattering matrix. For this we have 


tyg(2) =tgp(—2), [tye(2)= —Spo(2z) ], 
T,'(Q)—T(p)=2ei DL 5(wp—E,)T pt (r)T (7). 


r=1,2 


(4.6) 


Then it follows that 


1 
T »(kike) = Tkykot (0) V ,>—-———V pT kako (0) 
witwe witwe 


1 /VietT,(k ), Vin! (bs) 
eee) 


v2 We @1 


In spite of many assumptions made above, this expres- 
sion has the following clear-cut physical meaning; for 
instance, the first term corresponds to the process in 
which the physical nucleon first absorbs the meson p 
and emits two mesons hj, k2 successively, and in the 
last term the nucleon scatters the incoming meson p 
into k; or ko and then emits 2 or k;. The effect of reso- 
nance scattering in the (3.3) state will come into play 
only in the last term of Eq. (4.7), but not apparently 
in the first or second term. It is shown in Appendix 
B that the lowest order terms of Eq. (4.7) give the 
Born approximation correctly with the unrenormalized 
coupling constant f replaced by the renormalized /. 

It should be noted here that Tk:%2(0) may be ex- 
pressed in the following alternative forms according as 
we make use of Eq. (3.6) or Eq. (2.15): 


Tkyk2(0) 


1 1 
=(¥ V kat Vata) -+ (beh) (4.8a) 
VB H+» 


1 
= ee or Viste) 
H—wotie 


+ (kiko). 


1 1 
_ -—Tint(t)-—( Ye Vix! 
v2 2 


V 
(4.8b) 


We prefer to take the first form and its expansion, 
Eq. (4.5), because here the energy denominators be- 
come larger and larger as we proceed to the higher con- 
figurations, while in Eq. (4.8b) there appears a pole at 
the energy equal to w; or we of the intermediate states 
which seems to make the convergence of the expansion 
a little worse. Neglecting the two-meson contribution 
in Eq. (4.6), we obtain 


1 1 1 
— —VketVi,+— 
v2 k 


VZ We 


Tho'(k)Tin(R) 
wetwe 
+ (kiko), 


Tkyk2(0) = 


(4.9) 
which is to be used in Eq. (4.7). 
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5. CORRECTIONS TO THE CHEW-LOW 
ONE-MESON APPROXIMATION 


Following Chew and Low,’ the scattering matrix 
T,(p) can conveniently be expanded in the eigenstates 
of angular momentum and isotopic spin as follows: 


T 4( Pea et aia > Palp,q)ha(wp), 


(5.1 
(4w pig)? a=! 


where 
P1(p,9)= 37 p74(o- p)(o-q) 
P2(p,9)=5pq(o- p) (oq) 
+37 tal 3(p-q)—2(o- p)(o-q) J] 
P3(,9)=[6p¢— 3772 ]L3(p- 4) — (o- p) (o-q) ] 


are related to the projection operators for the four 
eigenstates of total angular momentum and isotopic 
spin (that is, Py= Pu, Py= P33+ Pai, P;= P33) 1! It is 
then easy to show” that 


(5.2) 


Aa 1 ¢” 
Reha(w) = =+-f du’ 
w mm, 


Imhg(w’) 


Ps a ee tS 
B si ’ 


Imha(w’) 
x| (5.3) 


w’—-w 

1 

Imhq(w) =—————o ,. (w), 

12rkv*(k) 

\~*) 1 -—8 | 
1 

Bie (Aas)=-\-2 7 4}, 

2 4 | 


(5.4) 


= (z) 


and oq(w) is the total cross section for the eigenstate (a). 
It is to be noted that Eq. (4.9), with the above ex- 
pansion, may be written as follows: 
4rrv(k)0(ke) 3 
a = Pi (ko,k1)Ra (wo,w1), 
V2 (4w ywko)! o=l 


Tun) =" (5.5) 


where 


Relorss)=—(—). bat— ad al 


Pa * faa )| ha (wo sa 


wt+we 


| hg(w) |? | 
Oo ee meal S 
ww 


(5.6) 


In the two-meson approximation, oq is separated 
into two terms 


Fa(w) =Ga"? (w) +a (w). 
Here c,"" is the cross section for the scattering given by 
a) (w) = 12k4y*(k) | ha(w) |’, (5.8) 


and ¢, is that for the two-meson production, and is 


(5.7) 


11 The subscripts 11, 13, 31, 33 label the eigenstates of the total 
angular momentum, J, and the isotopic spin, J, by ij = (2/,2J). 
2H. Miyazawa, Phys. Rev. 101, 1564 (1956). 
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shown, after a lengthy calculation, to be given by 


| i w—l 
Ta (w) = 18h'2?(k) (_-)f dank Pko*0* 
4r 1 


X (hi)v? (Re) Aa (w1,w2), 


(w2=w—w1, w>2), 
where 


Aa (w1,we2) ean | ha(wr) | : 
+ | ta (we) |2+2A4 a1 Re(Ita* (w1)ha(w2)) 
2 Re(ha(we)Rp(we,w1)) 





+2 (601581—A apA f1) 
B wi +twe 


(5.10) 
2 Re(ha(wi)Ra(we,w1) 





+z, (Ga1A ~w—- AayA nA v8) 
7 


8 witwe 


8RyRiQa, 8 
75 36(witwe)? : 


14) 
26 
—40 
16 
22}, 


—38 


(5.11) 


—1 —1 
Q;=8 2 —4 2. 
—1 2 -1 


If we insert Eqs. (5.8) and (5.9) into Eq. (5.3), cor- 
rection terms due to the two-meson configuration are 
obtained. Making use of Salzman’s solution for ha(w) 
in the one-meson approximation to evaluate the two- 
meson production cross section, we will be able to 
obtain an improved value for ha(w) from Eq. (5.3), 
which may in turn be used as the trial function. Con- 
vergence of this procedure in successive approximations 
will give a test for the one-meson approximation and 
make it possible to get an improved solution. 


6. DISCUSSION 


In Eqs. (3.7) and (3.8) we have obtained a set of 
integral equations which can, in principle, determine 
various transition matrices in the static meson theory. 
As an application of this generalization to the Chew- 
Low-Wick integral equation, we have found correction 
terms to the Chew-Low one-meson equation due to 
the two-meson configuration. It will be of interest to 
see in what way these correction terms, Eq. (5.9), 
affect the numerical solution of the one-meson approxi- 
mation. In particular, it is hoped that these might 
remove some of the peculiarities in the high-energy 
behavior of 4.(w) reported by Salzman.” 

18 G. Salzman, Proceedings of the Sixth Annual Rochester Con- 


ference on High-Energy Physics, 1956 [Interscience Publishers, 
Inc., New York, (to be published) ]. 
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As a further application which is still within the 
limits of validity of the static theory, these general 
equations can be applied to determine the transition 
matrix for the inelastic scattering process in which an 
extra pion is created.“ 

It should be noted, however, that some ambiguities 
always occur in applying the approximation method 
to the generalized Chew-Low-Wick equation, as was 
already pointed out in Sec. 4. Chew has suggested to us 
that such a difficulty may be due to the situation that 
the transition matrices for n>2 defined by Eq. (3.1) 
always contain reducible processes corresponding to the 
last term in Eq. (3.8). In order to overcome this diffi- 
culty, it seems to be necessary to modify the present 
definition of the transition matrix such that all re- 
ducible processes are subtracted. To this end, the co- 
variant generalization of the present formulation may 
be helpful. 


ACKNOWLEDGMENTS 


One of the authors (N. Fukuda) wishes to express his 
gratitude to Professor S. A. Goudsmit and Professor 
K. A. Brueckner for the hospitality which has been 
extended to him during his stay at Brookhaven National 
Laboratory for the summer, 1956. They are also greatly 
indebted to Professor G. F. Chew for valuable 
discussions. 


APPENDIX A. HOMOGENEOUS TERMS IN 
THE TRANSITION MATRICES 


The complete reduction of the last term of Eq. (3.7) 
is given as follows: 


1 n 
———(Wo, © Vi; 
(m!n!)} i=l 


X[a(h)- ‘ ‘U(Im), a*(k)- pak in -a*(Rn) Wo) 
= (——— 3 


= Oirj1: + Bisis 


a » 


(it-++ds) (j1+++de) 


m!n! 


Since" Ohaukf) 


— for (A1) 
E,+Em—s 


n<m, 


m—1 


=—} (same as above) 


s=1 


(n—m)!\3 
+(—) Dd dit + + *SinmS n_m' (0) 
m'\n! (i++ +im) 


for n>m. (A2) 

4 Such a calculation has independently been done by J. Franklin 
[thesis, 1956, University of Illinois (unpublished) ]. We are in- 
debted to Professor G. F. Chew for bringing this work to our 
attention before publication. However, this work seems to be 
unsatisfactory in that the two-meson production matrix derived 
there does not agree with the Born approximation in the weak- 
coupling limit, and the last term of Eq. (4.7) expressing the reso- 
nance effect is omitted. 
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Here i and j stand for momenta &; and /;, and the sum 
over (i,°*-,i,) and (j1,--+,js) runs over various s- 
combinations, disregarding the difference of order, of 
(Ri,-++,Rn) and (1;,---,lm), respectively. In S,_,‘(r) 
momenta (i),---,i,) of the initial state, and in S,,_,(r) 
momenta (j1,---,js) of the final state, are omitted. It 
is evident from the above expression that the last term 
of Eq. (3.7) is Hermitian on the energy shell, so it does 
not contribute to the unitarity condition Eq. (3.4). 
Each' term of Eq. (A1) or (A2) corresponding to a 
specified s combination expresses the reducible process 
where the incident s mesons (i;,- - -,i,) go over, without 
interacting with the nucleon, into the outgoing s mesons 
(ji,***,Js), the rest of the mesons interacting with the 
nucleon. It should be noted here that S,(m) is of at 
least the (n+m)th order in the renormalized coupling 
constant and does not contain any reducible processes. 
When the initial state is that of the one-meson con- 
figuration (n= 1), homogeneous terms do not appear at 
all resulting in the absence of the term in Eq. (A1) 
corresponding to the last term of Eq. (A2). 


APPENDIX B. BORN APPROXIMATION FOR 
THE TWO-MESON PRODUCTION 


If we approximate Tx,x2t(0) and T,(k) in Eq. (4.7) 
by their lowest order terms in the renormalized coupling 
constant, i.e., by the first term in Eq. (4.9) and in Eq. 
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KOVACS 


(4.2), respectively, we obtain, noting Eq. (3.10) 


1 1 1 
T »(Rike) gO i fm Vint Vikot +—Viot Vit | 


(witwe) lwe w1 


1 


1 1 
—Vikyt Viegt +—V kot Vit V » 
V2 (witwe) | we w) 
(B1) 
1 
+ { VitV2t+V2t Vit} Vs 


GW 1We 


1 
i (VitV Vit + VitV Vor}. 


WW 


The second and third terms can be combined to give 


1 1 1 
——} —ViqtVieot+—VieotViyt }V,>. (B2) 
V2 (wit+we) 1 We 


On the energy shell (w,=w:+w2), the first term of Eq. 
(B1) and the expression (B2) are identical with the 
conventional Born approximation for the process in 
which the two mesons are emitted successively, the 
incoming meson being absorbed at the end or at the 
beginning. In the last term of Eq. (B1), the incoming 
meson is absorbed between the two outgoing mesons. 
This result seems to show that it may be difficult to 
separate the first Born term from the expression for the 
general transition matrix in such a way as is done in 
pion-nucleon scattering or in photopion production. 
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In a previous paper the formalism of general relativity has 
been extended so as to include the notion of a physically meaning- 
ful universal cosmic time. Suitable field equations were postulated 
to express the interaction between the gravitational (g,,) field 
and the cosmic time field +, and the equations have been solved 
for the case of a centrosymmetrical body at “absolute”’ rest. 

The present paper deals with the field of a body in absolute 
motion and the related problem of gravitational motion in the 
presence of ether drift. It is shown by the method of Infeld and 
Schild that the path of a free particle is geodesic provided that 
its absolute velocity is small compared with the velocity of light; 
for photons and high-velocity particles, however, the results are 
inconclusive. 


Although the ether drift is thus shown to have no direct effect 
upon the motion of a (slow) particle, it nevertheless influences 
the motion indirectly as it modifies the external field and the 
geodesics themselves. This is clearly demonstrated in the case of 
the field generated by a centrosymmetrical body, which loses 
some of its symmetry through the action of ether flow; the 
resulting asymmetry makes it possible to detect and measure 
the ether drift vector —d7/0x» experimentally. The effect is small, 
of about the same order of magnitude as the general relativistic 
corrections of Newtonian theory; by assessing the available 
observational data it is concluded that the velocity of ether drift 
in the solar system, as understood in this theory, is probably 
less than 100 km/sec. 





1. INTRODUCTION 


HE fundamental assumption underlying the theory 
of relativity (both special and general) is that 
absolute time and absolute space cannot be detected 
observationally, and therefore they cannot form part of 
the description of physical reality. Relativity is in fact 
a system of mechanics and electrodynamics which is 
consistent with this hypothesis; and the close associa- 
tion which exists between the two has frequently led 
to the belief that the idea of absolute motion is in a 
certain sense contrary to the principles of relativity. 
Now it is certainly true that special relativity does not 
admit absolute time and space except as a very artificial 
mathematical fiction which, like Newton’s absolute 
time and space, is void of any physical meaning; but 
general relativity can readily be adjusted to the 
possibility that preferred states of motion exist, without 
making any profound changes in the logical structure of 
the theory. This is particularly important for the 
cosmologist who is led to assume the existence of 
certain cosmologically preferred states of motion and 
of a universal cosmic time,! and who naturally would 
like to see these concepts incorporated in a physical 
theory. 
Formally, the concept of absolute motion can be 
introduced by assuming a universal scalar “time” 
field +, with time-like gradient 


C= 7, y=O7/OXy, C,C*> 0. (1) 


If such a field exists, the vector C, defines a distin- 
guished state of motion at each point of the space-time 
continuum which can picturesquely be called the state 
of absolute rest or “ether”; —C, gives the world 
direction of ether flow. 

The physical existence of 7 is assured if it interacts 
with other physical fields and if it is possible to derive 
observable effects—however small—from the interac- 


al H. Bondi, Cosmology (Cambridge University Press, Cambridge 
1952), Chap. VIII. 


tion. Field equations which express such an interaction 
between 7 and the gravitational (g,,) field have been 
obtained by the author in a previous paper.? The 
proposed equations can be derived from a suitable 
variational principle and have the following form?: 


Gw+t+T wir ¢g..=0, 


— 1 
Gw= Rw— Bulky’, 


where 


R,, is the Einstein-Ricci tensor, and 
a] ’ J ’ ’ 1 ’ ’ 
T y= — 3CuC "yp 3CC ’uipt2C wl", 
$C °Cwp—4 Suv oC” p, (4) 


| p 


Cu,» C,; (5) 


luv 


C, is defined by (1). The normalization of r on which 
the value of the coupling constant of T,, in (2) depends 
is chosen so that C,C* should be very nearly 1 in weak 
gravitational fields. The coupling constant of the 
cosmological term 37~*g,, is determined by the condition 


that the cosological model 
goo=1, Lom=0, — Finn; T= (6) 


&mn= 


shall satisfy the field equations. Note that there are no 
artifically small or large numerical constants occurring 
in the proposed equations. 

If the exceedingly small cosmological term is deleted 
from (2), the equations 


GytT,»=0 (7) 


have a centrosymmetrical static solution which rep- 


2G. Szekeres, Phys. Rev. 97, 212 (1955); hereafter quoted as 
GRI. 

3 The convention used for indices is the reverse of the convention 
applied in GRI. Greek indices run from 0 to 3, Roman indices 
from 1 to 3. The Galilean line element is ds?=d?@—dx—dx?* 
—dx;?. 
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resents a particle at absolute rest; this has been 
determined and discussed in GRI. In the present 
paper we propose to consider the field of a central body 
when the body is in absolute motion. The problem has 
several points of interest, as it represents a case which 
is entirely outside the scope of ordinary relativity and 
which therefore can be regarded as a test case for the 
correctness of the proposed field equations. The main 
interest of the problem lies in the fact that it offers a 
theoretical possibility of detecting absolute motion 
" observationally ; it has also a bearing upon the problem 
of gravitational motion and the geodesic principle 
which is not quite as natural here as in ordinary 
relativity. We shall begin with a discussion of the latter, 
as it requires the problem to be considered in a some- 
what greater generality. 


2. GRAVITATIONAL MOTION 


The motion of a test particle (i.e., of a body whose 
mass is so small that it does not modify appreciably 
the external field) is, in general relativity, governed by 
the geodesic principle. Originally formulated as an 
independent dynamical postulate, it was soon recognized 
by Einstein and others that the equation of motion 
cannot be postulated freely; the interaction between 
the external field and the field of the particle is such 
that the path of the particle is strictly determined by 
the field equations. Later, Infeld and Schild‘ were able 
to show that this path is in fact geodesic, at least when 
the particle has nonzero rest mass. We shall follow 
their method which, with some modifications, can be 
applied to the situation when the field equations in 
empty space are given by (7) with (3), (4), and (5). 
The computational requirements, however, are much 
heavier in the present case, due to the complicated form 
of T,,, and the calculations will be carried out only for 
the case when the absolute velocity of the particle is 
comparatively small. 

Consider any gravitational field (henceforth called 
the external field) and suppose that a test particle is 
placed in it at the point P. The meaning of this state- 
ment is that we consider a field which in first approxima- 
tion is the result of superposition of the external field 
and the singular field of a particle at P; the precise 
nature of the superposition will be formulated at a 
later stage. The test particle is supposed to have a 
small mass relative to the curvature of the external 
field, in the sense that if M is the gravitational radius 
of the particle and R*,,, the components of the curva- 
ture tensor of the external field in a reasonably well 
behaved almost Galilean coordinate system, then 
M?R*,,¢ is small. 

Suppose for the moment that M=0, and let LZ denote 
the world line through P along which the particle will 
move. Choose coordinates (/,y1,V2,¥3) so that along L, 


* L. Infeld and A. Schild, Revs. Modern Phys. 21, 408 (1949). 
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£4, takes Galilean values and g,,,,=0.5 Let the equation 
of L be y,-=7,-(t), and — mS uv» the Galilean 
metric Aoo=1, hon=0, Amn=—S5mn. Then gy, can be 
written in the form 


Suv= hw+6y, 
Ow = Do Gype(l)eptgt:-*, 
P,a 


where 


with 
Xp=Vo—Np (10) 
Similarly, we can write 


=To(+LA p()xrt+3 L Ang(xXprat-++, (11) 


where A pg=Agy and 70 (t)=dr0/dt>0. By a special 
Lorentz transformation we can achieve that n,’=dn,/ 
dt=0 at the selected point P. 

In the presence of a particle at P with gravitational 
radius M, we write 


Suv=Ayytduyt+Mb,+---, 


where b,, is supposed to be of order —1 in r= (x?+x? 
+-;")!; we also write 


t= T(t) +A p(t)xp+3 a A p(t 
. en a a 

Similarly we can develop G,, and T,, in powers of M: 
Guy=AwtMB,yt:--, (14) 

Tye=U yt MV yt: >. (15) 


Since A,, and U,, refer to the external field, we have 
A,yww+U,,=0, and the field equations to be solved are 


Buyt+Vy=0. (16) 


We seek a solution which is valid for small values of 
M and r; this means that we can neglect terms which 
are of high orders in M and r. In fact, Infeld and 
Schild have found that it is sufficient to keep the first 
order term in M and the two lowest order terms in 7, 
to obtain the equations of motion uniquely. The 
equations themselves were obtained by transforming 
B,,»=0 into a particularly simple form which could be 

solved directly. As a result Infeld and Schild found that 


np (t)=0, p=1,2,3 (17) 


at the point P; but since P was arbitrarily selected on 
L, (17) was easily shown to be equivalent to the condi- 
tion that L is geodesic. 

In the present case when V,,#0, coordinate trans- 
formations of the kind contemplated by Infeld and 
Schild are of no substantial help; they do not simplify 


(12) 


\xptgtes 


5 The existence of such coordinates was shown by E. Fermi, 
Rend. accad. nazl. Lincei 21, 21, 51 (1922). Throughout this 
section, all tensor components wili be expressed with reference 
to this y frame. 
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the expression for V,,. Fortunately, it is possible to 
solve Eqs. (16) without any previous transformations, 
if we make use of the following considerations: 

In the expression (12) and the corresponding ex- 
pression 


ger = he ae Mb, 


a,, and a” are, by (9), of order 2 in r. Therefore when 
forming the Christoffel symbols 


p 
| =—rr (Su0, rt Bre, u— Sur, as 
bv 


the pulling up can be effected by h*" instead of g*” as 
far as the M term is concerned, provided that we keep 
to the first two orders in r and disregard M? terms. 
For the same reason the last two terms in 

po 


nen [2 AL ACHSIL 


do not contribute anything to the M term as far as 
terms of orders —3 and —2 are concerned. Therefore 
the expression MB,, in (14) is identical with the G,, 
tensor calculated from the metric 


Suv=hwtMb,,. 


Turning now to the tensor 7,,, we first note that 
\i(t,vp) can always be made to vanish in (13), by a 
suitable time transformation 


(*= 1+M (t,%p), 


(12a) 


(18) 


where 


gi(t,%p){ 70 (t)— A p(t) mp (t) 
+ } A p (t)%p— pm A pa(l)np (t)Xq 


+42 A ng (t)%p%q— + }=Ai(t,xp). 


P, 


The last equation can be solved for ¢; in a sufficiently 
small neighborhood of the point P, since 70’ (¢)#0 and 
np (t)=0 at P. Clearly the transformation (18) leaves 
a,, in (12) intact and therefore it does not interfere 
with (9). Thus even in the presence of a particle we can 
assume that 7 has the form (11) and deal with 7 as if it 
belonged to the external field. 

Keeping only the terms which have orders 0 and 1 in 
r, we obtain from (1), (10), and (11), 


Co=Aot Li Ap'*p— Li Apany Xa, (19a) 
P P,a 


Ca=Aat Dd Ang, (19b) 
P 


where Ap= 7) — pA e's If r is small, A o—A r—A Ps 
—A; is very nearly equal to Cr’°—C,’—C?—C# hence 
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MOTION 


to the value of the scalar 


v=C,C# (20) 
relatively to the external field at the point P. Under 
ordinary circumstances y>1 and y—1 is small; this is 
so because Q= (2y)~ is the gravitational potential of 
the external field.* Also note that if the absolute velocity 
of the particle is small, then A, is small and Apo is 
close to 1. 
The next step is to calculate 


p 
Cw=Cy o— te 


av) 


Here we only have to keep the M-free terms of order 0 
and the M terms which have orders —2 and —1 in r. 
The Christoffel symbols can therefore be calculated 
from the metric (12a) alone, and the only contribution 
of the external field is the Galilean part h,,. Similarly 
when calculating C’,.. and Cyy:) in (4), we only have 
to keep the M terms which have orders —3 and —2 
in r; this again requires the Christoffel symbols to be 
computed from (12a). Thus we see that MV,, in (15) 
is, up to terms of order —3 and —2, identical with the 
M part of the tensor (4) as derived from the metric 
(12a) with the 7 field (11). Now the metric (12a) 
represents the gravitational field of a particle with 
radius M and Galilean external field /,,. The problem of 
gravitational motion can therefore be stated as follows: 

To find a g,, field which is as nearly centrosym- 
metrical as possible and which satisfies the field Eqs. 
(7) up to order —2 in 7, with an arbitrarily given 
t field (11). 

The problem of gravitational motion is settled if it 
is possible to determine 7,’’(/) from these conditions. 


3. GRAVITATIONAL FIELD OF A PARTICLE 
MOVING IN AN EXTERNAL FIELD 


We use the notations and conventions of the previous 
section; in particular, all ténsors will be expressed in 
the y-coordinate system. 

It is often inconvenient and even impossible to 
distinguish between covariant and contravariant Roman 
suffixes; in such cases the suffix will always be put in 
the lower position. On the other hand, it is desirable to 
use the summation convention unrestrictedly for 
Roman suffixes; we agree therefore to sum from 1 to 3 
over every Roman suffix (irrespective of its position) 
which appears twice in a term. For instance, we write 
r= (xpx,)', and (19a,b) is written 


(19a) 
(19b) 


Cox A otA ptp— A watt Las 
Cr=AntA npXp. 
The first step is to determine the expected form of 


the gravitational field. As a first approximation let us 
assume that the g,, field is strictly centrosymmetrical 


6 W. Kantor and G. Szekeres, Phys. Rev. 104, 831 (1956). 
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in the x coordinates, that is, it has the form 


2M 
£00= 1 Speen, 
r 


£on= 0, 


M M 
goa — (14+0— bab Ent (21) 
r r 


where 
Em=Xm/T, 


r= (xpx,)}, (22) 
and a and 6 are constants. Terms of order M? are of 
course neglected. 

If the tensor T,, is calculated from (4), (5), (19), 
and (21), it is found to be composed of terms which 
are products of the ~,, A», Ao’, Ay’, np’ and M/r or 
M/r’; the coefficients of the terms are functions of Ao. 
Terms with M/r*® are of even degree, terms with 
M/r* of odd degree in é,. It is clear that the field 
Eqs. (7) cannot be satisfied with the metric (21); there 
are too many coefficients to be equated to zero, and too 
few free constants available in (21). To satisfy the field 
equations it is clearly necessary to assume a metric 
tensor of the same general type as the T,,, to be expected. 

To make our task simpler we make now. the assump- 
tion that the absolute velocity of the particle is a small 
fraction of the velocity of light; this makes the work 
easier in as much as we are allowed to neglect products 
of A, with “small” quantities such as A», rA yp’, rA pq, 
and rn,’’. By analogy with the T,, obtained from (21), 
we set 
£00= 1 —a,;(M/r) —a2A p £pM—a;A oA ptpM, 


(23a) 
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gon=b1A n(M/r)+b2A pEptn(M/r)+b3A 0 EnM 
+44 pp§nM +054 nptpM +b6A pak rtaénM, 
Emn= —Brin—Cikmén(M/1)— CoA p'EptmEnM 
—¢3A0'A piptménM, 


(23b) 


(23c) 


where the coefficients a;,---,c3; are functions of Ao 
(and therefore of #). Strictly speaking one ought to 
include terms of the form — C5 mn(M/r) and —cAo' (A mén 
+Antm)M in (23c); but we can get rid of the first 
one by a transformation 


an*=x,{1+4c(M/r)], 


and of the second one by a transformation 


(24a) 


Xn*=X,t+crAy AM. (24b) 
In both cases the condition (11) can be restored by a 
simultaneous transformation (18). 

We have not included any terms with 7,” in (23), 
for the following reason: If the particle is not moving 
along a geodesic path, so that n,’’#0, we may assume 
that n,” is expressible by means of Ao, Ap, Ao’, Ap’ 
and A y¢. In the present approximation 7,” is expected 
to have the form 


Np = iA p trA2A oA Py (25) 


where A; and )» are functions of Ao. But if so, the terms 
containing 7,” have the same general form as the rest 
of the terms in (23) and can be united with the latter. 


The following list of Christoffel symbols is obtained directly from (23); terms of order >0 in r and terms with 
M? have been suppressed. Note that they refer to the y frame, and therefore dx,/0¢ is not zero but equal to —n9’ 
by (10). Also note the following relations which are helpful in the calculations 


Es 
Epfp= i, i 

me * 

Furthermore, with the same approximation as in (23), 


g°= 2— £00, 


1 
—=-(Sim—bém), —=-. 
0 


g°"= Zon, 


at, 2 


xX, OT 


gu*= — 2 mn— Zmn- 


The symbols ay’, ;’, etc. denote derivatives with respect to /, and not with respect to Ao. 


0 
| = —}$a,'M/r+}aitn,'M/r’, 
00 


k 
00 = Fark, M, ‘re (b;+ kao)A ./M/r+ (ta2— bs) A p EptiM /r 
+ (4a3A 0! —be’)A pEptiM /r— (Bas 0’ +by)A,M/r, (27D) 


0 
| | = $aiEmM /r?—4a2A m'M/1+hacd p EptmM /r+4a3A 0A pEptmM /r—}a3A0 AmM/r, 
m 


(27c) 


k 
=}$(bi+b2) (Arém—A méx)M/P?— Ser pnp EmERM /1?+3.€1 (Emme + em’) M/?? 
m 


+ (bs+3bs)Ep(A pk&m— A pmék)M/r+ 261 EméxM/r, 
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0 
| = boA pép(Smn—3émén)M, a > (b2.—b1) (A mén+A ném)M /r?— cit ony EmEnM /r 
mn 


+3¢1(Emtn’ +E nnm’)M/2P?+03A 0! (8mn— Emén)M/r+4e1'EmEnM /1+b4A pp(Smn—Emén)M/r 
+b5A mnM/1+ (be— bs) Ep(A pmEn tA pném)M/t+6A pot p&o(Smn—3émEn)M/r, 
a = C14 (Smn— FEmEn)M/P?+ 0A p' Ene (Smn—FémEn)M /1r+ 4024 (A m' En +A n'Em)M/r 
— 302A g'EmEnM /1+63A 0'A pb rex (Smn— ZémEn)M /r+-403A 0’ Ex (A mEn tA ném)M/1— 303A 0A cemEnM /r. 
The components of G,, and 7,,, up to order —2 in r, are as follows: 
Goo= —2coA p'tpM /1?— 203A 0'A pt pM /2?, 
G om=4(b1+b2) (3A pEpfm—A m)M /P?— C1’ EmM /1?+ (bo+-4bs) (3A pokpEg—A pp)émM/P?, 
Gmn= 2 (41— C1) (6mn—3éméEn)M /r?+} (Co—G2—2b1)A p' EpSmnM /2? +3 (co—d2+2bs)A p' EptmEnM /?? 
+3 (@2—C2+b;—b2) (Am En +A n'Em)M/P?+4 (€3A 0’ — 3A 0’ —2by')A pE piimnM /?? 
+3 (3A 0’ — 3A 9’ +2bo')A pépémenM /r’ +3 (a3A 0’ — 634 0’ +1 — bs’) (A mEn +A ném)M/P? 
+3ert pnp” (3&mEn—Imn)M /r?— dei (Emma! Ent) M/r*, 
Too= — (301A 9 +$01A 0 +42A 0?) A p'EpM/2?+ (4ay’A 0—4ey'Ag+301A 0! 
+3¢1A 0! —a3A o?Ao' +4b1A Ao! —$b2A Ao’) A ptpM/r? +4014 o% pnp” M /r=0, 
T om= 4 (—@1A 9 +2614 9—b1A +324 0°) (3A pt pém—A m)M/P+3(— aA 0A’ +4b3A PA 0’ —01'AP)EmM /?? 
+4 (a1A 9 +444 +054 (2 — 206A 2) A ppmM /r? +4 (1A 9— 961A 0 +4054 02 — 8b5A 02) A mpt pM /?? 
+3 (—3a,A 0 +12¢1A 9—3b5A 2 +1806A 2) A pot pigtmM /P?, 
T mn=}(b2A P +3014 o)A p' EpémEnM /r?+3 (aA 0—C1A 9— 2A °)A p'EpimnM /r? +3 (— aA 0 +014 2 —b2A 0?) 
X (A m'En+A n'Em)M/2?— 3 (c1'A o+b2'A P+ 4014 0 +014 0 +2024 0A 0’ +034 0A0')A pépimnM /?* 
+3 (b2'A p?+4014 0 +224 0A 0’ +b3A 0A0')A pé pEmenM /r?+4 (ay Ao +by'A 2 —be/A +2014 0! 
+20,A 0A 0 — 2b2A 0A 0’ +234 0A 0’) (EmA nt En A m)M/P? +3014 PE pnp EmEn— 401A 2 (Emma +Ennm”)M/P?. 


The expressions (28) and (29) are now substituted following relations: 
in the field equations 
2b: +2b2+4)A 9—b,A"+3b2A ?F=0, 
4b;APAo’= (A o+4)ay’+a14 Ay, 
4b5+2b5+3a1A o—b5A 0? +6654 0? =0, 

1 b4+b.)A 9 =0, 
and the coefficients of the independent terms equated art Orth)Ac 
to zero. First, the coefficient of (6mn—3&mEn)(M/r*) 2a1+ (2b.—bs)A 0=0, 
in (30c) gives 
C2— d2=2b;4+- 0A P+e1, 
: } 2 (d2— C2) =2(2+A 0*)bo+a1A 0+ (2+A 0?) ayr1, 
Next, (28a), (29a) and (30a) give a relation of the form ( ie ‘rtraAet(Q+Ad)ans 
(25) for n,”’ with 2(a2—¢2) = (2+A,?) (be—j) 
—2¢2— (9/4)a:A0— 2A P+ paAeM=0, (32a) +4;A o+$a;(2+Ae*)Ai, 
—2¢3+41—a3A +3014 0— 302A 0+ 401A PA2=0. (32b) (€3—@3)A 0 = 2by'+ay'Aot+be'A e+ aA’ 


Goot Too= 0, (30a) 
Gom+ Ton=0, (30b) 
Ginnt Ton, (30c) 


a@1=C}. (31) 


Finally, (28b,c), (29b,c), (30b,c), and (31) give the +2b2A 0A 0’ +b3A 0A 0’ +ar2A 0’, 


(29b) 


(29c) 


(33a) 
(33b) 
(33c) 
(33d) 
(33e) 
(33f) 


(33g) 


(33h) 


(33i) 





1796 G. 


2(a3—€3)Ao =2(2+A 0?)b2’ +014 0 +4524 0A! 
+2b:A Ae’ +(2+A@)a:A0'2, (33) 
2(cs—a3)A 0 =@1'Ao+}(2+A 0?) (b1’—by’) 
+2014 0’ +2(b1— be) AoA 0’ +2b3A 0A’ 


= (2+A °)a,A ode = 0. (33k) 


(33f), (33g), and (33h) give with (33a), on eliminating 
a2— C2, 
b:+b:=0, 4a0b:=a;, (34) 
and 
=0. (35) 


Similarly, (33i), (33j), and (33k) give with (33b) and 
(34), on eliminating a;—c;, 

a;'(24+A¢*?)+2a,A 0Ao’=0, (36) 

A2=0. (37) 
Equations (25), (35), and (37) imply that 
tp =0, 

which proves that the path of the particle is geodesic; 
the conclusion is of course only valid for small absolute 
velocities and with the approximation employed in 
the calculation. Thus it does not exclude the possibility 
that n,” is a nonzero combination of terms of the type 
A pqAq, ApA gq, AgA Ag, ApAgAd, etc., and it certainly 
does not exclude the possibility that photons may move 
on a nongeodesic path. 


foo: —a,(A ptp)M r—a;A pi pM v. 


&mn: —C4(A pb p)*EmEnM /1—C5A pA pémEnM /1—CeAmAnM /r, 


Ok 00 


0) (k f 
| , | :$a4(A ptp)&iM /r?— a4A ptpA .M /r?+4a5A pA ptkM /y? 
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Equation (36) gives 
@=a/(2+A 0°) (38) 


for some constant ado. The numerical value of a) depends 
on the interpretation of the gravitational radius. 
If M is to denote the gravitational radius of the particle 
when brought to absolute rest in the Universe (6) (for 
instance in intergalactic space, free from gravitating 
matter) then we must put a9=6; for then a; becomes 2 
if Ap=1. Thus, 

a,=6/(2+A¢). (39) 


In the presence of local gravitational fields Ao>1 and 
a,<2; it appears therefore'that the gravitational radius 
decreases when the body is brought into a strong gravi- 
tational field. 

So far we have only determined a, ¢1, 61, be, An, 
and )». All the other coefficients can also be determined 
from (32a,b) and (33a)—(33k), but only a2 has any 
importance. We note for later reference that 


ay 7A or +4 
bee (~-)( ). (40) 
4A 2+Ae? 


From the point of view of observable effects, the 
approximation used in (23) is not sufficient; we shall 
need some further terms in the expansions of goo and 
Zmn- The following is a list of the required terms as they 
appear in the various expressions. Unwanted terms in 
(41b) have been eliminated by suitable transformations 
of the coordinates of the type (24). 


(41a) 
(41b) 


(42a) 


y= 5/2¢4(A ptp)ExémeénM /r?—c4A pipA rEmEnM /r’+ 4A po pkk (A mea +A ném)M r 


+64(A pEp)*ExbmnM /1?—$e5A pA pkcEmEnM /P? +654 pA pEOmnM /2’?+ 306A mA n&kM/?° 


Go 4 (cst+4c¢)[A pAy—3(A ptp)? |M 7, 


ed 5 C6. 1 Ke 1 men +A ném)M/1’, 


Gn 25/2(C4—3as)(A pp) *Emé nM /?+3(—a4+c4+66) (A pt p)%mnM /r9 
+3(—ast3cytcstee)A pA pémEnM /P+ (da—Cat+}as—}65— 66) A pA pmnM /r* 
+ (3a4—2¢4—3c6)A pt p(A mén +A ném)M /P?+ (co+c4— 04) A mA rM/?’, 


Too a (ta:+44A + $b,A ot $b2A 0) [A ptr— 3 (A ptp)? |M/r', 
Taas™ 3 (b.A ot+c:)[A pA — 3 (A pép)” bmnM /r?—3(b2A ot $c) A pA i - 5 (A pép)” lémEnM - 
+3614 pt p(A men +A ném)M/P— (b2A 0+01)A mA nM /P*. 
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Again, we can solve for the coefficients a4,---,cs from 
(30a) and (30c) ; but the only coefficient which we shall 
need is 

a= —a,/[4(2+A o*) J. 
As a point of interest we mention that as and cs cannot 
be determined from (43), (44) and (30); the relations 
merely give 


(45) 


ona 
a5— C5= 44%. 


These two coefficients can only be determined if we also 
consider terms of the type ApA,’, ApAgAo’, ApA gr in 
(41). However, for the practical evaluation of the 
results the knowledge of a; and c; is not essential and 
the calculations are omitted. 


4. APPLICATION TO THE SOLAR SYSTEM 


The results of the previous section show that the field 
of a body in absolute motion is not strictly centrosym- 
metrical but is distorted with respect to the directions 
determined by the absolute velocity and acceleration 
vectors. Such a distortion can be detected, in principle, 
by suitable test particles placed in the field of the body, 
and so a theoretical possibility is offered to measure 
the vector A, experimentally. Let us consider the 
problem under existing conditions in the solar system. 

The following remark is useful: the quantity y=A¢? 
—A,;’—A,’—A,;?, as we have been, is equal to the value 
of the scalar C,C“ in the “external” field. If the central 
body to be investigated is the sun, the external field is 
essentially the gravitational field due to our own galaxy, 
and y—1=7,¢a1—1 is presumably of the order 10~°. 
If the central body is a planet, the external field is due 
to the combined gravititational field of the sun and the 
galaxy and vy is very nearly equal to Yguit2M,/r,, 


where M,=1.47 km is the gravitational radius of the | 


sun and r, is the distance of the planet from the sun. 
In both cases y is very nearly 1, and the space vector 
A= (A,,A2,A3) represents with sufficient approximation 
the absolute velocity of the body; — A is the ether drift 
vector. 

The equations of a time-like geodesic in any co- 
ordinate system are given by 


ft (0)/dy? 0 ) dt dx, 
ds* (00) \ds Opids ds 


{" dxy dxq 
Pq ds ds 
Px, (k)sdty? (k)dt dx, 
a lol Cae) *loplar a 
ds? 100) \ds Op) ds ds 
k \ dx, dx, 
“(fee 
pq) ds ds 


where s is a suitable parameter. 


(46b) 


According to the 
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geodesic principle, these same equations give the equa- 
tions of motion of a test particle relatively to that 
coordinate system, provided that the parameter s is 
eliminated and replaced by ¢. This is easily achieved 
with the help of 


dx, dt 


$n. dx, dt schaial ax, fdt,? 
ea ih ey GP 
dt ds* 


ae dt ds ds? dP 
(46a), (46b), and (47) give 


dxy dig 


x, (k | | k | | k 
dé 00 Op pq) dt dt 


0 0 \dx, | 0 )dx, dx,\dx;, 
Ish 

00 Op) dt lpg) dt dt Jd 
Suppose now that we have a metric (23), (41), and 
the Christoffel symbols are given by (27), (42) with the 
numerical values (34), (39), (40), (45). When writing 


down the equations of motion, we can safely neglect 
products of (M/r)x,' or (M/r)A, with 


(48) 


v=xx,, &=A,Ay, (49) 


and products of Mx,’ or MA; with Ay’, Apg, Ao ; their 
effect is certainly negligible under the conditions in the 
solar system. We obtain 


ax, 1 
—+G,=} (. a 
df 2+A 


My 
Je [3 (A p&p) Ee— 2A pépA zk }— 
r. 


Ag 


Mo dr dX, 


r dt dt’ 


My dr\? 
=|2#-3(= ) Jet2 
dt 


Mo=}3(a1+<4;07)M, 


and 
(52) 


with 2 and a? given by (49). 

The terms in G, are formally identical with those in 
the statical case when the body is at absolute rest; 
My is the “effective” radius of convergence. The 
actual value of as is immaterial as it depends on the 
coordinate system and therefore it has no objective 
significance. 

The terms on the right-hand side of (50) represent 
the disturbing forces which appear in consequence of 
the ether drift. They can be derived from a potential 


Qit4q, where 
1 /Mo 
a=—(— *) (Aste 


5 dA, 
ee a 
12 dt 


(53) 
and 
(54) 
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For the sake of simplicity we have taken here Ao=1; 
this should be valid with good approximation in all 
practical cases. 

The second potential, g2, depends on the acceleration 
of ether drift and is therefore practically zero in the 
field of the sun; but it does not vanish in the field of 
planets which continually change their absolute 
velocities in consequence of their orbital motion. In 
fact, (d/dt)A for a planet is equal to its Newtonian 
acceleration in the gravitational field of the sun. If G 
denotes this acceleration and 


¢= Morr 


is the (Newtonian) gravitational acceleration due to 
the planet, where r is the radius vector to the center of 
the planet, then 


5 sMo 
n-—(—)(e6), 
12\ r 


(55) 


and the acceleration due to qe [i.e., the last term in 
(50) ] can be written in the vector form 


a= (5/12)gX (rXG). 


The effect is exceedingly small for all satellites; in 
the case of the moon, the factor of Mo/r in (55) is of 
order 10-". 

More significant is the effect due to the potential q 
which depends on the velocity of ether drift and is 
therefore operative in the field of the sun as well as of 
the planets. If it exists, it can be detected either by 


(56) 


gravitimetric measurements on the earth or by astro- . 


nomical observations of the planets and satellites. 

As the earth rotates about its axis, the value of A,&> 
varies, at a suitably fixed geographical location, from 
0 to a and then back to 0 twice during a sidereal day. 
Consequently, the critical factor (1/12) (A ,é,)* in (53) 
fluctuates between 0 and (1/12)a’, and this reveals 
itself in a corresponding fluctuation of the gravitational 
acceleration. Assuming a= 10-%, i.e., a value of about 
300 km/sec for the absolute solar velocity,’ this corre- 
sponds to a semidiurnal variation of the gravitational 
acceleration by a factor of 10-7. An effect of such 
magnitude is certainly ruled out by experiment,’ and 


7This is certainly a conservative estimate for the cosmic 
solar velocity due to galactic rotation and the drifting of the 
galactic system as a whole through space. 
R. Tomaschek and W. Schaffernicht, Ann. Physik 15, 
787-824 (1932). 
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it is improbable that an effect of order greater than, 
say, 10~* should exist. This puts the maximum admis- 
sible value of the absolute solar velocity in the neighbor- 
hood of 100 km/sec. 

A similar conclusion can be derived from the examina- 
tion of astronomical data. The disturbance due to (53) 
induces secular variations of the elements of the 
planetary orbits which can be evaluated by standard 
perturbation methods. The critical factor which enters 
in the expression of these inequalities turns out to be 
(2/24)a?, and this amounts to about 5 seconds of arc 
per hundred revolutions if @ is in the neighborhood of 
10-*. Inequalities of such magnitude would have hardly 
escaped notice, and again 100 km/sec appears to be 
the maximum velocity which is not ruled out with 
certainty by astronomical observations. 

Now in estimating the absolute velocity of the solar 
system from the cosmic motion of the galaxy, we have 
tacitly assumed that there is no ether drag by the 
galaxy itself. Going to the other extreme, let us assume 
that there is a complete ether drag by the galaxy, due 
to the large amount of matter contained in it. The 
vector A is then essentially determined by the solar 
motion relatively to the local group of stars in the 
galaxy; this motion is known with fair accuracy 
and is estimated to have a velocity of 19.5 km/sec. 
in the direction of R.A.270°, Dec. 34°N. If we identify 
A with this motion, we’find for the diurnal fluctuation 
of terrestrial gravity, under the most favorable condi- 
tions of season and geographical location, a factor of 
at most 2X10-*. Similarly, we find for the quantity 
(2/24)a? a value of about 0.02 second per hundred 


' revolutions; this is obviously outside the limits of 


observability for all planets. 

More favorable is the situation with the moon which 
has a comparatively short period of revolution; but 
the difficulty with a single satellite is that the expected 
effect cannot very well be separated from the effect of 
oblatedness of the central body. This difficulty may 
disappear in the future when artificial satellites will 
be available for observation; they would certainly 
offer an interesting possibility to test this (and in fact 
any similar) theory experimentally. 


®TI understand from Professor Tomaschek that although varia- 
tions of the order 10~-* can be measured with certainty, the separa- 
tion of a periodic effect of this magnitude from other known | 
effects with nearly the same period would meet with considerable 
difficulties (private communication). 
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The scalar product between any two bound states is expressed covariantly in terms of the Bethe-Salpeter 
component of the one, and the adjoint Bethe-Salpeter component of the other. 





1. INTRODUCTION 
ARIOUS authors! have suggested that the co- 


variant integral equation which Bethe and Sal- 
peter’ introduced for the treatment of bound states 
must be supplemented by a normalization condition 
which, as for the nonrelativistic Schrédinger equation, 
will serve to distinguish the physical solutions by their 
normalizability. Moreover, a knowledge of normaliza- 
tion integrals is always essential in finding the physical 
probabilities predicted by the theory. Once the nor- 
malization problem is solved, the construction of cor- 
rectly normalized transition amplitudes and expectation 
values is formally very simple, as has been shown by 
Mandelstam.® 
In the present work, a general covariant expression 
for the scalar product of two bound states is derived by 
studying the connection between the Bethe-Salpeter 
wave functions and the appropriate propagation 
function. 


2. AMPLITUDES AND COMPONENTS 


The method will be illustrated by a bound state of 
two fermions. The extension to other bound systems is 
quite trivial, apart from the necessity of generalizing 
the definitions (1)—(3) in such a way that Eq. (4) and 
Eqs. (11)-(15) are still applicable. 

This section will be largely devoted to the establish- 
ment of a formal framework within which the problem 
can be held. 

A two-fermion bound state |a) is characterized in 
a relativistic theory by a Bethe-Salpeter component 
Xa(%1,%2), 

Xa(1,"2) = (O| TY (x2)h(a1) | a). ' (1) 


The symbol (0| stands here for the true vacuum state, 
y(x) is a renormalized Heisenberg operator, and T de- 
notes the usual chronological ordering with Fermi sign. 
The state may also be characterized by the adjoint 
Bethe-Salpeter component Xa(%1,%2), 


Xa(X1,%2) = (a| TY (x1) (x2) |0). (2) 


Information on many of the properties of the two- 
fermion system is contained within the appropriate 


* National Research Laboratories, Postdoctorate Fellow. 

1 J. Goldstein, Phys. Rev. 91, 1516 (1953); F. L. Scarf, Phys. 
Rev. 100, 912 (1955); G. C. Wick, Phys. Rev. 96, 1124 (1954). 

2H. A. Bethe and E. E. Salpeter, Phys. Rev. 84, 1232 (1951). 

3S. Mandelstam, Proc. Roy. Soc. (London) -A233, 248 (1955). 


propagator G, 
G(2x1,%2; 41,V2) = (0| TY (x2)¥ (a1 W (yi) (y2) |). (3) 


The containing interaction responsible for bound states 
is taken properly into account by noting that the exact 
G obeys an integral equation of the form,‘ 


G(x1,%2; V1,¥2) = Go(1,%2; 1,02) 


bs Go(21,25 V1’ ,Yo")d*yy’d4y0"K (y1’ yo! 5 01’ ,x2’) 
X d4xy'd4*x2'G(x1' a2’; ¥2,¥2). (4) 
We may abbreviate (4) as follows: 


G=Got+GoKG. (4a) 


We also have 


G=Go+GKG». (4b) 


In practice suitable approximations must be made for 
Go and K; and then the same approximations should 
presumably be understood to hold throughout the 
following, irrespective of where Gp and K appear. 

It was recognized by Nishijima® that the rich content 
of the covariant theory of propagators can only be 
uncovered with the help of another kind of wave func- 
tion, which we shall call an amplitude and denote by 
the letter f. State vectors are to be built up by applying 
various operators to the true vacuum with the complex 
amplitudes f as weighting factors.* This aspect of the 
formalism can be greatly simplified by bringing in 
integrations over large but finite time intervals 7 in 
addition to the usual space integrations of the Tamm- 
Dancoff theory.’’* Thus we shall build up our two- 
fermion bound state |a@) by using the following time- 


4 As is shown in references 2 and 6. 
5K. Nishijima, Progr. Theoret. Phys. (Japan) 10, 549 (1953); 
12, 279 (1954). 

6 This seldom used distinction between the words “amplitude” 
and “component” is suggested in lieu of Nishijima’s terminology of 
“contravariant components” and “covariant components” re- 
spectively. In general, the amplitudes are closely related to the 
familiar expansion of a state vector in terms of probability ampli- 
tudes and basis vectors, while the components are related to the 
scalar products between basis vectors and the state vector. In 
relativistic formulations with interaction the basis vectors are 
not orthogonal, so that the distinction between amplitudes and 
components Is very necessary. 

7™Time averaging was introduced by R. Karplus and N. M. 
Kroll, Phys. Rev. 77, 536 (1950), and was used in the treatment 
of bound states by Gell-Mann and Low.® 
8 M. Gell-Mann and F. E. Low, Phys. Rev. 84, 350 (1951). 
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averaged operators, with weighting amplitude f.(y1,y2), 


1 tat+Ta 


|a)=— Hy d*y2{ TY(y1)0(y2)} fa(1,92) |0). (5) 


Ta” ta-ta 


The amplitude /.(y:,y2) must satisfy certain simple 
conditions in order that (5) shall represent a bound 
state. These conditions are connected with the transla- 
tional invariance of the theory, and may therefore be 
expressed succinctly in terms of center coordinates Y* 
and relative coordinates y*. For the present problem 
we define 


Y*= (ayy1"+aryo")/(aitaz), (6) 


yt= yi" — yo", (7) 


so that Y™* carries all the translational dependence. 
Here a; and a2 are real numbers such that a;+a2~0. 
Their choice is a matter of convenience. We require, 
first and foremost, that fa(y1,y2) is a positive energy 
solution of the following Klein-Gordon equation, 


(0°/aV*0Y,+M 2) falyi,¥2) =0, (8) 


where M, is the rest mass eigenvalue of the bound 
state |a). The time averaging in Eq. (5) will then auto- 
matically ensure that only states with the correct rest 
mass appear in (5), and that (5) is independent of the 
time t, about which the integrations are carried out. 
It is of course necessary that 7, be sufficiently long to 
reject to a high accuracy all contributions from neigh- 
boring states. This is simply a manifestation of the 
uncertainty relation between energy and time. 

Another important requirement is set by the existence 
of rotation, inversion, and other invariance groups. 
These are liable to lead to degenerate mass levels in 
which case the correct degenerate state must be picked 
out by a suitable choice for the dependence of fa(1,¥2) 
on the internal coordinates y. Accidental degeneracy 
will entail similar conditions. ' 

Apart from the aforementioned requirements, the 
dependence of fa(y1,y2) on y does not matter. The 
precise form taken by the time averaging is also irrele- 
vant, provided the time used is sufficiently long. Thus 
it will be seen that the amplitudes f are far too arbi- 
trary to be taken as a suitable basis for the final for- 
mulas of the theory. They must ultimately be elimi- 
nated in favor of the components x. In the initial for- 
mulation of the problem, however, the introduction of 
amplitudes f is very desirable, since one cannot easily 
discuss normalization integrals without an explicit 
representation of the state vectors concerned. The 
present way of using the f is particularly well adapted 
to their eventual elimination from the theory. 


3. EXPRESSION OF SCALAR PRODUCTS AND 
COMPONENTS IN TERMS OF AMPLITUDES 


If we take the Hermitian conjugate of Eq. (5), the 
chronological product changes into an antichrono- 
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logical product. This rather awkward feature may be 
overcome here by stipulating that fa(y1,y2) shall be 
zero for time-like relative coordinates. 


fa(y1,¥2)=0 when (y:"—y2")(yi~—Yon,) 20. (9) 


With this proviso (which in no way curtails the general 
suitability of the formulation), conjugation of Eq. (5) 
gives 

tat+Ta 


(a| scien d*yd'yof, a(¥1,2)* 
Ta ta-Ta 
XB 18 2)(0| TY (2) (91). 


The scalar product (6|a) is now easily expressed in 
terms of G, f,*, and fa. Taking t,—7,>ta+7a, we have, 
using Eqs. (3), (5), and (10), 


(10) 


1 to+rTb 1 tat+Ta 
(b | a)= i d'xd4*xo f dy d*¥ofy(x1,%2)* 


27oY th —rb 276” ta—Ta 


XB (1B (2G (41,023 91,02) fa(¥1,¥2). (11) 


In a similar manner, we have 


) 1 ta+Ta 
Xa(%1,%2)= lim — G(x1,"25 91,92) 


iad 2Te" ta-—Ta 


X d'y,d*yo a(¥1,¥2)5 (12) 


and 
1 to+7b 


Xo(91,2)= lim —— fo(%1,%2)* 
cis 27) th—Tbh 


XB 1B (2d 41d x2G (41,42; 41,2): (13) 


The limits 4;>— ©, t+ are taken so that Eqs. 
(12) and (13) will be valid for all values of x1, x2, and 
V1, Y2, respectively. Otherwise they would be valid only 
for x1°, x2°>teta, and 1°, yo°<t— 7». 

If we insert for G in Eq. (12) the right hand side of 
Eq. (4a) and take note that Gp has no asymptotic be- 
havior characteristic of a rest mass Mq, we obtain 


(14) 


Xa= XaKGo. (15) 


All four-fold integrations in Eqs. (14) and (15) extend 
over the whole of space time. 

The above proof of the Bethe-Salpeter equations 
rests on essentially the same ideas as those used by 
Gell-Mann and Low,* although in appearance it is 
rather different. It is to be noted that we are interested 
only in the positive energy solutions of (14) and the 
negative energy solutions of (15). 

With these preliminaries settled, the nature of our 
task becomes clear. We must use the information con- 
tained in Eqs. (4), (12), (13), (14), and (15) to elimi- 
nate f,* and f, from the normalization integral (11). 

At this stage it must be admitted that it is rather 


ta GoKxa, 
and similarly, 





NORMALIZATION 


unsatisfactory that no explicit expression of the rela- 
tionship between x, and x» has yet been discovered. 
For practical applications, however, we may take note 
that X(x1,%2) is that solution of Eq. (15) which re- 
duces, for spacelike x;—22, to x0(%i,%2)*B()B(2). This 
prescription is expected to lead to a unique relation 
between x and x, although we cannot be quite sure 
until a more explicit treatment is available.? This tem- 
porary inadequacy of the formulation will not however 
hamper our further investigation of (b| a); we shall just 
take |b) to be characterized by X, rather than by xp. 

Since (b|a) is obviously zero for M)~ Mg, we shall 
in the following take M,=Ma, =M say. 


4. ASYMPTOTIC BEHAVIOR OF THE PROPAGATOR 


Referring to Eq. (8), we note that the time-averaging 
over X and Y in the scalar product (11) will pick out 
from G only those positive-energy Fourier components 
in the very immediate neighborhood of the mass eigen- 
value M. This suggests that we Fourier-analyze the 
dependence of G on the center coordinates X and Y 
and investigate this neighborhood closely. Thus, with 
G(x1,%2; 1,2) 
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= (2n)~+f a'pG(oe09) expl-ip(X-1)], (16) 


and with similar Fourier expansions for Go(x1,*2; y1,2) 
and K (x1,x2; 91,¥2), Eq. (4) becomes, 
G(p,x,y) a Go(p,x,9) 


+ [Culpa ay’K (po 2 )WG(p,29), (17) 


which we write for short as 
G(p)=Go(p)+Go(p)K (p)G(p). 
We also have 
G(p)=Go(p)+G(p)K (p)Go(9). (17b) 


The solutions of the Bethe-Salpeter equations (14) 
and (15) may be similarly analyzed. Thus if P* is any 
positive-energy vector such that 


P*P,=M?, 


(17a) 


(18) 


then the functions u.(P,x) exp(—iPX) and i,(P,y) 
Xexp(iPY) will be, respectively, solutions of Eqs. (14) 
and (15) provided that « and @ satisfy the following 
equations, 


ta(Pyt)= f Gu(Pyaiy)d'9K (Py ')O% ual Pt), (19) 


is(Pa)= f to(P.y’dd4y’K (Py a)a'aGa( P39). (20) 


9 The recipe given by Mandelstam! is not sufficient to determine 
x from x uniquely. 
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We must now determine the behavior of G(p,x,y) in 
the immediate neighborhood of points p= P. Since G 
will have a pole for p= P, we shall carry out the analysis 
in terms of a new function g(p,x,y) which is regular 
across the pole, 


&(p,x,9) = (p?— M?)G(p,x,y). (21) 


Evidently the normalization of states will be deter- 
mined entirely by g(P,x,y). 
Now for g(p,«,y) we have the equation 


g(p)= (p?— M*)Go(p)+Go(p)K (p)g(p). (22) 


(Here and in much of the following, the internal co- 
ordinates, and the four-dimensional integrations con- 
cerned with them, are suppressed for the sake of 
brevity. To obtain the full formulas, the arguments 
«++, volume elements d‘x---, and integration signs 
should be inserted.) 

When p= P, Eq. (22) becomes homogeneous. Thus if 
Ua(P,x),a=1, 2, +--+, mand ds(P,y), B=1, 1, ---, mare 
respectively complete sets of linearly independent solu- 
tions of (19) and (20) (m denotes the degeneracy of the 
the states of mass M and is usually determined from 
consideration of the invariance groups), we shall have 


g(P,x,y)=2) 2 ta(P,x)daa(P)is(P,y), 


a=] B=} 


(23) 


where the numbers \ag(P) are not, for the moment, 
determined. We now try to solve Eq. (22) in the neigh- 
borhood of the pole, i.e., for points p*= P#(1+e) with 
e small. Inserting the ansatz 
g((P(1+e), x,y) =D adi wal P,x)Aap(P)ds(P,y) 
+eh(P,x,y)+O0(e), (24) 
and taking only the terms linear in ¢, we find for 
h(P,x,y) the following equation, 
h(P)=2M?Go(P)+Go(P)K (P)h(P) 
+{Go' (P)K(P)+Go(P)K’(P)} 

XLiad sla(P)Nas(P)da(P), (25) 
where 
Go (P,x,y) 


= Lime™"{Go(P(1+ ©),x,y) —Go(P,x,9)}, ete. 


e—0 


(26) 


Equation (25) is analogous to a nonhomogeneous linear 
equation with zero determinant, and therefore serves to 
give information not only on A(P) but also on the in- 
homogeneous term [i.e., on the numbers \aa(P)]. In 
fact, if we multiply on the left by /%,(P,x’)d‘x’K 
X (P,x’,x) and integrate over x, the terms involving h 
cancel out altogether, by virtue of Eq. (20), and we are 
left with 


Ladialdy(P){K'(P)+K (P)Go' (P)K (P)}ua(P)] 


Xas(P)is(P)= —2M*9,(P). (27) 
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Equation (27) is simply an Xn matrix equation for 
the nXn matrix \as(P), since the end factors 5(P) ap- 
pear on both sides. [The necessary and sufficient con- 
dition that Eq. (25) should have a solution A(P) is 
evidently that (27) should be obeyed with y (and hence 
also a and 8) running over complete sets of solutions of 
the homogeneous equations; i.e., the degeneracy must 
be fully explored. ] 

The asymptotic behavior of the propagator G 
X (x, X-—Y, y) as X is made very much later than Y 
depends only on the immediate neighborhood of the 
singularities in its Fourier transform G(p,x,y), the 
integrations over d‘p canceling out elsewhere by inter- 
ference. The singularities in G(p,x,y) must be circum- 
navigated in Feynman’s well-known manner. Thus, 
when X is very far to the future of Y the part of 
G(x, X—Y, y) descriptive of the bound states is given 
by the following expression [using Eqs. (16), (21), and 
(23)], 

—2m1 
G(x, X-Y, y)~ 
(2x)* 


—¥ ~- ta(P,X)Xas 


xX (P)ia(P,y)e PA), (28) 
with the Aas(P) completely determined by Eq. (27). 


5. EXPRESSION OF SCALAR PRODUCTS IN 
TERMS OF COMPONENTS 


We Fourier-analyze xa(x1,x2) and Xs(y1,V2) as follows: 


ap 
[eeeace, 
2P° 


Xa(%1,"2) = (29) 


(2m)? 


gs 1 dP ei, 
Xo(V1,¥2 en fe Xo(P,y)e' 
Q m)° 


(30) 


The scalar product will be best expressed in terms of 
xa(P,x) and x,(P,y). These functions must be linear 
combinations of the basic solutions uw.(P,x) and 
ig(P,y), thus, 


Xa(P,x) => a@a(P)ua(P,x), 
xo(P,y) =D aba(P)ia(P,y). 


The coefficients a, and 6, can be explicitly determined 
in terms of the amplitudes fa(x1,x2) and fo(y1,y2)* by 
inserting the bound state part of the asymptotic for- 
mula for G [Eq. (28) ] into Eqs. (12) and (13). The use 
of the asymptotic formula instead of the exact pro- 


(31) 
(32) 
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pagator is to be justified by noting that the integra- 
tions in Eqs. (12) and (13) are taken in the far past and 
far future, respectively. In this way we obtain 


ae(P)=2 Aas(P) 


tat+Ta 
dons ‘f Bo(Poe*™ felnyde yt, (33) 
t 


a~Ta 


to+Tb 
=f fo (%1,%2)*B (1B (nye *P X ug ( Px) d4x,d4x- 
t 


2Tp b—Tb 


=r 
B 


XAga(P). (34) 


In these formulas ¢, and ¢, are once again arbitrary, as 
in Eqs. (5) and (10). 

We now proceed to evaluate the scalar product 
(b|a), given by Eq. (11). Here again, the use of the 
asymptotic propagator is justified since ¢, may be taken 
into the far future, and ¢, into the far past. In this way, 
from Eqs. (11), (28), (33), and (34), we find 


3 P. 


(b|a)= E [—Ba(PIMPY"Tos0a(P), (39) 


a8 (29)8J 
where [A(P)-']ag is the Xm matrix reciprocal to 
\as(P); that is, from Eq. (27), 
[A(P)™ Jag= — (2M?) 0, (P) 

x {K'(P)+K (P)Go' (P)K (P)}ug(P). 


Inserting (36) into (35) and using (31) and (32), we 
obtain the desired formula, 


(36) 


La 
2M? (2m)! op 
X{K'(P)+K (P)Go' (P)K (P)}xa(P). 


(b|a)= 
(37) 


In (37), integrations over the relative space time 
coordinates, of which there will be two sets in the first 
term and four in the second, is understood. The primes 
on K and Gp» denote a differentiation across the mass 
hyperboloid, as specified by Eq. (26), and M is the rest 
mass of the bound state. 

The expression (37) is applicable to any kind of 
bound state, since its derivation depends only on trans- 
lational and Lorentz invariance. 
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Evidence for Vacancy Mechanism in 
Intermetallic Diffusion* 
L. SuirKin, Physics Department, University of North Carolina, 
Chapel Hill, North Carolina 
AND 
C. T. TomizukA, Institute for the Study of Metals, 
University of Chicago, Chicago, Illinois 
(Received October 29, 1956) 


T has been suggested! that in a binary ordered alloy 

of the type AB, in which every atom is surrounded 
by unlike atoms, it should be possible to decide experi- 
mentally between the interstitial and vacancy mecha- 
nisms of self-diffusion. For if atoms move by nearest- 
neighbor jumps, then a vacancy mechanism leads to 
equal diffusion coefficients for both species, whereas 
there would be no such equality for the migration of 
atoms interstitially. Earlier results on diffusion in the 
ordered alloy NiAl by Berkowitz, Jaumot, and Nix? 
could not be utilized to test this idea because the diffu- 
sion of only one tracer was measured and because the 
Al atom cannot reside on a Ni site, thereby raising 
doubt in this case as to whether both atoms move by 
nearest-neighbor jumps. Recent data by Kuper, 
Lazarus, Manning, and Tomizuka’ on self-diffusion in 
CuZn, however, may be analyzed from this point of 
view. The results appear to provide strong evidence 
for the vacancy mechanism. 

Denote the ratio of the coefficients of self-diffusion, 
D(Zn)/D(Cu), by G. Consider the alloy to be stoi- 
chiometric (atomic concentration=0.5). The predic- 
tion that G be unity for a vacancy mechanism applies 
only to the case of the perfectly ordered alloy, whereas 
at even the lowest temperature at which Kuper e¢ al. 
could study diffusion the long-range order parameter 
s is still only about 0.9. We have made an approximate 
estimate of the behavior of G when s is less than 1 in 
the following manner. Let J be the ratio of the jump 
probability of a particular Zn atom into an already 
existing adjacent vacancy to the jump probability for 
a Cu atom, and let p(Cu, a) be the probability that a 
given a@ site is occupied by a Cu atom. Then the prob- 
ability that a 8 vacancy becomes occupied by a Cu 
atom is proportional to p(Cu, a), and the probability 
that it becomes occupied by a Zn atom is propor- 
tional to J-p(Zn, a). Expressing the p’s in terms of 
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sp(Cu, a)=3(1+s), etc.] and remembering that a 
vacancy will be on an a site half the time and on a 8 
site half the time, we find that 


(total number of jumps per Zn atom) , 


(total number of jumps per Cu atom) 
J(1+J+s—Js*) 
(14 J—s4+Js2) | 


Now J is expected to depend on s and the temperature 
T. We estimate J by taking the ratio of the tempera- 
ture-dependent diffusion coefficients in the high-tem- 
perature, disordered phase: 


J=[Do(Zn)/Do(Cu)] exp[ (Hou— Han)/RT]. 


This should be a satisfactory approximation if s is not 
large; at large s the value of G approaches 1 for any 
value of J. 

Using the high-temperature results of Kuper et al. 
to estimate J(7) and the data of Chipman and Warren‘ 
to obtain s(7), the predicted dependence of G upon s 
for beta brass is plotted as the solid line in Fig. 1. 
The experimental results of Kuper ef al. below the 
ordering temperature are shown as circles. Considering 
that there are no adjustable parameters in the theo- 
retical expression, that no corrections have been made 
for the fact that the alloy of Kuper ef al. was actually 
about 47 atomic % Zn, and that the differences be- 
tween. experimental and predicted results lie within 
experimental errors in s and G, the agreement appears 
satisfactory. A formalistic modification of our expression 
for G for the case of nonstoichiometric composition 
produced only a negligible change from our simpler 
treatment. The effect of s on J was neglected. This 
could very well be justified for a 50:50 alloy, but may 
not be sound for a nonstoichiometric case. Within the 
present order of approximation it was also assumed 
that the effect of correlated jumps is negligible even 
when the value of s lies in the intermediate range 
where this effect may be significant. 
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Fic. 1. The calcu 
lated dependence of 
G on s for beta brass 
(solid line). Experi- 
mental results are 
shown as dots. 
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It appears that the results of the diffusion of antimony 
in CuZn, which can be explained in terms of the inter- 
stitialcy mechanism, require further experimental con- 
firmation. At present, there are only three points in the 
ordered phase. It is also necessary to investigate the 
diffusion of other impurities before definite conclusions 
can be drawn as to the behavior of the impurity atoms 
in the ordered lattice. 

It is therefore proposed that these experiments on 
beta brass constitute convincing evidence for the 
vacancy mechanism. 

* Supported in part by the U. S. Atomic Energy Commission 
and by the U. S. Air Force. 
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Infrared Cyclotron Resonance in Bi, InSb, 
and InAs with High Pulsed 
Magnetic Fields* 


R. J. Keyes, S. ZWERDLING, S. Foner, H. H. Kor, 
AND BENJAMIN LAX 


Lincoln Laboratory, Massachusetts Institute of Technology, 
Lexington, Massachusetts 
(Received October 29, 1956) 


ICROWAVE cyclotron resonance in materials! 

other than germanium and silicon is not well 
defined because of large scattering or plasma effects. 
The use of infrared frequencies solves both problems, 
since wr>>1 even at room temperatures, and w>w, for 
semiconductors and semimetals. w and w, are the fre- 
quencies of the electromagnetic field and the plasma, 
respectively, and 7 is the scattering time. Infrared ex- 
periments, however, require high magnetic fields. The 
first successful results were obtained for InSb by Bur- 
stein, Picus, and Gebbie* with a Bitter magnet up to 
60 000 gauss at 41.1 4. Our experiments on InSb and 
InAs were performed from 10 to 22,4 with pulsed 
fields up to 320 000 gauss at room temperature, using 
both transmission and reflection techniques. The first 
direct observation of cyclotron resonance in a metal, 
Bi, was also made. 

The samples were mounted in special coils* located 
between the infrared source and the monochromator. 
The detector,‘ a zinc-doped germanium cube main- 
tained at 4.2°K, was located six feet from the coil to 
reduce electromagnetic pickup. The output signal from 
the high-impedance detector was fed to a cathode 
follower circuit specially designed to reduce the effective 
lead capacitance to give a time constant of 2 usec. The 
output was recorded by photographing an oscilloscope 
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Fic. 1. Cyclotron resonance traces. Transmission signal through 
200 » samples at \=12.7 uw: (a) InSb, Bmax=220 kilogauss; (b) 
InAs, Bmax=295 kilogauss. Reflection signal at \=18.3 4 and 
Bmax = 155 kilogauss: () InSb, (d) bismuth. Magnetic field trace 
ys time is shown by curve (e). 





trace, triggered by light from the spark gap switch of 
the pulse magnet.* 

The photograph in Fig. 1 shows traces of relative 
transmission of 200 u thick InSb and InAs samples at 
12.7 u« during a field pulse. The peak field for resonance 
was higher in InAs; the trace is modulated by periodic 
high-frequency noise. Even with fields up to 300 000 
gauss, the resonance is not resolved in InSb, where the 
mass is presumably small. Two possible factors con- 
tributing to the excessive width of the resonance ab- 
sorption are: (1) dimensional broadening due to the 
sample thickness exceeding the skin depth (10) at 
resonance, (2) the apparent increase of the effective 
mass with increasing magnetic field. The first effect can 
be eliminated by using reflection techniques. A typical 
reflection trace for InSb is shown in Fig. 1(c). We 
interpret the resonance field as that corresponding to 
the point at which the rapid change of reflection passes 
through zero. By determining the resonance magnetic 
field from a calibrated trace shown in Fig. 1(e) for 
different wavelengths, a plot of effective mass versus 
magnetic field is obtained. This relation is shown for 
InSb in Fig. 2. Masses determined by Burstein ef al.? and 
microwave cyclotron resonance at lower fields are also 
included. The increase of m* for InSb is presumably 
related to decreasing curvature of the band with in- 
creasing energy, and correlates well with the data of 
Chasmar and Stratton’ from thermoelectric power 
measurements. Reflection experiments were also per- 
formed recently on InAs, yielding m*~0.03m» between 
150 000 gauss and 250000 gauss. Further experiments 
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Fic. 2. Variation of effective mass with magnetic field in InSb 
from reflection experiments between \=10 4 and A=22y. The 
magnetic field was perpendicular to the surface of the sample. 


are planned to check this value and possible variation 
of effective mass with magnetic field. 

A typical reflection trace for Bi is shown in Fig. 1(d), 
and m* versus B is shown in Fig. 3. Two resonance 
peaks are observed when the magnetic field is along the 
[1120] direction; however, only one mass is observed 
along the [1010] direction. The mass values of Fig. 3 
are identified with the values of 0.009m» along [1010] 
and 0.008m» and 0.016m) along [1120] as calculated® 
from Shoenberg’s de Haas-van Alphen data.’ The ob- 
served increases in mass with B are again presumably 
due to changes in curvature of the bands with energy. 
The variation of the cyclotron resonance masses above 
and below these calculated masses probably represents 
transitions between Landau levels above and below the 
Fermi level at high and low magnetic fields, respectively. 
The de Haas-van Alphen masses correspond to those 
at the Fermi level. 

Preliminary cyclotron resonance absorption effects 
have been observed in zinc and graphite. Further work 
is required before quantitative results can be obtained. 

The samples of InSb and InAs were pure n-type 
material, with mobilities of ~75 000 and ~25 000, re- 
spectively, at 300°K, giving calculated values of wr 
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Fic. 3. Variation of effective masses with magnetic field in bis- 
muth from reflection experiments. The magnetic field was perpen- 
dicular to the surface and parallel to the indicated crystal 
directions. 
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Magneto-band Effects in InAs and InSb in 
dc and High Pulsed Magnetic Fields* 


S. ZWERDLING, R. J. Keyes, S. Foner, H. H. Kowm, 
AND BENJAMIN LAX 
Lincoln Laboratory, Massachusetts Institute of Technology, 
Lexington, Massachusetts 
(Received October 29, 1956) 


N a magnetic field semiconductors and semimetals 

with small effective masses have quantized Landau 
levels whose energy separations can become comparable 
to the energy gap or overlap of the bands, respectively. 
Displacement of the lowest conduction and _ highest 
valence band levels in a semiconductor would increase 
the energy gap. This magneto-gap effect was first 
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Fic. 1. Transmission signal in (a) InAs at A=3.55 » and Binax 
= 150 kilogauss, (b) InSb at \=5.99 » and Bmax= 220 kilogauss, 
(c) InSb at A=7.55 4 and Bmax=220 kilogauss, showing dip in 
trace due to onset of cyclotron resonance. The magnetic field 
trace vs time is shown in curve (d). 
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Fic. 2. Band edge curves for InSb (sample B) and InAs vs 
photon energy for three values of magnetic field. 
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observed by Burstein and co-workers! in InSb up to 
60 000 gauss. We have made similar measurements with 
dc fields up to 35 000 gauss and also extended them to 
220 000 gauss with pulsed fields, in both InSb and InAs. 

Figure 1 shows photographic traces of the infrared 
transmission at the foot of the band edge of each semi- 
conductor obtained with the pulsed system used for 
cyclotron resonance.” Correlating the signal amplitude 
of these and other traces at nearby wavelengths with 
the corresponding calibrated magnetic field traces, the 
magneto-band curves shown in Figs. 2 and 3 were 
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obtained. Figure 2 shows the band edge of both ma- 
terials as a function of the photon energy for three 
values of the magnetic field. Figure 3 shows the mag- 
neto-gap shift versus magnetic field near the short- 
wavelength region of each band edge. For InSb this 
reduces the possible error due to the onset of resonance 
absorption, which is detectable simultaneously with 
the magneto-gap transmission at its long-wavelength 
portion and with fields in the vicinity of 250 000 gauss, 
as shown in Fig. 1(c). The bending of the gap shift 
curve for InSb at high fields may be due partly to this. 
Curves for samples A and B in Fig. 3 differ, possibly 
due to difference in impurity concentration as evidenced 
by the difference in the band edge curve at B=0. 

A dc magnet was used to obtain more accurate data 
up to 35000 gauss. The average slope, Ae/AB, found 
for InSb between 15 000 and 35 000 gauss was 1.7 1077 
ev/gauss, which agrees roughly with the value of 2.3 
X10 ev/gauss obtained by Burstein ef al.! The 
average slope obtained for InAs in this range of fields 
was 9.3X10-§ ev/gauss. These results were obtained 
with 200 u thick samples, intrinsic at room temperature. 

The nonlinearity of the gap shift curve at low fields 
(up to ~100 000 gauss) for both semiconductors cannot 
be reconciled with the simple Landau model, according 
to which the pertinent levels can be represented by the 
expression feB/2m*. Even if the valence band is 
neglected and the low-field cyclotron resonance masses 


. are used in the Landau formula, the theory predicts 
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Fic. 3. Magneto- 
gap shift as a func- 
tion of magnetic 
field. Solid lines con- 
nect data obtained 
from pulsed mag- 
netic field measure- 
ments; dots repre- 
sent dc field measure- 
ments. 
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larger gap shifts than those of Fig. 3. The maximum 
slope values at B~ 100000 gauss give apparent mass 
values of ~0.023mp for InSb and ~0.041m» for InAs 
from the relation Ae/AB=he/2m*. 

The mass increase with energy?*® suggests a pos- 
sible energy momentum relation «= p?/2m*+ap'+---, 
containing higher order terms. Using this as a first 
approximation for the Hamiltonian and following the 
prescription of Luttinger and Kohn,‘ we obtain by 
perturbation theory® 


én L+4am” 2+ +--+, L=(n+4)heB/m*+h?k2/2m*. 

This suggests a decrease in the rate of gap change with 
B, since from cyclotron resonance a is negative. Hence, 
other effects such as possible perturbation of the Landau 
levels by ionized donors should be considered. The 
impurity Bohr orbit is smaller than the Landau orbit 
at low magnetic fields and larger at high fields. Perhaps 
this accounts for the larger slope of the magneto-gap 
shift at higher fields. The nonlinear magneto-gap shift 
should modify the theory of other magneto-band effects, 
such as the longitudinal magnetoresistance,® freeze-out,’ 
density of states and effect of magnetic field on electron 
scattering.) 

Obviously the change in the energy gap affects the 
electron density and also the scattering,® leading to 
longitudinal magnetoresistance. Analogous magneto- 
band effects should occur in semimetals such as Bi or 
Zn with overlapping bands. In high fields of the order 
of 300000 gauss, one may create an energy gap of 
several hundredths ev with B along an appropriate axis. 

A preliminary observation of magneto-band effect on 
the direct transition in Ge has also been made up to 
35 000 gauss.* This should exceed the shift of the 
indirect transition because theory indicates a small 
mass of about® 0.034mp in the conduction band at k=0. 
Fine structure, probably associated with transitions 
from both degenerate valence bands, was also observed. 

Additional experiments are now in progress to in- 
vestigate the effects of impurity concentration on the 
magneto-gap shift in both InSb and InAs. 

We are grateful to K. J. Button for assistance and 
criticism in the reduction of our data. We should like 
to thank E. Burstein and G. S. Picus for informing us 
of their results prior to publication. We have benefited 
from discussions with H. J. Zeiger, G. Pratt, J. G. 
Mavroides, and W. H. Kleiner. 
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ECENTLY Kurti, Robinson, Simon, and Spohr! 

have reported the attainment of a temperature of 
20 udeg K by nuclear magnetic cooling of metallic 
copper from an electronic cooling stage at 0.01°K, 
about 1% of the nuclear entropy being removed during 
isothermal magnetization at the latter temperature. 
The purpose of the present letter is to discuss the rate 
at which the conduction electrons and lattice phonons 
initially at 0.01°K come into thermal equilibrium with 
the nuclear spins at 20 udeg. We shall see by a solution 
of the relaxation equations that equilibrium may be 
established in a time of the order of 1 sec, despite a 
nuclear relaxation time of the order of 10° sec at the 
lower temperature. Casimir? was the first to realize 
that the relaxation time does not tell the whole story 
in spin-lattice equilibrium problems. 

We first consider the equilibrium between the con- 
duction electron (e) and nuclear spin (s) systems; the 
phonons do not add significantly to the entropy. We 
write for the electronic heat capacity 


C.=(?/2)NR(T/Tr); (T2105 °K), (1) 


and for the nuclear heat capacity of spins on a face- 
centered cubic lattice, after Van Vleck and Waller,’ 


C.,=240NR(tm/T)?, (TT), (2) 


where 7,, is the magnetic interaction temperature. Now 
6Q0.= —4Q,, so that for small temperature variations 
6T, C.(T.) # T/T, 3) 
—_—=— ——$  —— — —_— : 3 
6T, C.7e 4.8 Trt? 


this ratio is of the order of 10~-° immediately after 
nuclear demagnetization, if one takes 7,~10~* °K as 
found by the Oxford workers. At any stage of the 
cooling process the temperatures may be found by 
integration of (3). The final change A7, to equilibrium 
is, approximately, 


AT, =T 2(0)T2(0)/(9.6T prm2)~ 10-7 °K, — (4) 


so that in the isolated specimen the conduction elec- 
trons are cooled to essentially the temperature of the 
nuclear spins after demagnetization, under the particu- 
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lar conditions of the experiment discussed. If 7.(0) had 
been 1°K, the final temperature would have been 
near 1°K. 

Before equilibrium is attained the difference in popu- 
lations » of the nuclear spin system decays by the 
equation 

(5) 


Here 7; is the spin-conduction electron relaxation time 
for the Korringa process; the excess populations are 
pictured in terms of a fictitious magnetic field which 
would give an interaction temperature 7,,. We write, 
with } a constant of the order of one, 


n=br.,/T,; 


dn/dT = —(n—mo)/T1. 


TT =a (6) 


no=br»,/T.; 
and find, from Eq. (5), 

dT, 4.87 pre? is 
Piers = (7) 


dt Ta 


Using (3) we find, in an approximation valid for the 
Oxford experiment over most of the approach to 
equilibrium, 


T.(t)=T.(0){1—4.8T pr n2/amT (0)T,(0)]}. (8) 


Thus the time é to establish approximate equilibrium 
between the nuclear and conduction electron systems 
may be written as 


tT 1(T,)C.(T.)/C,(T:), (9) 


where the temperatures are taken at the time /=0. 
For copper 7.71 sec deg according to Redfield‘; for 
T.=0.01 deg and 7,=10-* deg, we have 1 sec. 
Equilibrium under these conditions between the conduc- 
tion electron and nuclear spin systems may be estab- 
lished quite rapidly. We may say that because of the 
low entropy of the conduction electrons, only a very 
small proportion of the nuclear spins have to relax 
to produce equilibrium; this consideration explains 
why WT}. 

Order-of-magnitude considerations suggest that under 
the conditions of the experiment discussed, the phonons 
equilibrate with the conduction electrons in a time less 
than the time ¢ required for the conduction electrons 
to equilibrate with the nuclear spins. At low tempera- 
tures the average time between electron-phonon (low- 
angle) collisions will be 71:~ (@/7,)*r0, where 70 is the 
conductivity relaxation time at the Debye temperature 
©, and 7, is the phonon temperature. The collision 
rate of conduction electrons is ~ Ves;/71, where Neg; 
=NT,./Tr. In the average collision the conduction 
electron absorbs energy ~k(T,—T,); thus the phonon 
energy changes at the rate 


=) 3dT, NkT. (ze 
i matinee’ (T.—T,). (10 
Os .2 ins 2) ? ) 
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We may define a characteristic equilibration time ft.» 
for the electron-phonon equilibrium by considering 
the extreme case in which 7, is maintained at 10-° °K. 
Then 

(11) 


if one uses t9~3X 10-" sec for Cu. This grossly over- 
estimates the equilibration time, and we may safely 
say that 7, follows T, closely. Finally, the electron spin 
temperature should equilibrate to the translational 
temperature 7°, in the microsecond range (in specimens 
of normal purity) by the Elliott spin-orbit mechaaisin. 

The rather high value of 7,, reported in the Oxford 
work might be caused by nuclear quadrupole interac- 
tions with lattice strains; paramagnetic impurities; or 
an anomalously high value‘ of the Fréhlich-Nabarro 
or Ruderman-Kittel indirect exchange interactions. 

I am indebted to Dr. N. Kurti for helpful 
conversations. 


lep® 23470971 p/T = 0.1 sec, 
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Application of the Rayleigh-Schrédinger Pertur- 
bation Theory to the Hydrogen Atom, RIcHARD E. 
Trees [Phys. Rev. 102, 1553 (1956)]. Contrary 
to the statement made in footnote 6, the method 
of A. Dalgarno and J. T. Lewis can be used to 
sum the second-order perturbation. I am also 
indebted to Dr. Charles Schwartz for a communica- 
tion showing a method of evaluating this perturba- 
tion rigorously. 


Neutron-Induced Charged Particle Reactions in 
Potassium-39, MAry JEAN SCOTT AND RALPH E. 
SEGEL [Phys. Rev. 102, 1557 (1956) ]. The first 
sentence of the note added in proof should read: 
“Penning, Maltrud, Hopkins, and Schmidt [Bull. 
Am. Phys. Soc. Ser. II, 1, 162 (1956) ] have ure 
investigated the 8 decay of Cl**.”’ instead of ‘. 
the 8 decay of A®*.” 


Galactic Radio Emission and the Energy Re- 
leased in Nuclear Collisions of Primary Cosmic- 
Ray Protons, G. R. BursipGe [Phys. Rev. 103, 
264 (1956) ]. A typographical error appeared in the 
seventh line from the end of the article: It should 
read “Thus, for example, if E=5007Mev . . .” in- 
stead of “‘Thus, for example, if E=5000 Mev .. .” 








THE INDEX TO THIS VOLUME 
HAS BEEN REMOVED FROM THIS 
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lar conditions of the experiment discussed. If T,(0) had 
been 1°K, the final temperature would have been 
near 1°K. 

Before equilibrium is attained the difference in popu- 
lations » of the nuclear spin system decays by the 
equation 

(5) 


Here 7; is the spin-conduction electron relaxation time 
for the Korringa process; the excess populations are 
pictured in terms of a fictitious magnetic field which 
would give an interaction temperature 7,,. We write, 
with 6 a constant of the order of one, 


n=br,,/T,; 


dn/dT = —(n—mo)/T,. 


no=bte/T.; T1T.=a; (6) 


and find, from Eq. (5), 


dT, —{ 1 1 ) 
ad wa \r, 7,7 
Using (3) we find, in an approximation valid for the 


Oxford experiment over most of the approach to 
equilibrium, 


T.(t)= T. 


(7) 


‘orT (0)T,(0)}}. (8) 


Thus the time é) to establish approximate equilibrium 
between the nuclear and conduction electron systems 
may be written as 


(0){1—- 4.87 pre? 


&T(T.)C.(T.)/C.(T.). (9) 


where the temperatures are taken at the time /=0. 
For copper T,7:=1 sec deg according to Redfield‘; for 
T.=0.01 deg and 7,=10~° deg, we have t&1 sec. 
Equilibrium under these conditions between the conduc- 
tion electron and nuclear spin systems may be estab- 
lished quite rapidly. We may say that because of the 
low entropy of the conduction electrons, only a very 
small proportion of the nuclear spins have to relax 
to produce equilibrium; this consideration explains 
why KT}. 

Order-of-magnitude considerations suggest that under 
the conditions of the experiment discussed, the phonons 
equilibrate with the conduction electrons in a time less 
than the time ¢ required for the conduction electrons 
to equilibrate with the nuclear spins. At low tempera- 
tures the average time between electron-phonon (low- 
angle) collisions will be 71~ (Q/T7,)*70, where ro is the 
conductivity relaxation time at the Debye temperature 
©, and 7, is the phonon temperature. The collision 
rate of conduction electrons is ~ Ver;/71, where Neg: 
=~ NT,/Ty. In the average collision the conduction 
electron absorbs energy ~k(T,—T,); thus the phonon 


energy changes at the rate 

dU, t. Pek NkT, 

— ~2ane(—) — “(2 2) T.—T,). (10) 
dt ie) dt nl r\O 
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We may define a characteristic equilibration time /., 
for the electron-phonon equilibrium by considering 
the extreme case in which 7, is maintained at 10-5 °K. 


Then 
ep 2341097 p/T.~0.1 sec, (11) 


if one uses to~3X 10~" sec for Cu. This grossly over- 
estimates the equilibration time, and we may safely 
say that 7’, follows T, closely. Finally, the electron spin 
temperature should equilibrate to the translational 
temperature 7, in the microsecond range (in specimens 
of normal purity) by the Elliott spin-orbit mechamsin. 

The rather high value of 7,, reported in the Oxford 
work might be caused by nuclear quadrupole interac- 
tions with lattice strains; paramagnetic impurities; or 
an anomalously high value‘ of the Fréhlich-Nabarro 
or Ruderman-Kittel indirect exchange interactions. 

I am indebted to Dr. N. Kurti for helpful 
conversations. 
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bation Theory to the Hydrogen Atom, RIcHARD E. 
Trees [Phys. Rev. 102, 1553 (1956) ]. Contrary 
to the statement made in footnote 6, the method 
of A. Dalgarno and J. T. Lewis can be used to 
sum the second-order perturbation. I am also 
indebted to Dr. Charles Schwartz for a communica- 
tion showing a method of evaluating this perturba- 
tion rigorously. 


Neutron-Induced Charged Particle Reactions in 
Potassium-39, MAry JEAN SCOTT AND RALPH E, 
SEGEL [Phys. Rev. 102, 1557 (1956) ]. The first 
sentence of the note added in proof should read: 
“Penning, Maltrud, Hopkins, and Schmidt [Bull. 
Am. Phys. Soc. Ser. II, 1, 162 (1956) ] have wed 
investigated the 8 decay of Cl**.”’ instead of mAs 
the B decay of A**.” 
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